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Executive Summary 

 
This report summarizes research outcomes from project M46 in the PSERC market stem. Led by 

Professor Lang Tong (Lead PI, Cornell University), Professor Subhonmesh Bose (University of 

Illinois Urbana-Champaign), and Professor Meng Wu (Arizona State University), this project 

focused on the theoretical and practical challenges of aggregating distributed energy resources in 

distribution systems for wholesale market participation under the general framework of FERC 

Order 2222.  

 

Aggregating distributed energy resources in distribution systems for wholesale market 

participation involves complex system and market interactions. This project pursued a bottom-up 

approach to address key technological barriers at each market interface: (i) the interfaces between 

a distributed energy resource (DER) aggregator (DERA) and its customers where generation, 

storage, and flexible demand resources are aggregated, (ii) the interface between DERAs and a 

wholesale market operator (ISO/RTO) where DERAs participate in wholesale energy, reserve and 

regulation markets, (iii) the interface between DERAs and a distribution utility where the utility 

provides planning and operation support for delivering the aggreged DER from end customers to 

the wholesale markets, and (iv) the interface between a distribution utility and an ISO where the 

ISO maximizes net benefits of market participants and mitigates risk subject to system constraints.  

 

This project developed aggregation models, optimal aggregation strategies for DERAs, and 

coordination mechanisms for aggregators, distribution utilities, and wholesale market operators at 

multiple market interfaces, as well as aggregators’ wholesale market participation approaches. 

Among the most significant outcomes of the project are an auction mechanism that defines 

DERAs’ passways to the transmission system without interfering with the normal operations of 

the distribution utility, a competitive aggregation strategy that ensures customers of DERA with 

higher consumer surplus than that under the default regulated retail tariff, and a virtual storage 

participation model in the wholesale market achieving the same market efficiency as if distributed 

energy resources participating directly in the wholesale market.  

In particular, this project investigates large-scale, competitive, and profit-maximizing aggregation 

technologies that benefit DERA customers more than the prevailing net energy metering-based 

retail tariffs. The project examines the impacts of DER aggregation uncertainties at all interfaces 

and develops risk mitigation strategies. The project investigates distribution system planning and 

operation solutions supporting DER aggregation, DERA bidding strategies in the wholesale 

markets, and ISO market clearing and settlement solutions. The project delivers technical 

assessments and comparative studies on the feasibility and cost/benefit analysis. 

 

This project contributed to the graduate education of 6 students, giving them opportunities to 

interact with industry and pursue fundamental yet practically impactful research. Student research 

resulted in several significant awards, including the 2025 PES Outstanding Doctoral Dissertation 

Award, the 2023 PESGM Prize Conference Award, and several PESGM Best Paper Session 

selections. 
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Part I: Wholesale Market Participation of DERAs: DSO-DERA-ISO 

Coordination 

 

The landmark ruling of the Federal Energy Regulatory Commission (FERC) Order 2222 aims to 

remove barriers to the direct participation of distributed energy resource aggregators (DERAs) in 

the wholesale market operated by ISOs/RTOs. Since distributed energy resources (DERs) 

originate in a distribution network, aggregated DERs must pass through the distribution grid 

managed by a distribution system operator (DSO) that can be the distribution utility or an 

independent entity. A coordination mechanism among the DSO, ISO, and DERAs is necessary to 

ensure system reliability and open access to all DERAs. FERC Order 2222 recognizes the 

significance of DSO-DERA-ISO coordination while leaving the specifics of the coordination 

design to the regulators, market operators, and stakeholders. 

This work develops a novel DSO-DERA-ISO coordination mechanism aimed at achieving 

efficient and reliable multi-DERA aggregations with minimal deviations from existing DSO and 

ISO/RTO interaction models. Specifically, we propose a forward auction run by the DSO that 

allows DERAs to acquire network access limits–the right to inject or withdraw any amount of 

power within those limits over which the auction outcomes stand. These limits are auctioned off 

in a way that all power transactions from DERAs within these limits will satisfy distribution system 

operation constraints. Thus, DERA’s wholesale market interaction with the ISO in real-time can 

be agnostic to these operational constraints, and ISOs can dispatch DERs without direct visibility 

into the distribution network. The DERA-ISO interaction can include models such as demand 

response, virtual storage, etc., and any way they choose to operate the DERs will not violate 

distribution network security as long as they remain within the network access limits they acquire 

from the DSO-operated auction. Consequently, our design removes the need for DSO’s 

interventions in ISO’s real-time dispatch and DERAs’ aggregation actions under normal system 

operating conditions. 

We consider two network access allocation mechanisms. First, a robust optimization-based market 

clearing formulation for network access is proposed, which guarantees satisfaction of network 

constraints when DERAs aggregate within their acquired access limits, thus removing the need for 

DSO to participate in real-time DERA-ISO interactions. DERAs do not even need knowledge of 

the underlying physical network when its aggregation strategy respects said limits. The robust 

access allocation can be conservative in that it assumes the worst-case aggregation and network 

operating conditions. Second, we develop a risk-based stochastic allocation mechanism that allows 

DSO to share the common network resources subject to an acceptable risk constraint on network 

security violations. For both the robust and stochastic access limit auctions, we provide theoretical 

analyses and empirical studies to characterize and quantify access allocation properties, including 

the nonnegative surpluses for DSO, the benefits of participating in the access limit auction for 

DERAs, the behavior of access allocation prices, and extensive numerical comparisons.  

 

Part II: Wholesale Market Participation of DERAs: Competitive DER 

Aggregation 
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We address open problems in the direct participation of distributed energy resource aggregators 

(DERAs) in the wholesale electricity market operated by regional transmission organizations and 

independent system operators (RTOs/ISOs), under the general framework of FERC order 2222. 

We focus on the aggregation strategy of a profit-seeking DERA, whose industrial, commercial, 

and residential customers have competing service providers, such as their incumbent regulated 

utilities.  

 

The central theme of this work is to develop profitable and competitive aggregation strategies to 

attract and retain customers. By competitive aggregation, we mean that the benefits of the DERA 

customers must be no less than those offered by electricity provider benchmarks. An example of 

such a benchmark is the incumbent utility or a community choice aggregator (CCA) adopting net 

energy metering (NEM) policies, offering strong incentives to prosumers with behind-the-meter 

(BTM) DERs. A major barrier to DERA’s entry into direct wholesale market participation is the 

lack of an effective aggregation strategy and participation model, which would make DER 

aggregation a profitable venture.  

 

The technical challenge of designing a profitable and competitive DER aggregation is twofold. 

First, the DERA plays a dual role in the aggregation process: an energy supplier to its customers 

in the retail market and a producer/demand in the wholesale market. Its aggregation must consider 

retail competition, distribution network access limits, and its overall revenue adequacy. To this 

end, a DERA needs to derive profit-maximizing bids/offers from its competitive aggregation. 

Second, competitive aggregation requires the DERA to offer more attractive pricing to its 

customers than the regulated tariff and shield them from the volatility of wholesale market prices.  

 

In this project, we develop a DERA aggregation model that aggregates customers across multiple 

locations in distribution networks and incorporates security constraints on network injection and 

withdrawal limits. We further investigate the competitive aggregation impact on market efficiency, 

price stability, and long-run equilibrium. First, we propose a DER aggregation approach based on 

a constrained convex optimization that maximizes DERA surplus while providing higher customer 

surpluses than those offered by a competing aggregation model. We show that such a competitive 

DER aggregation, despite the aggregation involving real-time wholesale locational marginal price 

(LMP), has an energy cost no greater than the regulated NEM tariff. This implies that the proposed 

DER aggregation mechanism ensures price stability regardless of the volatility of the wholesale 

market LMP.  

 

Second, we propose a virtual storage model for DERA’s wholesale market participation 

compatible with the practical continuous storage facility participation considered by ISOs under 

FERC order 841. The DERA bidding curve is derived from the closed-form solution of the 

proposed DERA model. While the aggregation optimization explicitly involves wholesale market 

LMP, the virtual storage bidding curves do not require forecasting of LMP. We show that the 

proposed DERA wholesale market participation results in market efficiency equal to what is 

achievable when DERA’s customers participate directly in the wholesale market.  

 

Finally, we derive the benefit function of DERA over distribution network injection and 

withdrawal access limits. DERAs compete in the distribution network access auction proposed in 

Part I to acquire network access, and we empirically evaluate the number of surviving DERAs in 
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the long-run competitive equilibrium. We also present a set of numerical results, comparing the 

surplus distribution of the proposed competitive aggregation solution with those of various 

alternatives, including the regulated utility. Among significant insights gained are the higher social 

surplus, customer surplus, and DERA surplus achievable in the proposed competitive DERA 

model, when compared to other alternatives. 

 

Part III: Coordinating Transmission and Distribution System 

Operations for Intensive DER Integration: A Parametric Programming 

Approach 

 

Part III of this report establishes full-scale online transmission and distribution (T&D) 

coordination in future DER-rich markets by developing theoretical coordination frameworks, low-

time-complexity algorithms, and distribution system pricing designs. To ensure real-world 

applicability, we strictly follow several design requirements for DER-rich T&D-coordinated 

markets. 1) Under extremely limited communications between T&D systems, T&D operation 

should be coordinated with minimal T&D communications. 2) To respect data ownership and 

model confidentiality, exchanging T&D system models should be avoided. 3) To enable a smooth 

transition from today's established ISO markets, T&D coordination should minimize the changes 

to ISO's existing market operations. 4) T&D-coordinated markets should guarantee optimal 

operation while satisfying all the operating constraints for the entire T&D systems. 5) To enable 

online operations, computations of large-scale T&D-coordinated markets should be fast.  

The above requirements call for fast online coordination of a large-scale decentralized network 

optimization problem under extremely limited communications and zero model exchange, which 

is theoretically and computationally challenging. 

 

To address the above technical challenges, three chapters are presented in Part III of this report. 

 

Chapter 1 presents theoretical frameworks for T&D-coordinated market operation with guaranteed 

real-world applicability, leveraging parametric-programming-based multilevel system 

decomposition. This chapter presents a framework to coordinate ISO and DSO operations, 

compatible with the current wholesale market structure, without introducing additional changes to 

the existing wholesale market clearing procedure. In this coordination framework, DER 

aggregators participate in the wholesale market through coordination with the DSO, which ensures 

the secure operation of the distribution grid. A parametric programming approach is proposed to 

construct the bid-in cost function for the DSO (to be submitted to the ISO) and to run the DSO-

level market-clearing procedure, which is based on offers collected from DER aggregators. The 

parametric-programming-based ISO-DSO coordination enables complete decoupling between the 

solution process of the ISO and DSO optimization sub-problems. This avoids iterative ISO-DSO 

communications within each wholesale market clearing interval and allows the ISO and DSO to 

exchange the minimal amount of public data only after each entity reaches its optimal solution. 

The proposed approach requires no exchange of private/confidential ISO or DSO grid model data. 

 

Chapter 2 presents distribution system pricing designs that can efficiently and economically 

support T&D-coordinated economic dispatch via parametric programming. This chapter extends 

the T&D coordination framework in Chapter 1 by developing theoretical justifications and 
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thorough discussions for the T&D-coordinated pricing problem. Specifically, we prove and discuss 

1) the relationship between the T&D-coordinated dispatch model and the T&D-coordinated 

pricing model, which together guarantee the T&D operation optimality for both the dispatch and 

pricing processes; and 2) the non-profit characteristics of the DSO under the proposed T&D-

coordinated pricing model. One interesting finding is that, to ensure zero T&D model exchange 

and minimal T&D communication in the parametric programming-based T&D coordination 

framework, the optimal prices for aggregated DERs in the distribution system cannot be directly 

obtained from the dual of the DSO economic dispatch problem. Instead, a separate DSO pricing 

model is needed to generate accurate price signals for DSO-level resources and to coordinate with 

the ISO-level pricing and dispatch process. 

 

Chapter 3 presents low-time-complexity algorithms for online T&D-coordinated market operation 

by developing minimum-cost flow algorithms and cutting-plane methods. In this chapter, we 

introduce two algorithms for addressing the ISO-DSO coordination problem, as initially presented 

in Chapter 1. The first algorithm focuses on solving the ISO-DSO coordination parametric 

programming problem without accounting for voltage constraints. The second algorithm builds on 

the first by dynamically incorporating voltage constraints to determine a solution that satisfies all 

of them. We provide mathematical proofs to demonstrate the optimality of both algorithms. 

Furthermore, we extend the algorithms to accommodate unbalanced three-phase systems. 
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1. Introduction

The landmark ruling of the Federal Energy Regulatory Commission (FERC) Order 2222 in [1] aims
to remove barriers to the direct participation of distributed energy resource aggregators (DERAs)
in the wholesale market operated by independent system operators (ISOs) (or regional transmis-
sion operators). Since distributed energy resources (DERs) originate in a distribution network,
aggregated DERs must pass through the distribution grid managed by a distribution system opera-
tor (DSO) that can be the distribution utility or an independent entity. A coordination mechanism
among the DSO, ISO, and DERAs is necessary to ensure system reliability and open access to all
DERAs. FERC Order 2222 recognizes the significance of DSO-DERA-ISO coordination while
leaving the specifics of the coordination design to the regulators, market operators, and stakehold-
ers.

DSO-DERA-ISO coordination poses significant theoretical and practical challenges. Net power
injections from DERAs will likely depend on wholesale market conditions such as wholesale loca-
tional marginal prices (LMPs), real-time regulation service needs, and available behind-the-meter
DERs in the distribution system. Notwithstanding these uncertainties, the DSO must ensure the
reliable operation of the distribution grid, both in delivering services to all customers and allowing
DERAs to offer services to the wholesale market. Moreover, any coordination mechanism must
provide open and nondiscriminatory access to multiple competing DERAs operating over the same
distribution network.

DSO-DERA-ISO coordination has been actively debated since the release of FERC Order 2222.
In [2], coordination models have been classified into four categories, ranging from the least to the
most DSO involvement. Type I models assume no DSO control (see, e.g., [3,4]), because installed
DER capacities are deemed to lie within the network’s hosting capacity limits. One approach is to
impose strict net injection limits [5, 6] on individual prosumers so that the system’s reliability is
ensured as long as the limits are respected. In Type II models, e.g., [7–9], the DSO strives to prevent
constraint violations, considering the randomness of power injections from DERs. Type III models
involve coordination among DERAs, DSO, and ISO, where DERAs can provide distribution grid
services in addition to delivering wholesale market products (see, e.g., [10, 11]). Type IV models
require DERA aggregation through the DSO, with the DSO performing all reliability functions and
participating in the wholesale market on behalf of the DERAs as in [12–15].

In this paper, we develop a Type II DSO-DERA-ISO coordination mechanism aimed at achieving
efficient and reliable multi-DERA aggregations without significant deviations from existing DSO
and ISO/RTO interaction models. Fig. 1.1 illustrates the power, financial, and control interactions
among DSO, DERA, and ISO. Our coordination approach decouples the complex DSO-DERA-
ISO interactions into nearly independent, pairwise interactions. In particular, we propose a forward
auction run by the DSO that allows DERAs to acquire network access limits–the right to inject or

1



Figure 1.1: Power flow, financial flow, and control interactions in the DSO-DERA-ISO coordination model.

withdraw any amount of power within those limits over which the auction outcomes stand. These
limits are auctioned off in a way that all power transactions from DERAs within these limits will
satisfy distribution system operation constraints. Thus, DERA’s wholesale market interaction with
the ISO in real-time can be agnostic to these operational constraints, and ISOs can dispatch DERs
without direct visibility into the distribution network. The DERA-ISO interaction can include
models such as demand response, virtual storage, etc., and any way they choose to operate the
DERs will not violate distribution network security as long as they remain within the network
access limits they acquire from the DSO-operated auction. Thus, our design removes the need for
DSO’s interventions in ISO’s real-time dispatch and DERAs’ aggregation actions under normal
system operating conditions.

We consider two network access allocation mechanisms. Sec. 3 presents a robust optimization-
based market clearing formulation for network access, which guarantees satisfaction of network
constraints when DERAs aggregate within their acquired access limits, thus removing the need for
DSO to participate in real-time DERA-ISO interactions. DERAs do not even need knowledge of
the underlying physical network when its aggregation strategy respects said limits.

The robust access allocation can be conservative in that it assumes the worst-case aggregation and
network operating conditions. We present a risk-based stochastic allocation mechanism in Sec. 4
that allows DSO to share the common network resources subject to an acceptable risk constraint on
network security violations. For both the robust and stochastic access limit auctions, we provide
theoretical analyses and empirical studies to characterize and quantify access allocation properties,
including the nonnegative surpluses for DSO, the benefits of participating in the access limit auction
for DERAs, the behavior of access allocation prices, and a comparison of the two formulations.
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Figure 1.2: The distribution system and DER resources.

Our DSO-DERA coordination mechanism via access limits shares both parallels and important
differences with two distant relatives. One is the transmission right allocation problem for par-
ticipants with bilateral contracts considered in the early years of wholesale market deregulation.
Allocating physical transmission rights was deemed impractical and unnecessary (see [16]) with
the “loop-flow” problem in meshed transmission networks. Ultimately, wholesale markets evolved
to adopt a centrally coordinated economic dispatch run by the ISO, where bilateral transactions are
protected from the risks of LMP fluctuations using derivatives such as financial transmission rights.
In our proposed coordination mechanisms, no central authority coordinates DERAs in real-time.
Making access limit allocation physical allows DERAs to inject or withdraw any amount of power
within their purchased access limits. The loop-flow problem does not affect our design, thanks to
the radial nature of distribution networks. Also, we deliberately separate access limit allocation
from real-time decisions; we envision the forward auction for access limits to run once a day or a
week. We posit that tight coordination of dispatch decisions via a centralized market mechanism,
matched to that operated by the ISO, may be impractical in the near-term and possibly unnecessary,
owing to smaller trade volumes and less stringent system constraints in the distribution grid.

Second, our mechanism is reminiscent of the notion of operating envelopes defined by DSO-
imposed net nodal DER injection and withdrawal limits. For instance, an Australian market im-
poses 5kW net-injection limits on residential customers with DERs [5]. Instead of using pre-
determining dynamic operating envelopes as in [6, 8, 9], we auction off these envelopes among
competing DERAs based on each DERA’s aggregation needs and aggregation strategy.

The paper is organized as follows. We begin with the preliminaries of the network and the DSO-
DERA-ISO coordination models in Sec. 2. Then, we present the robust and the stochastic network
access allocation problems and their properties in Sec. 3 and Sec. 4, respectively. A simple yet
illustrative example is discussed in Sec. 5. Then, we provide a numerical case study on a 141-bus
distribution network in Sec. 6. Theoretical claims are proven in the appendix of [?].

3



Symbol Meaning
p0,p0,p0 power injections and network accesses of DSO
pk,Ck,Ck power injections and network accesses of DERA k
Cmin

k ,Cmin
k minimum injection/withdrawal access of DERA k

Pmax
,Pmax injection/withdrawal access limits of the network

ϕk utility of DERA k, induced by its bid
J: operational cost of DSO
A: network parameters for linearized power flow
b,b limits on network voltage/power flows
K,S total number of DERAs and scenarios

Table 1.1: Major symbols

Iteration Step in Algorithm 1 Aggregate cost ($/h) Run-time (in ms)
1 Step 1 to compute y∗ 9897.7 113.6
1 Step 2 to compute ξ opt 9910.3 99.6
2 Step 3 to compute y∗ 9899.3 93.4
2 Step 4 to compute ξ opt 9899.3 121.5

Table 1.2: Evolution of aggregate cost of some algorithm.
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2. Network and Coordination Models

Consider K DERAs operating over a radial distribution network across N buses shown in Fig. 1.2,
where bus 1 is the reference bus. Let the power injection profile from DERA k across the network be
given by pk ∈RN , and the total DERA net injection to the system is given by ∑

K
k=1pk. Let the power

injection profile from the DSO’s customers be given by p0 ∈RN . Assuming a uniform power factor
for all power injections, the reactive power injection profile is given by α

(
∑

K
k=1pk +p0

)
. This

assumption simplifies our presentation but is not crucial to the design of our auctions. These real
and reactive power injections then induce power flows and voltage magnitudes over the distribution
network that are related via the power flow equations. In this work, we adopt a linear distribution
power flow (LinDistFlow) model [17] adopted from [18]. Voltage and line capacity/thermal limits
define security constraints. As explained in the appendix of [?], these constraints take the form,

b≤A

(
K

∑
k=1

pk +p0

)
≤ b. (2.1)

Inequalities are interpreted element-wise.

With the linearized network model, we propose forward auctions for DSO-DERA coordination.
In these auction models, the DERAs bid for injection/withdrawal access at various buses of the
distribution network, where the DERA commands DERs from its customers; see Fig. 1.2. In Sec. 3
and Sec. 4, we describe, respectively the robust and the stochastic, optimization problems to clear
the forward auctions and the settlements for the DERAs. The auctions determine the range of
injection and withdrawal access for each DERA at each bus of the network, and the DERAs’
payments to acquire those access limits. We thus design the auction of an operating envelope,
where the DERA can inject/withdraw any amount of power from the DERs they command within
this envelope that they purchase from the DSO. Thus, the real-time power of DERA stays within
the limits/envelopes they purchase at the points of aggregation (PoAs) from the DSO through the
proposed forward auctions. Our network model contains buses at the PoAs, but we do not model
individual customers/DERs downstream from the PoAs. Transactions between a DERA and the
ISO occur at the point of interconnection (PoI).

Our auctions for network access are hosted ahead of real-time operations–it can be a few hours to a
week in advance of power delivery. To participate, all DERAs must submit their bids/offers to this
forward auction and they are cleared simultaneously. Through this auction, DERAs get access to
limits/capacities that they must obey during real-time operations. Since the auction outcome binds
over multiple real-time interactions, we account for the range of possible operating conditions
through robust and stochastic programming based auction-clearing formulations.
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3. The Robust Auction Model

We now design an auction for network access that accounts for a variety of real-time operating
conditions through a robust optimization formulation. Specifically, let Ck ∈ RN and Ck ∈ RN

denote the vectors of (real) power withdrawal and injection capacity limits acquired by DERA k.
Then, all power injections from assets controlled by DERA k must respect pk ∈ [−Ck,Ck]. Let the
DSO’s own customers have net power injections p0 that take values in the set [−p0, p0]. Given
these ranges of the various power injections, the DSO solves,

maximize
C,C,P,P

K

∑
k=1

ϕk(Ck,Ck)− J(P ,P ), (3.1a)

subject to Cmin

k ≤Ck, Cmin
k ≤Ck, (3.1b)

P ≤ Pmax
, P ≤ Pmax, (3.1c)

P =
K

∑
k=1

Ck + p0, (3.1d)

P =
K

∑
k=1

Ck + p0, (3.1e)

b ≤A

(
K

∑
k=1

pk +p0

)
≤ b, (3.1f)

for all pk ∈ [−Ck,Ck],p0 ∈ [−p0, p0], (3.1g)

for k = 1, . . . ,K.

Here, DERA k provides the bid ϕk : R2N → R to the DSO, where ϕk(Ck,Ck) represents DERA
k’s willingness to pay for power transactions. Bid/offer construction for ϕk depends on the DERA’s
aggregation strategy; we refer to our work in [19] for a candidate construction. Let P ∈ RN and
P ∈ RN represent the vectors of the total injection and withdrawal capacities, respectively. Also,
define C := (Ck),C := (Ck) as the matrices that collect the access limits across the K DERAs.
The operational cost of the DSO is encoded in J : R2N → R that is assumed to be convex and
non-decreasing. Being a regulated monopoly running the distribution grid, we anticipate that J
will include the cost of reactive power support, network maintenance, line losses, etc. required
to maintain quality of service to existing retail customers. See [20] for example cost component
constructions. The objective function then represents the induced social surplus from DERAs’ bids
and DSO’s costs. Let ϕk be concave and non-decreasing for each k. Additionally, (Cmin

k ,Cmin
k ) are

the vectors of minimum injection and withdrawal capacities that DERA k is willing to acquire
across the network, and (Pmax

,Pmax) are the vectors of the maximum injection and withdrawal ca-
pacities across the network. All capacity limits are assumed nonnegative. Equations (3.1b) and
(3.1c) encode the DERAs’ minimum access requirements and the DSO’s maximum access limits,
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respectively. Equations (3.1d) and (3.1e) define the total injection and withdrawal accesses in terms
of DSO’s access limits and those sold to individual DERAs. With the linearized network model
in (2.1), the relations in (3.1f) and (3.1g) enforce the engineering constraints of the grid for every
possible power injection profile from the DSO’s customers and those of all DERAs within their
acquired capacities.

The formulation in (3.1) contains robust constraint enforcement in (3.1f)-(3.1g), but it admits a
reformulation as a classic convex program that we present next. The result requires additional
notation. For any scalar z, define z+ := max{z,0} and z− := z+− z. Define the same for a ma-
trix/vector, where the operations are carried element-wise.

Lemma 1. Problem (3.1) is equivalent to

maximize
C,C,P,P

K

∑
k=1

ϕk(Ck,Ck)− J(P ,P ), (3.2a)

subject to for k = 1, . . . ,K,

η,η : Cmin

k ≤Ck, Cmin
k ≤Ck, (3.2b)

ω,ω : P ≤ Pmax
, P ≤ Pmax, (3.2c)

λ : P =
K

∑
k=1

Ck + p0, (3.2d)

λ : P =
K

∑
k=1

Ck + p0, (3.2e)

µ : A+P+A−P ≤ b, (3.2f)

µ : b ≤−A+P−A−P. (3.2g)

We remark that for the linear power flow model developed in the appendix of [?], A = A+ and
A− = 0. Our auction mechanism and its properties hold more generally for any linear approxima-
tion to power flow equations, and hence, we present our results with a more general A. Associate
Lagrange multipliers with the various constraints in (3.2) as shown. We now introduce the prices
that will define the settlements with the DERAs using the optimal Lagrange multipliers (indicated
with ⋆) for (3.2).

Definition 1 (LMAP-R). For the robust access allocation problem (3.2), the locational marginal
access price for access limits to the distribution network is defined by the vector of optimal dual
solutions λ

⋆ ∈ RN ,λ⋆ ∈ RN of (3.2).

Specifically, the injection and the withdrawal access price at bus i are given by λ
(i)

and λ
(i), respec-

tively. With these prices, for obtaining injection and withdrawal access of Ck and Ck, respectively,
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DERA k pays

Pk(C
⋆
k ,C

⋆
k) = λ

⋆⊺
C⋆

k +λ⋆⊺C⋆
k (3.3)

to the DSO. Having derived the prices from an auction that is reminiscent of the economic dispatch
problem solved by RTO/ISO in wholesale electricity markets, LMAP-R shares strong parallels with
locational marginal prices (LMPs). For example, LMAP-R is nodally uniform. That is, all DERAs
pay the same injection and withdrawal access price at a specific distribution bus. These prices,
however, may differ across locations in the distribution network.

The second parallel between LMAP-R and LMP comes from the interpretations of these prices
as sensitivities of the optimal objective function value of the market clearing problem to nodal
parameters. For LMPs, the price of a bus equals the sensitivity of the optimal power procurement
costs to nodal demands. For LMAP-R, it is the sensitivity of the induced social welfare W to DSO’s
own access limits p0, p0. More precisely, define the optimal social welfare from the optimal value
of (3.2) as W ⋆(p0,p0). Then, envelope theorem, per [21, Chapter 7], states that when W ⋆ is
differentiable,

λ
⋆
=−∇p0W

⋆(p0,p0), λ
⋆ =−∇p0

W ⋆(p0,p0), (3.4)

which represents the marginal decrease in social welfare when supporting network access by DSO
rather than selling access to DERAs. We further shed light on the contributions of network param-
eters to LMAP-Rs in our next result.

Proposition 1. LMAP-R satisfies

λ
⋆
= ∇P J(P ⋆

,P ⋆)+A
⊺
+µ

⋆+A
⊺
−µ

⋆+ω⋆,

λ⋆ = ∇P J(P ⋆
,P ⋆)+A

⊺
−µ

⋆+A
⊺
+µ

⋆+ω⋆.
(3.5)

The first term in (3.5) equals the DSO’s marginal cost for disseminating access limits at the opti-
mum of (3.2). Our result then characterizes the price markup in LMAP-R above said marginal cost.
Specifically, if voltage and line constraints are non-binding, and the access allocations do not reach
the injection limits, the remaining terms in λ

⋆
,λ⋆ vanish. In addition, if DSO’s operational cost

structure is additive and uniform across the buses of the distribution network, then LMAP-Rs be-
come equal at all buses. The tighter the constraints on total access limits being auctioned (encoded
in the entries of Pmax, Pmax) are, and the more stringent the network constraints (represented in the
entries of b, b) are, we expect LMAP-Rs to differ from DSO’s marginal costs.

Next, we investigate DSO’s and the DERAs’ surplus at an optimal robust access allocation. Define
DSO’s surplus as

Π
DSO :=

K

∑
k=1

Pk(C
⋆
k ,C

⋆
k)−

(
J(P ⋆

,P ⋆)− J(p0, p0)
)
. (3.6)
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The first term equals the total rent that the DSO collects from the DERAs. The second summand
equals the cost that the DSO affords when allowing DERAs to operate over the distribution network.
Specifically, J(P ⋆

,P ⋆) equals the cost of the net injection and withdrawal access P ⋆
,P ⋆ when the

DSO provides the network accesses for DERAs and itself, and J(p0, p0) equals the operational
cost for access required to support the DSO’s customers alone. Thus, the last summand in (3.6)
measures the cost of the DSO when supporting the network accesses to the DERAs. Next, define
DERA k’s surplus as

Π
DERA
k := ϕk(Ck,Ck)−Pk(C

⋆
k ,C

⋆
k), (3.7)

which equals the induced utility (inferred from the bid) minus the payment to the DSO.

Proposition 2. (i) ΠDSO ≥ 0, (ii) ΠDERA
k ≥ 0, if ϕk(0,0)≥ 0 and one of the following two conditions

holds: (a) Cmin

k = 0,Cmin
k = 0, or (b) the constraints in (3.2b) are non-binding at optimality, i.e.,

C⋆
k >Cmin

k ,C⋆
k >Cmin

k .

The last result suggests that DSO always gains from running the auction in that its surplus is non-
negative. For DERAs, nonnegative surplus is assured under certain sufficient conditions. Among
these conditions, ϕk(0,0)≥ 0 is natural as one expects the inferred utility of DERA to be nonneg-
ative for any nonnegative value of the access limits.

The condition Ck =Ck = 0 indicates that DERA k may obtain zero network access limits at some
buses. Such a condition is violated when the DERA may require a minimum demand to be met or
net injection cannot be curtailed beyond a threshold. In such an event, the DERA may need side-
payments to make the auction outcome favorable for its participation. The design and discussion of
side-payments are relegated to a future effort. We remark that this phenomenon is reminiscent of
the challenge in wholesale markets where minimum generation constraints can negate a generator’s
rationale for market participation. Additionally, we expect the lower bounds Cmin

k ,Cmin
k to be non-

binding for DERAs that are marginal to the auction, i.e., when their marginal implied costs define
the prices.

Our next result sheds light on how LMAP-Rs behave along the distribution feeder. Unlike our
last two results, the next one specifically utilizes the power flow model presented in the appendix
of [?]. To present the result, we need additional notation. We say bus n is an ancestor of bus m in
the distribution network if n lies on the unique (undirected) path from the reference bus to bus m.

Proposition 3. When J is linear and homogeneous across buses (J(P ,P ) = ∑
N
i=1 J ·P(i)

+∑
N
i=1 J ·

P(i)) and the constraints in (3.2c) are non-binding at all buses, then λ
(n)⋆ ≥ λ

(m)⋆
and λ

(n)⋆ ≥
λ
(m)⋆, if bus n is an ancestor of bus m.

Said differently, LMAP-Rs do not decrease along the network away from the substation under
certain conditions. Our numerical experiments reveal that these conditions are only sufficient for
price monotonicity; the monotonic trend holds even when these conditions are not met. Such
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a price monotonicity reveals that it is costlier to guarantee the voltage limits and line capacity
limits for the leaf buses, compared to those closer to the substation. The non-binding nature of the
constraints is only sufficient for the conclusion to hold; our simulations will show that they are not
necessary.
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4. The Stochastic Auction Design

The robust access allocation requires the network constraints to be satisfied for all possible in-
jections from DERAs’ and the DSO’s customers. Naturally, the resulting allocations are dictated
by the worst-case power injection/withdrawal combinations during the forward auction and fully
ignore the statistics of network usage. Such an approach inherently limits the DERAs’ collective
network access. We present in this section a risk-based stochastic allocation mechanism that al-
lows controlled violation of the network constraints in the access allocation auction in a way that
accounts for the statistics of power transactions by DSO’s customers. Stochastic resource allocation
with controlled violation is common in many areas, especially in computer systems and commu-
nication networks, where the resources are constrained and usage patterns are random, especially
over time. Such an allocation builds on the premise that random usage patterns often do not over-
lap, and this time-multiplexing allows higher access limits to be accommodated than the roubust
counterpart Notice that we allow for possible controlled violations only in the forward auction.
Said violations in the auction do not amount to actual violations in real time. In practice, DSO can
implement mechanisms to curtail access to enforce reliability constraints in real-time; we side-step
such considerations and purely focus on the merits of a stochastic forward auction.

Figure 4.1: CVaR of a random variable X .

When the power transactions by DSO’s customers are considered random, the power flows and
the bus voltages become random quantities. In the forward auction, we limit the risk of constraint
violations, where we measure this risk via the conditional value at risk (CVaR) measure. CVaR,
analyzed and popularized by [22, 23], has recently been advocated in power system planning, e.g.,
in [24]. For a random variable (think loss) X with smooth cumulative distribution function FX ,
CVaR at level δ ∈ [0,1) equals the conditional mean of X over the (1− δ )-tail of the distribution
(see Figure 4.1).

For power flows over a certain distribution line, CVaRδ measures the average value among the
top 1− δ fraction of the largest power flow values. Thus, by constraining the CVaR0.99 value of
the line flow below a threshold b, for example, implies that not only 99% of the power flows are
below b, but also the average power flow among the worst (largest) 1% is below b. In other words,
the CVaR-based constraint restricts both the probability and the extent of the line limit violation.
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Following [23], CVaR is defined as

CVaRδ [X ] := minimize
t∈R

{
t +

1
1−δ

E[X − t]+

}
(4.1)

for random variables X with general distributions.

Given the distribution of p0, the risk-aware access limit auction becomes,

maximize
C,C

K

∑
k=1

ϕk(Ck,Ck)−E[J(P ,P )], (4.2a)

subject to (3.1b)− (3.1e),

CVaRδ [A(
K

∑
k=1

pk +p0)]≤ b, (4.2b)

CVaRδ [−A(
K

∑
k=1

pk +p0)]≤−b, (4.2c)

for all pk ∈ [−Ck,Ck], for k = 1, ...,K.

Compared to the robust network model in (3.1), the risk-constrained mechanism differs in three
aspects. First, P ,P in this formulation is random, and hence, (3.1c) imposes the upper bounds for
all possible values of p0. Second, we consider the DSO’s expected operational cost to serve the
random P ,P in the objective function. In effect, we maximize the average induced social surplus.
Third, and most importantly, we impose CVaR constraints on network limit violations in (4.2b) and
(4.2c) for all possible values of injections/withdrawals from assets controlled by DERAs within
their acquired access limits. These constraints are such that for any power transactions by DERAs
within their access limits, they limit network constraint violation probabilities below 1− δ and
ensure that the average magnitude of those risky power flows/voltages remains within the specified
limits. By imposing the constraint for all pk ∈ [−Ck,Ck], this formulation inherits the benefits of
decoupled DERA-DSO operations from the robust formulation. Specifically, any real-time DERA-
ISO contract within the DERA’s acquired limit imposes at most a pre-defined level of security risk
to the distribution network. Said risk stems from the uncertainty in power transactions from DSO’s
customers alone for which they typically have statistics from historical data.

Next, we present a scenario-approach to approximate (4.2). Consider S independent and identi-
cally distributed samples p0[1], . . . ,p0[S] for the injection of DSO’s customers p0. Using (4.1)
and replacing all expectations with empirical means over S samples, we arrive at the following
optimization program for stochastic access allocation. The detailed derivation is relegated to the
appendix of [?].
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maximize
C,C,P[s],P[s],

t,t,γ[s],γ[s]

K

∑
k=1

ϕk(Ck,Ck)−
1
S

S

∑
s=1

J(P [s],P [s]), (4.3a)

such that for k = 1, . . . ,K, s = 1, . . . ,S,

η,η : Cmin

k ≤Ck, Cmin
k ≤Ck, (4.3b)

ω[s],ω[s] : P[s]≤ Pmax
, P[s]≤ Pmax, (4.3c)

λ[s] : P[s] =
K

∑
k=1

Ck +p0[s], (4.3d)

λ[s] : P[s] =
K

∑
k=1

Ck −p0[s], (4.3e)

β[s] : A+P[s]+A−P[s]−b− t ≤ γ[s], (4.3f)
α[s] : 0 ≤ γ[s], (4.3g)

µ : t +
1

1−δ

1
S

S

∑
s=1

γ[s]≤ 0, (4.3h)

β[s] : A−P[s]+A+P[s]+b− t ≤ γ[s], (4.3i)

α[s] : 0 ≤ γ[s], (4.3j)

µ : t +
1

1−δ

1
S

S

∑
s=1

γ[s]≤ 0. (4.3k)

Sample average approximations for such stochastic programs are known to become more accurate
with growing number of samples, as [25] suggests. Thus, the solution of (4.3) should approach
that of (3.2) as S → ∞. One expects that when δ ↑ 1, the stochastic model constraints (4.3f)-(4.3k)
roughly approximate network security constraints (3.2f)-(3.2g) from the robust auction model. Per
our experiments, even with δ = 0.99, the resulting social welfare can be significantly higher than
from the robust auction (∼20%), upon tolerating only 1% network security constraint violation risk
at a few buses.

To define the settlement mechanism from the above auction, associate Lagrange multipliers with
the constraints in (4.3) as shown and denote optimal values of variables with (⋆).

Definition 2 (LMAP-S). For the stochastic allocation mechanism, the locational marginal access
prices for injection and withdrawal access limits to the distribution network are defined by the
vectors Λ⋆ := ∑

S
s=1λ

⋆
[s]∈RN and Λ⋆ := ∑

S
s=1λ

⋆[s]∈RN , respectively, obtained from the optimal
Lagrange multipliers λ

⋆
[s],λ⋆[s] of (4.3).

With LMAP-S, DERA k’s payment to the DSO is given by

P̃k(C
⋆
k ,C

⋆
k) =Λ

⋆⊺C⋆
k +Λ⋆⊺C⋆

k . (4.4)
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Λ
⋆

= ∑
S
s=1

1
S∇P [s]J(P

⋆
[s],P ⋆[s])+∑

S
s=1

(
A⊺

+β
⋆
[s]+A⊺

−β
⋆[s]+ω⋆[s]

)
,

Λ⋆ = ∑
S
s=1

1
S∇P [s]J(P

⋆
[s]),P ⋆[s])+∑

S
s=1

(
A⊺

+β
⋆[s]+A⊺

−β
⋆
[s]+ω⋆[s]

)
.

(4.7)

These locational prices are dependent on the forecast scenarios but are uniform at each distribution
bus. DERA k’s induced surplus in the stochastic auction equals

Π̃
DERA
k = ϕk(C⋆

k ,C
⋆
k)−P̃k(C

⋆
k ,C

⋆
k) (4.5)

E[X ] and the DSO’s sample average surplus equals

Π̃
DSO :=

K

∑
k=1

Pk(C
⋆
k ,C

⋆
k) (4.6)

− 1
S

S

∑
s=1

(J(P ⋆
[s],P ⋆[s])− J(p0[s], p0[s])).

With this notation, we now present the properties of the stochastic allocation in the next result.

Proposition 4. The following statements hold for the stochastic network access allocation (4.3):

(a) LMAP-S satisfies (4.7).

(b) Π̃DSO ≥ 0.

(c) Π̃DERA
k ≥ 0, if ϕk(0,0)≥ 0 and one of the following two conditions holds: (a) Cmin

k = 0,Cmin
k = 0,

or (b) the constraints in (4.3b) are non-binding at optimality, i.e., C⋆
k >Cmin

k ,C⋆
k >Cmin

k .

(d) When J is linear and homogeneous across buses (J(P [s],P [s]) = ∑
N
i=1 J · P(i)

[s] + ∑
N
i=1 J ·

P(i)[s]) and the constraints in (4.3c) are non-binding at all buses and scenarios, then Λ
(n)⋆ ≥

Λ
(m)⋆ and Λ

(n)⋆ ≥ Λ
(m)⋆, if bus n is an ancestor of bus m.

Overall, this result shows that the stochastic auction outcome behaves similarly to the robust coun-
terpart recorded in Propositions 1-3. Specifically, LMAP-S admits a sensitivity interpretation and is
monotonic along the distribution feeder under similar sufficient conditions as LMAP-R. The result-
ing settlement covers DSO’s operating cost (on average) and DERAs have nonnegative surpluses
under similar sufficient conditions as the robust auction.
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5. An Illustrative Example

We illustrate the properties of our access allocation mechanisms via a 4-bus network example with
two different DERAs operating at two of the buses as shown in the right of Fig. 5.1. The bids of the
DERAs and the DSO’s cost is shown in the left of Fig. 5.1. Capacity limits for lines 2-3, 2-4, and
1-2 are taken as 1,1,2 (p.u.), respectively. The minimum access requirements of DERAs are zero,
i.e., Cmin

k = 0,Cmin
k = 0, for k = 1,2, and the maximum access available is Pmax

= 1 p.u., Pmax = 1 p.u.
over all buses. DSO’s customers have injections ranging over [−0.15,0.15] p.u. at all buses. We
ignore voltage constraints for simplicity. For the stochastic model, we set δ = 0.9 and draw 2000
scenarios for p0 for which each entry is i.i.d. truncated normal distributions with mean zero and
standard deviation (σ ) of 0.05 over [−0.15,0.15], all in per units.

Figure 5.1: A 4-bus distribution network example.

Results from the robust and stochastic auction mechanisms are included in Tables 5.1 and 5.2.
As Table 5.1 reveals, LMAP-R and LMAP-S along the bus-sequences 1-2-3 and 1-2-4 increase,
aligned with the conclusions of Propositions 3 and 4. The surpluses of the DERAs and the DSO
in Table 5.2 are non-negative and hence, align with the results of Propositions 2 and 4. Notice
that compared to the robust allocation model, the stochastic allocation yields lower access prices,

Allocation Parameter Bus 1 Bus 2 Bus 3 Bus 4

Robust

C(i)⋆
1 0 0 0.85 0

λ
(i)⋆ 96 96 410 96

C(i)⋆
2 0 0 0 0.85

λ
(i)⋆

96 96 96 250

Stoch (δ = 0.9)

C(i)⋆
1 0 0 0.91 0

Λ
(i)⋆ 96 96 397.18 96

C(i)⋆
2 0 0 0 0.91

Λ
(i)⋆ 96 96 96 237.16

Table 5.1: Access allocation result for the 4-bus example

15



Allocation DERA1 DSO DERA2 Social Surplus
Robust 198.25 282.6 748.25 1229.1

Stoch (δ = 0.90) 209.51 404.36 759.61 1373.48

Table 5.2: Surplus distribution for the 4-bus example

higher allocations to DERAs, and higher surpluses for the DERAs and the DSO. In effect, tolerating
a small security risk yields less conservative allocations supported by lower prices and higher social
surplus. In practice, one should set the risk tolerances based on exhaustive simulations for which
observed real-time violations of security constraints are deemed acceptable.
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6. Case Study on a 141-Bus Network

We consider a 141-bus radial distribution network from [26] with 4 DERAs that aggregate house-
holds at different buses with different levels of behind-the-meter distributed generation (BTM DG).
Simulations were performed on a personal computer with Intel(R) Xeon(R) Gold 6230R CPU @
2.10GHz and 256 GB RAM. We used YALMIP [27] with Gurobi 10.0.0 [28] on MATLAB R2021a
to solve the optimization problems. The robust auction took <1s; the stochastic model with 500
scenarios took <5min and with 1500 scenarios took <1hr.

Network parameters for this system, including the resistance, reactance, topology, and base values,
were adopted from [26, 29]. The base value for voltage was 12.47kV and for power was 10MW.
We assumed a fixed power factor of 0.98 lagging across all buses and set the line flow limits to
be 20MW for all branches. The BTM DG for households under DERAs 1, 2, 3, and 4 were set to
0.2kW, 1.2kW, 3.2kW, and 4.2kW, respectively. DERAs 1-3 aggregated resources from all buses
and DERA 4 only aggregated over buses 118-134. The bid-in utility function ϕk of DERAk is
assumed to equal the sum of ϕ

(i)
k for each bus i, where DERAk operates; ϕ

(i)
k ’s are reported in

Table 6.1. The derivation of ϕ
(i)
k is relegated to part II of this paper series; a short explanation is

included in the appendix of [?]. Minimal access limits for the DERAs are assumed uniform across
all buses, values for which are in Table 6.1. DSO’s operational cost is assumed to be the sum
of quadratics, 1

2bx2 + ax with a = $0.009/kWh,b = $0.0005/(kWh)2 for both the injection and
withdrawal access at all buses.

Power injection p(i)0 from the DSO’s customer at each bus i was sampled from independent trun-

cated normal distributions with mean µ = 5kW, standard deviation σ , truncated to [p(i)0 , p(i)0 ] =
[µ − 3σ ,µ + 3σ ]. We used these intervals for the robust allocation model, but utilized 1500 ran-
dom samples within said intervals for the stochastic allocation results.

DERA k ϕ
(i)
k Cmin

k (kW) Cmin

k (kW)

1 −0.1[C(i)]
2
+2.8C(i)−1.655 4.1 0

2 −0.1[C(i)]
2
+1.8C(i)+1.513 0 0

3 −0.1[C(i)
]
2
+0.2C(i)

+7.393 0 0

4 −0.1[C(i)
]
2
+1.2C(i)

+2.833 0 0

Table 6.1: Bid-in utility function and minimum network withdrawal/injection limits for DERAs at each bus
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6.1 Running the Robust Access Allocation

The access allocation results for the 4 DERAs under different σ are illustrated in Fig. 6.1. The
positive and negative segments of the left y-axis respectively represent the allocated injection and
withdrawal ranges. The right y-axis shows the injection and withdrawal access prices. We show
the injection access price over the positive segment of the right y-axis, and the negative range of
the right y-axis shows the opposite number for the withdrawal access price. The plots reveal that
cleared access limits for DERAs were smaller with higher σ . Such a trend is expected as higher σ

increases the burden from distribution utility’s customers on the distribution network, implying a
lesser share of the pie available to the DERAs. This burden makes network access more expensive.
This manifested in higher locational access prices when σ was larger.
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Figure 6.1: Auction results over the 141-bus distribution network. Left y-axis: cleared access limits, right
y-axis: access clearing prices

DERAs 1 and 2 had lower BTM DG compared to DERAs 3 and 4. Thus, DERAs 1 and 2 behaved
as net consumers, who bid for and received withdrawal access, as shown in Fig. 6.1. DERAs 3
and 4, on the other hand, largely acted as net power producers, and they purchased injection access
through the auction at buses they operated. We remark that DERA 3 has a small access limit across
all buses with σ = 0 MW, and it vanishes with σ = 0.01 MW. DERA 3 commands less BTM DG
than DERA 4, and the surplus it can generate for its customers is lower. As a result, it bids a higher
induced utility, compared to DERA 4. Consequently, its cleared access remains lower than that of
DERA 4. With the highest BTM DG, DERA 4 has the largest incentive to acquire injection access
at the buses it operates at, i.e., buses 118 - 134.

The access prices varied by location. As Proposition 1 reveals, prices must be uniform unless either
network constraints or maximum injection/withdrawal limits are binding. Indeed, with both values
of σ , voltage constraints at buses 52 and 141 were binding, leading to locationally varying access
prices. Moreover, the figures suggest that prices are monotonic only over certain segments of the
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DERA σ = 0 MW σ = 0.004 MW σ = 0.006 MW σ = 0.008 MW
1 599.54 488.00 431.20 369.41
2 324.07 291.43 277.58 265.01
3 1043.85 1042.54 1042.41 1042.41
4 80.18 76.74 75.09 73.49

Table 6.2: Variation of DERA surplus with σ

distribution network. However, as the network structure in [26] reveals, the price is monotonic
along paths away from the substation. Notice that price monotonicity is only guaranteed by Propo-
sition 3 with linear cost structures for the DSO. Our numerical results are derived with quadratic
DSO costs, and yet, the conclusion of Proposition 3 holds, implying that the conditions for the
result as stated are only sufficient, but not necessary.

The surpluses of the various DERAs are reported in Table 6.2. As evident, the surpluses reduce
with higher σ . The larger the σ , the lower the DERAs’ access to the network and consequently,
their surpluses.

6.2 Comparing the Robust and Stochastic Auctions

For the stochastic access allocation models, we considered three different risk levels—δ =
0.99,0.9,0.8. The allocation results for the withdrawal access and price are shown at the top of
Fig. 6.2. Negative values indicate withdrawal access and positive values encode injection access.
Compared to the robust allocation mechanism, the stochastic model had larger withdrawal accesses
cleared and lower prices for those access limits. The difference in the outcomes from the robust
and the stochastic models are substantial, even with a high risk parameter of δ = 0.99. With
more uncertainty (larger σ ), the cleared withdrawal accesses were lesser and allocation prices were
higher—a trend we already observed with the robust allocation model.

The DSO’s surplus on the top left of Fig. 6.3 was nonnegative for all experiments. The same
holds for the DERAs’ surpluses, the aggregate value for which is plotted on the top right of Fig.
6.3. These verify Propositions 2-3 and 4. The surpluses are higher under the stochastic model,
compared to the robust counterpart. Correspondingly, the social surplus (the sum of DERAs’ and
DSO’s surplus) at the bottom of Fig. 6.3, is higher in the stochastic model. In fact, the conservative
robust allocation had DSO and DERA surpluses around 20% lower than in the stochastic setting
when σ = 0.01MW. This observation suggests that even a small ∼1% risk tolerance can drastically
improve the surpluses of the auction participants.

The variation of DERA surpluses with σ is expected—largely, the DERAs’ surpluses reduced with
higher σ that burdens the distribution network with higher possible injections from the DSO’s
customers. As a result, DERAs got lesser access limits with lower surpluses.
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Figure 6.2: Top left: injection access, top right: injection price, bottom left: withdrawal access, bottom right:
withdrawal price.
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Figure 6.3: Top left: DSO surplus. Top right: DERA surplus. Bottom: Pareto front of the network security
violation probability and social surplus.
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We also compared our results with a deterministic model that computed the access against the aver-
age of all sampled scenarios by running (4.3) with that average scenario. As such an auction model
ignores the uncertainty in the power injection/withdrawal scenarios, network security constraint vi-
olation probabilities were 7-30 times higher than that of the stochastic auction, as Fig. 6.3 reveals.
Recall that uncertainties in operating conditions result from two sources–the first is the natural vari-
ation in the real-time DERA-ISO interactions over time, and the second is the aleatory uncertainty
in possible real-time system conditions as visible at the forward auction stage. Undoubtedly, any
uncertainty model that a DSO adopts, will affect the outcomes of our auctions. From practical use,
a DSO must calibrate the uncertainty model, the resulting auction outcomes, and its implications
for real-time DERA-ISO transactions through exhaustive simulations.
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7. Conclusions

We have proposed a DSO-DERA-ISO coordination mechanism for multi-DERA participation in
the wholesale market. Through a forward auction and welfare-maximizing robust and risk-sensitive
market clearings, the proposed mechanism allocates network access limits to DERAs based on their
willingness to pay for the access of the DSO-operated network. The key advantage of our proposed
coordination mechanism is that it decouples DSO-DERA-ISO operations–the DSO-DERA forward
auction in our model computes operating envelopes for real-time DERA-ISO transactions. This
salient feature makes the proposed solution compatible with existing jurisdictional boundaries of
DSOs and ISOs and yet, guarantees distribution network security with minimal coorindation.

Several relevant issues remain outside the scope of this work, requiring further investigation. We
have not considered possible topology changes of the distribution network in our auction designs.
We anticipate that a security-constrained version of our auction can be designed similarly to the
security-constrained unit commitment and economic dispatch problem for wholesale market clear-
ing. In this work, we have not addressed the question of bid/offer formation for DERAs. The
overall market efficiency of our designs rests on this bid/offer formation process with price-taking
and price-making DERAs. See our parallel effort in [19] for a step towards such an analysis. We
have not delved into the details of the DSO’s bid-in operational costs. Defining the scientific basis
for a regulatory framework to calculate such costs, building on insights from [20] remains an in-
teresting direction for future research. Admittedly, our simulations are limited in scope, designed
primarily to study the properties of our design. As we have repeatedly pointed out, more realistic
empirical analyses on larger systems are required to validate the practical efficacy of our designs.
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1. Introduction

We address open problems in the direct participation of distributed energy resource aggregators
(DERAs) in the wholesale electricity market operated by regional transmission organizations and
independent system operators (RTOs/ISOs), under the general framework in FERC order 2222 [1].
We focus on the aggregation strategy of a profit-seeking DERA, whose industrial, commercial, and
residential customers have competing service providers, such as their incumbent regulated utilities.
The central theme of this work is to develop profitable and competitive aggregation strategies to
attract and retain customers. By competitive aggregation, we mean that the benefits of the DERA
customers must be no less than those offered by electricity provider benchmarks. An example of
such a benchmark is the incumbent utility or a community choice aggregator (CCA) adopting net
energy metering (NEM) policies, offering strong incentives to prosumers with behind-the-meter
(BTM) DERs [2–4]. A major barrier to DERA’s entrance to direct wholesale market participation
is having an aggregation strategy and a participation model to make DER aggregation a profitable
venture [5].

The technical challenge of designing a profitable and competitive DER aggregation is twofold.
First, the DERA plays a dual role in the aggregation process: an energy supplier to its customers
in retail market and a producer/demand in wholesale market. Its aggregation must consider retail
competition, distribution network access limits, and its overall revenue adequacy. To this end, a
DERA needs to derive profit-maximizing bids/offers from its competitive aggregation.

Second, competitive aggregation requires the DERA to offer more attractive pricing to its customers
than the regulated tariff and shield them from the volatility of wholesale market prices. Examples
of unstable pricing are two-part tariffs from Griddy [6] and Amber [7] defined by the wholesale
spot price and a connection charge. Although Griddy’s aggregation offered competitive pricing
compared to regulated utility tariffs, its customers experienced a 100-fold price surge during the
extreme winter storm Uri in 2021.

1.1 Related Work

FERC Order 2222 removes regulatory barriers for DERAs to participate in wholesale capacity,
energy, and ancillary service markets. Prior studies have demonstrated DERs’ capability to provide
ancillary services both empirically [8, 9] and analytically [10]. In this report, we focus on DERA
participation in energy market, where aggregators submit quantity [11] or price-quantity bids [12,
13], and the ISO clears the market and issues dispatch signals. Our analysis centers on market
efficiency, DERA profitability, and how aggregators directly control DERs [14] to follow dispatch
signals. While this study focuses on energy markets, the proposed framework is also extensible to
capacity and ancillary service markets.
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The growing literature on DER aggregation and wholesale market participation models broadly
falls into two categories. One is through a retail market design operated by a distribution system
operator (DSO) [15–17], an aggregation/sharing platform [18–20], or an energy coalition such as
CCA [21–23]. For the most part, these works do not consider a profit-maximizing DERA’s active
participation in the wholesale market. In particular, in [15,18], the DSO or an aggregation platform
participates in the wholesale markets with the aggregated net demand (or possibly net production),
treating the wholesale market as a balancing resource.

Our approach belongs to the second category of DER aggregations, where profit-seeking DERAs
aggregate both generation and flexible demand resources, participating directly in the wholesale
market with bid/offer curves. To ensure secure distribution network operation, DERA obeys the
allocated distribution network access limits [24] (or operating envelopes [13]), rather than con-
sidering the computationally expensive network power flow constraints. Within the framework of
FERC Order 2222, this type of DER aggregation has the potential to improve the overall system
efficiency and reliability.

Although the notion of competitive DER aggregation has not been formally defined, two prior
works have developed competitive aggregation solutions in [11, 21]. In [21], Chakraborty et al.
consider DER aggregation by a CCA, where the authors provide an allocation rule that offers its
customers competitive benefits with respect to the regulated utility.

Most relevant to our work is the DERA’s wholesale market participation method developed by
Gao et al. [11] where the authors consider a profit-seeking DERA aggregating BTM distributed
generations (DGs) and offering its aggregated generation resources to the wholesale market. In
particular, their approach achieves a social surplus equal to that achievable by customers’ direct
participation in the competitive wholesale market. In other words, their approach achieves the
highest economic efficiency for aggregating DGs. A significant difference between [11] and this
study is that we formulate a general competitive aggregation that includes the regulated utility. In
achieving DERA’s profit maximization, our aggregation and market participation are also different
from [11].

The approach proposed in [11] follows the earlier work in [12] where a Stackelberg game-theoretic
model is used. Both approaches assume that the DERA elicits prosumer participation with an
optimized (one-part or two-part) tariff, and the prosumer responds with its quantity to be aggregated
by the DERA. The real-time wholesale market price is reflected by the variable price in [6, 7,
11]. Such a variable price conveys low but volatile wholesale prices directly to customers. To
protect customers from price spikes in real-time wholesale prices, methods like price caps [25]
were proposed.

1.2 Summary of Results, Contributions, and Limitations

In this report, we substantially extend the DERA aggregation model in [26] to one that aggregates
customers across multiple locations in distribution networks and incorporates security constraints
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on network injection and withdrawal limits. We further investigate the competitive aggregation
impact on market efficiency, price stability, and long-run equilibrium.

First, we propose a DER aggregation approach based on a constrained convex optimization that
maximizes DERA surplus while providing higher customer surpluses than those offered by a com-
peting aggregation model. In particular, we are interested in aggregation schemes that are compet-
itive with the regulated utility rates such as various versions of regulated NEM rates,1 with which
a customer can make cost-benefit comparisons in her decision to become a customer of the DERA.
We show that such a competitive DER aggregation, despite that the aggregation involving real-time
wholesale locational marginal price (LMP), has an energy cost no greater than the regulated NEM
tariff. This implies that the proposed DER aggregation mechanism ensures price stability regardless
of the volatility of the wholesale market LMP, a property missing in Griddy’s pricing model [6].
Meanwhile, we establish the profitability of DERA when competing with NEM.

Second, we propose a virtual storage model for DERA’s wholesale market participation compat-
ible with the practical continuous storage facility participation considered by ISOs under FERC
order 841 [28, 29]. The DERA bidding curve is derived from the closed-form solution of the
proposed DERA model. While the aggregation optimization explicitly involves wholesale market
LMP, the virtual storage bidding curves do not require forecasting of LMP. We show that the pro-
posed DERA wholesale market participation results in market efficiency equal to what is achievable
when DERA’s customers participate directly in the wholesale market.

Finally, we derive the benefit function of DERA over distribution network injection and withdrawal
access limits. DERAs compete in the distribution network access auction proposed by [24] to
acquire network access, and we empirically evaluate the number of surviving DERAs in the long-
run competitive equilibrium. We also present a set of numerical results, comparing the surplus
distribution of the proposed competitive aggregation solution with those of various alternatives,
including the regulated utility. Among significant insights gained are the higher social surplus,
customer surplus, and DERA surplus achievable in the proposed competitive DERA model, when
compared to other alternatives.

A few remarks are warranted regarding the scope and limitations of this report. First, the losses in
distribution systems are not considered. Second, the contingency cases where DSO rejects cleared
bids and offers from DERA for reliability concerns [1] are neglected. Under the access limit allo-
cation framework proposed in [24], reliability concerns of DER aggregation are already satisfied
under normal operating conditions. Lastly, although the proposed competitive aggregation offers
higher benefits to DERA customers, it does so with a non-uniform payment, which might raise
equity concerns.

1 NEM analyzed in [27] is an inclusive parametric tariff design that captures key features of the existing and proposed
NEM tariffs.
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1.3 Report Organization and Notations

In Chapter 2, we summarize the DER aggregation model and its main interactions. The problem of
competitive DER aggregation is formulated in Chapter 3 where we derive the optimal aggregation
solution. Chapter 4 and Chapter 5 consider DERA’s wholesale market participation and its bid-
ding strategies in the distribution network access auction, respectively. Numerical simulations are
presented in Chapter 6.

A list of major designated symbols is shown in Table 1.1. The notations used here are standard. We
use boldface letters for column vectors as in x = (x1, . . . ,xn). In particular, 1 is a column vector
of all ones. The indicator function is denoted by 1{xn ≤ yn}, which equals 1 if xn ≤ yn, and 0
otherwise. x ⪯ y means xn ≤ yn,∀n. R+ represents the set of all nonnegative real numbers. [x]
represents the set of integers from 1 to x, i.e., [x] := {1, . . . ,x}.

d: consumption bundle of aggregated customers.
d,d: consumption bundle’s upper and lower limits.
C,C: distribution network injection and withdrawal access limits.
g,G: BTM single and aggregated DG.
K : competitiveness constant for benchmark prosumer surplus.
N: total number of prosumers.
M: total number of points of aggregation (PoAs).
Nm: set of aggregated customers under the m-th PoA.
ω: payment function of the aggregated customer.
π+,π−,π0: import rate, export rate, and fixed charges of NEM.
π: wholesale locational marginal price (LMP).
Q: aggregated net injection quantity of DERA.
SDERA: total surpluses of DERA and its aggregated prosumers.
SNEM: prosumers surplus under tariff NEM.
S (·): aggregated supply function.
U : prosumer utility function for energy consumption.
V : prosumer marginal utility function.

Table 1.1: Major symbols
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2. DER Aggregation Model

A DERA aggregates flexible resources from its customers and coordinates with the DSO for power
delivery to the wholesale market operated by ISO/RTO. Following the DERA interaction model
proposed in [24], we focus on the DERA-DSO-ISO/RTO interfaces (a)–(c), as shown in Fig. 2.1.
Since a DERA uses DSO’s physical infrastructure for power delivery between its customers and
the wholesale market, it is essential to delineate the financial and physical interactions at these
interfaces. Below, we describe the three interfaces (a)–(c).

Figure 2.1: DERA model’s physical and financial interactions. The red arrows show the bidirectional power
flow, the green for the financial transactions, and the blue for direct control signals.

DERA and its customers at interface (a): We assume the DERA aggregates resources in a retail
market from residential, commercial, and industrial customers, who have the option of being served
by a regulated utility. Under a single-bill payment model, each customer settles both consumption
charges and production compensation with the DERA. The DERA deploys an energy management
system with direct controls1 of the customer’s BTM generation and flexible demand resources,
such as rooftop PV, heat pumps, water heaters, and EV chargers. To remain competitive with the
incumbent utility, the DERA must offer more attractive aggregation benefits; otherwise, customers
will revert to the utility. Accordingly, the DERA optimizes the customer’s BTM resources and
provides the customer with a cost-benefit comparison with the NEM benchmark offered by the
utility. See Chapter 3 for details.

1 The direct control in [14] is implemented through cloud-based platforms.

5



DERA and RTO/ISO at interface (b): We focus on DERA’s participation in the energy market based
on a virtual storage model compatible with the continuous storage facility participation model [28].
See Chapter 4 for the construction of bid/offer curves. To this end, the DERA submits offer/bid
curves or self-scheduled quantity bids. The DERA may participate in both the day-ahead and real-
time markets, although here we focus only on the real-time energy market participation. The DERA
may also deploy its own DG and storage capabilities to mitigate aggregation uncertainties.

DERA and DSO at interface (c): We consider the DERA-DSO coordination model in [24], where
DERA acquires access limits at distribution network buses operated by DSO. DERA’s willingness
to pay for network access is explained in Chapter 5. Specifically, DERA secures injection and
withdrawal access either through an access limit auction or a bilateral contract with the DSO.
During real-time operation, DERA must aggregate DER from its customers in such a way that
abides by the injection and withdrawal constraints set by the allocated access limits. That way,
DERA’s aggregation has no effect on the operational reliability of DSO under nominal operating
conditions, avoiding DSO intervention on ISO dispatch of DERA’s aggregation.

In summary, these three interactions at (a)–(c) establish our core framework for a DER aggregation
model that is competitive, profit-making, and grid-aware.
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3. Competitive DER Aggregation

This chapter formulates the optimal competitive aggregation and analyzes the properties of the
optimal solution when competing with the incumbent utility’s NEM. Our DER aggregation is built
on the deregulated retail market. For example, in Texas and New York,1 customers can choose
their electricity suppliers based on electricity rate and services. We consider prosumers owning
all energy consumption and DG devices. After joining a DERA, prosumers grant device access to
DERA for measurements and direct controls.

3.1 Closed-Form Solution for Competitive DER Aggregation

We consider a DERA aggregating customers over multiple points of aggregation (PoAs) in the
distribution network.2 We define PoAs3 as the main buses with higher voltages in the distribution
network, which can be recognized with main substation information [30]. With the DERA-DSO
coordination method in [24],4 DERA receives injection and withdrawal access limits at all PoAs,
represented respectively by

C := (Cm,m ∈ [M]), C := (Cm,m ∈ [M]),

where C,C ∈ RM
+ and M denotes the total number of PoAs. Thus, in the real-time operation,

DERA must guarantee that its aggregated power at the m-th PoA satisfies

−Cm ≤
Nm

∑
n=1

(gn −1⊤dn)≤Cm,∀m ∈ [M], (3.1)

where gn ∈ R+ represents the BTM DG output of the n-th aggregated customer and Nm the set of
aggregated customers under the m-th PoA. Denote N as the total number of DERA customers, and
mapping ρ(n) : [N]→ [M] such that ρ(n) gives the index of PoA connecting customer n, then

Nm := {n ∈ [N] | ρ(n) = m}. (3.2)

dn ∈ RK
+ is the consumption bundle of all customers, i.e.,

dn := (dnk,k ∈ [K]),

1 For reference, we provide links to publicly available listings of retail energy providers in Texas [link] and New York
[link].

2 For simplicity, we illustrate the single time interval aggregation model here and apply it to the multi-interval aggre-
gation empirically in Sec. 6.5.

3 A diagram illustrating PoA is in Fig. 2 of [24].
4 Details about how the DERA coordinates with DSO to get distribution network injection and withdrawal accesses are
explained in Chapter 5.
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where K denotes the total number of energy-consuming devices, including lamps, air-conditioners,
washers/dryers, and heat pumps, for each customer n ∈ [N]. Customers set exogenous parameters
dn, d̄n ∈ RK

+ as the minimum and maximum energy consumption limits of each device, i.e.,

dn ⪯ dn ⪯ d̄n,∀n ∈ [N]. (3.3)

Feasibility of the DER aggregation requires that the distribution network access limits (3.1) and
consumption limits (3.3) have a non-empty intersection at all times. Thus, we assume DERA
acquires enough injection and withdrawal accesses such that

Nm

∑
n=1

K

∑
k=1

dnk −Cm ≤
Nm

∑
n=1

gn ≤
Nm

∑
n=1

K

∑
k=1

dnk +Cm. (3.4)

To attain customers in the energy aggregation, DERA adopts the K -competitive constraint in (3.5)
to ensure that the surplus of each prosumer under aggregation is higher than the benchmark surplus
Kn (e.g. surplus under the incumbent provider), i.e.,

Un(dn)−ωn ≥ Kn,∀n ∈ [N]. (3.5)

Un(dn) is the n-th customer’s utility of consuming dn. We assume the utility function is concave,
nonnegative, nondecreasing, continuously differentiable, additive (i.e., across the K devices U(d)=

∑
K
k=1Uk(dk)). Here, the utility function is given; in practice, utility functions can be computed by

parametric [27] or nonparametric [31] methods.

K -competitive constraint is the criterion for a rational customer, seeking surplus maximization, to
join a DERA. Otherwise, a rational prosumer has the incentive to leave DERA and switch to the
benchmark service provider for a higher surplus. Details of benchmark Kn are in Sec. 3.2.

To summarize, in real-time, the DERA solves for the consumption bundle of all aggregated cus-
tomers D ∈ RN×K

+ and their single-bill payments ω ∈ RN , defined by

D := (dn,n ∈ [N]), ω := (ωn,n ∈ [N])

from the following convex profit maximization

Π(C,C) := maximize
ω ,D

∑
N
n=1(ωn −π(1⊤dn −gn))

subject to (3.1), (3.3), (3.5).
(3.6)

The optimal value Π(C,C) epresents the DERA’s profit under the given distribution network ac-
cess limits. In the objective function, DERA seeks profit maximization from both aggregated cus-
tomer payments and the revenue from the wholesale market. Without loss of generality, all PoAs
are under the same point of interconnection, facing a common LMP π ∈ R. It is important to note
that the LMP in (3.6) serves as a parameter to inform the DERA’s bidding strategy in the wholesale
market, rather than as a fixed operational price. Bidding details are described in (4.1) of Chapter 4.
Under the feasibility assumptions in (3.4) and the specified utility function, Theorem 1 establishes
a closed-form solution of (3.6) parameterized by π .
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Theorem 1 (Optimal DERA scheduling and payment). Given the wholesale market LMP π , the
optimal consumption bundle d∗

n = (d∗
nk) of prosumer n and its payment ω∗

n are given by

d∗
nk =


hnk(ξ m

),
Nm
∑

n=1
gn ≤

Nm
∑

n=1

K
∑

k=1
hnk(π)−Cm

hnk(ξ m),
Nm
∑

n=1
gn ≥

Nm
∑

n=1

K
∑

k=1
hnk(π)+Cm

hnk(π), otherwise

(3.7)

ω∗
n = Un(d

∗
n)−Kn, (3.8)

where V (x) := d
dxU(x) is the marginal utility function and

hnk(x) := max{dnk,min{V−1
nk (x),dnk}}. (3.9)

m is the index of PoA connecting customer n, i.e., n ∈ Nm defined by (3.2). Solve for ξ
m
,ξ m,∀m ∈

[M] from

Nm

∑
n=1

K

∑
k=1

hnk(ξ m
) =

Nm

∑
n=1

gn +Cm, (3.10)

Nm

∑
n=1

K

∑
k=1

hnk(ξ m) =
Nm

∑
n=1

gn −Cm. (3.11)

The proof is in the appendix of [32], following the convexity and Karush-Kuhn-Tucker (KKT)
conditions of (3.6). This optimal solution has two noteworthy characteristics. First, the optimal
consumption in (3.7) is only a function of the LMP π when DERA purchases enough network
accesses at the PoA. Note also the difference between the optimal consumption schedule in (3.7)
and those in [12] where the optimally scheduled consumption always depends on the anticipated
LMP and forecast of BTM DG. Second, (3.6) finds a Pareto efficient allocation that maximizes the
surplus of the DERA, subject to the constraint that the aggregated customer has the given level of
surplus Kn. Similar optimization and the Pareto efficient allocation are also analyzed in [33, P602].
The payment function ωn can be realized by a two-part tariff as [11]. Overall, this closed-form
solution allows DERA to apply simple dispatch and pricing policies when aggregating massive
households over multiple PoAs.

3.2 Properties of DERA Competitive with NEM

We analyze the profitability of DERA and the energy consumption cost of aggregated prosumers
when DERA is competitive with a regulated NEM tariff parameterized by the retail (consumption)
rate π+, the sell (production) rate π−, and the connection charge π0. Assume 0 ≤ π− ≤ π+ and
customers’ surpluses under NEM are nonnegative [27]. Denote the n-th prosumer surplus under
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NEM to be SNEM
n (gn,Cn,Cn), whose computation depends on the DG generation and network access

limits. Explicit formulations are in Sec. 8. DERA sets the benchmark prosumer surplus

Kn = ζ SNEM
n (gn,Cn,Cn), ζ ≥ 1, (3.12)

which is used in (3.5) with profit ratio ζ to obtain competitive aggregation over the DSO’s NEM-
based aggregation with the same network access.5 In this section, the network access limits carry
the subscript n, which is equivalent to m since we set Nm = 1 and K = 1 for simplicity.

The K -competitive constraint in (3.5) has significant implications on pricing stability, despite that
the aggregation is based on real-time LMP. Price stability means the price and payment faced by
customers cannot go randomly high, for which a counterexample is the real-time LMP. Because
the NEM tariff has price stability, achieving a finite customer payment regardless of the wholesale
LMP fluctuation, an aggregation mechanism competitive with the NEM tariff must also be stable.
The proposition below formalizes this intuition.

Proposition 1 (Average cost of consumption). The prosumer’s average energy consumption cost
under DERA aggregation is no higher than the NEM retail rate, i.e., ω∗

n/d∗
n ≤ π+.

See proof in the appendix of [32]. Such price stability comes directly from the K -competitive con-
straint, which enforces a lower bound for customer surplus and thus naturally limits the maximum
customer payment. Note that the two-part pricing of Griddy [6] is not a stable pricing mechanism
because the retail rate is tied directly to real-time LMP.

In the K -competitive constraint (3.5) with (3.12), the profit ratio ζ controls surplus distribution
between DERA and its aggregated prosumers. A larger ζ rebates more benefits to prosumers and
incentivizes prosumers to join DERA, although it increases the deficit risk of DERA. Therefore,
the DERA must carefully set ζ to balance profitability and competitiveness. In Proposition 2,
we establish that the DERA can achieve nonnegative expected profit by choosing an appropriate
ζ , assuming that BTM DG generation g and the LMP π are independent random variables in a
competitive market.

Proposition 2 (Profitability of DERA). If π− ≤ E[π] ≤ π+, then there exists a profit ratio ζ ≥ 1
such that the DERA’s expected profit is nonnegative.

In practice, the condition π− ≤ E[π] ≤ π+ is often satisfied. For instance, in many
states—including California—the export rate π− is set near the avoided cost, which typically ap-
proximates the expected LMP E[π], as a way to mitigate cross-subsidies [3, 5, 34].

5 Customers owning DERs switch from NEM to DERA for higher consumer surplus, granting DERs control to DERA
upon joining.
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4. DERA Wholesale Market Participation

The virtual storage model is adopted by ISOs to enable DERAs’ participation in the wholesale
market with bi-directional monetary and power flows [28, 29]. This means DERA can submit a
combination of supply offers and demand bids, purchasing its aggregated consumption (as charging
the virtual storage) and selling its aggregated production (as discharging).

4.1 Offer/Bid Curves of DERA in Energy Markets

As a virtual storage participant in the real-time energy market, the DERA is either self-scheduled
or scheduled by ISO/RTO according to its bids and offers. This work focuses on developing price-
quantity bid/offer curves that define DERA’s willingness to consume/produce. In a competitive
market, such curves are the marginal cost of production and the marginal benefit of consumption
derived from the optimal DERA decision in Theorem 1.

Let Q be DERA’s aggregated quantity to buy (when Q < 0) or sell (when Q > 0), and π be the
wholesale market LMP. Let G := ∑

N
n=1 gn be the BTM DG aggregated by DERA. In a competitive

market, a price-taking DERA participant bids truthfully with its aggregated supply function

Q = F (π), F (π) := G−∑
N
n=1 1⊤d∗

n(π), (4.1)

where d∗
n is defined in (3.7). Note that the inverse of the DERA supply function F−1(Q) defines

the offer/bid curves of the DERA. For a quantity bid, the DERA forecasts the LMP and computes
the optimal net production with (4.1). In contrast, for a price-quantity bid/offer curve F−1(Q), the
DERA avoids LMP forecasting, as the ISO clears the market using the submitted curve and ensures
consistency between the LMP and the resulting dispatch. More details are provided in Lemma 1,
and a simulation of this offer/bid curve is presented in our previous paper [26].

Note also that the supply function depends on the aggregated BTM generation G, which is not
known to the DERA at the time of the market auction. In practice, G can be approximated by using
historical data or NE(gn) via the Law of Large Numbers involving N independent prosumers or via
the Central Limit Theorem for independent and dependent random variables [35].

4.2 Market Efficiency with DERA Participation

We now establish that the DERA’s participation in the wholesale market achieves the same social
welfare as that when all profit-maximizing prosumers participate in the wholesale market individ-
ually. We assume the wholesale market is competitive, where all participants are price takers with
truthful bidding incentives. Prosumer notations in this section overlap with those in Chapter 3, but
subscripts are modified to include the transmission network bus index.

Consider a transmission network with I buses. At each bus of the transmission network, we as-
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sume M PoAs at the distribution network are connected and N prosumers are aggregated by the
proposed DERA model. Denote Uin as the concave utility function for the n-th prosumer at the i-th
transmission network bus. gn := (gin)i∈[I] and dn := (din)i∈[I] are respectively the vectors of BTM
DG generation and energy consumption for the prosumers. For simplicity, we ignore the number
of energy-consuming devices for each prosumer, i.e., K = 1, in this section. At each transmis-
sion bus, we sum up all load-serving entities and generators into one demand function and supply
function. The load-serving entity at bus i purchases electricity ei with a concave benefit function
Bi(ei). The generator at bus i produces pi with a convex cost function Ci(pi). Denote e := (ei)i∈[I],
p := (pi)i∈[I]. f ∈ RL is the line flow limit for L branches of the transmission network. S ∈ RL×I

is the network parameter for DC power flow model.

Lemma 1 (Wholesale market clearing with DERA). When prosumers participate in the wholesale
market indirectly through the proposed DERA with offer/bid curve (4.1), social welfare SWDERA is
the optimal value of the convex problem

max
D,p,e≥0

I

∑
i=1

(
N

∑
n=1

Uin(din)+Bi(ei)−Ci(pi)) (4.2a)

subject to (3.1), (3.3),

λ :
I

∑
i=1

pi =
I

∑
i=1

(
N

∑
n=1

(din −gin)+ ei), (4.2b)

µ : S(
N

∑
n=1

(gn −dn)+p−e)⪯ f . (4.2c)

The sum of the DERA surplus and prosumers’ surpluses, denoted by SDERA, can be computed by

SDERA = ∑
I
i=1 ∑

N
n=1(Uin(d⋆

in)−πi(d⋆
in −gin)), (4.3)

where d⋆
in is the optimal solution of (4.2), which equals (3.7).

Proof of this Lemma relies on showing that pricing and dispatch results from (4.2) are at the bidding
curve of DERA, i.e., (4.1). With the optimal dual λ ⋆ ∈ R for the power balance constraint (4.2b)
and µ⋆ ∈ RL for the line flow limit (4.2c), LMP over I buses is defined by π := 1λ ⋆ −S⊤µ⋆,
where π := (πi)i∈[I]. The prosumer utility in (4.2a), and constraints for energy consumption and
distribution network access in (3.1)(3.3) come from DERA’s offer/bid (4.1).

In direct wholesale market participation, a price-taking prosumer n at bus i constructs her offer/bid
curves by solving the following surplus maximization with the given LMP πi:

max
din∈Din

Uin(din)−πi(din −gin), (4.4)

where Din := [max{din,gin − cin},min{d̄in,gin + cin}]. The access limits cin and cin represent the
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distribution network injection and withdrawal capacities allocated to each prosumer.1 These values
match those in (3.7), enabling a fair comparison. Prosumers participating directly in the wholesale
market face the same access constraints at each PoA as in the proposed DERA model. By solving
(4.4), we obtain the bid/offer curve for prosumer n at bus i, i.e.,

Sin(πi) = gin −d∗
in(πi), (4.5)

where d∗
in(πi) is defined as (3.7). Let SWDirect and SPRO be, respectively, the optimal social welfare and

prosumers’ surplus when all prosumers directly participate in the wholesale market. The following
theorem is parallel to [11], although we use different aggregation and network settings.

Theorem 2 (Market efficiency). When all prosumers directly participate in the wholesale market,
the market clearing result can be computed by (4.2), SWDirect = SWDERA, and SPRO = SDERA.

The proof is in the appendix of [32], which relies on the fact that the proposed DERA has its
bidding curve (4.1) equal to the sum of the prosumer’s bidding curve in (4.5). From this, we can
establish that the wholesale market clearing problem with the direct participation of all prosumers
has the same market-clearing results as (4.2).

Although the proposed DER aggregation model only focuses on DERA’s profit maximization in
the objective of (3.6), the competitive constraint (3.5) aligns the aggregated prosumer’s surplus
maximization with DERA’s profit maximization. So, in the deregulated retail market, the competi-
tive DERA has the incentive to maximize prosumers’ surpluses and get the maximum total surplus
that can be split among DERA and its aggregated prosumers. Essentially, the DERA acts as an
intermediary, enabling prosumers to indirectly participate in the wholesale market. As the DERA
earns a profit for providing aggregation service, each prosumer receives a lower surplus than they
would under direct participation (Fig. 6.1). This is justified, since individual prosumers lack the
scale required for direct participation in the wholesale market.

1 Detail formulations are in [32].
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5. DERA-DSO Coordination

All generation and consumption resources aggregated by DERA need to bypass the distribution
network to participate in the wholesale market. The DERA aggregation presented in this work
ensures that the aggregated DER at each distribution network PoA is bounded by access limits
imposed through the distribution network access limit auction in [24]. A DERA submits a bid
curve in this auction representing its willingness to acquire access at PoAs. We assume that a
DERA is a price taker in the access limit auction. Therefore, the bid-in demand curve for network
access from the DERA at a particular PoA is the marginal benefit (profit) from having a DER
aggregation under the PoA. The maximum expected profit of DERA is

ϕ(C,C) := Eg,π [Π(C,C)], (5.1)

where Π(C,C) is the maximum DERA profit computed from (3.6), given renewable generations
and LMP. Note that when participating in the forward network access auction, both the BTM DG
and LMP are random.

5.1 DERA Benefit Function for Distribution Network Access

The following Proposition provides an expression for the benefit function of DERA, ϕ(C,C),
which can be used as the bid curve of access limits submitted to the auction in [24].

Proposition 3 (Benefit function for network access). With the DERA profit maximization (3.6), the
expected DERA surplus is

ϕ(C,C) = E
{ M

∑
m=1

(φ
m
(Cm)+φ m(Cm))+

N

∑
n=1

(ρn −Kn)
}
, (5.2)

φ
m
(Cm) :=

( Nm

∑
n=1

Un(hn(ξ m
))−πCm

)
1{

Nm

∑
n=1

gn ≤ qm},

φ m(Cm) :=
( Nm

∑
n=1

Un(hn(ξ m))+πCm
)
1{qm ≤

Nm

∑
n=1

gn},

ρn :=
(
Un(hn(π))−π(hn(π)−gn)

)
1{

Nm

∑
n=1

gn ∈ (qm,qm)}.

The proof is in [32] with hn(x) := ∑
K
k=1 hnk(x), Un(hn(x)) = ∑

K
k=1Unk(hnk(x)) from the additive

property of the utility function, and

qm :=Cm +∑
Nm
n=1hn(π), qm :=−Cm +∑

Nm
n=1hn(π).
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The optimal DERA surplus is decomposed into three terms: one dependent on the withdrawal
access φ

m
(Cm), one dependent on the injection access φ m(C), and one independent of network

access. ϕ(C,C) is separable across injection and withdrawal access over M PoAs. Therefore,
DERA can bid separately for the distribution network accesses at different PoAs when coordinating
with DSO. At PoA m with less BTM DG, i.e., ∑

Nm
n=1 gn ≤ qm, DERA’s benefit depends on the

withdrawal access. Conversely, if there is more BTM DG, i.e., qm ≤ ∑
Nm
n=1 gn, DERA’s benefit

depends on the injection access. Related simulations are in Sec. 6.4.

5.2 Long-Run Equilibrium for Competitive DERA

In a long-run competitive industry, we explore how many DERA can survive. DERAs compete
to attract customers, attain distribution network access, and participate in the wholesale market.
We assume all DERAs adopt the competitive DER aggregation method in (3.6). The condition
for a competitive long-run equilibrium [36, P193] has two components: (i) the marginal benefit of
DERA equals the marginal cost of DSO for providing the distribution network access, and (ii) all
DERAs have profits equal to zero, i.e., DERA’s profit in conducting aggregation equals DERA’s
payment to acquire distribution network access. Related derivations and simulations are in Sec. 6.5
and [32].

15



6. Case Studies

We compared the expected surplus distribution of different DER aggregation methods under vary-
ing network access limits and BTM DG generations.1 We also computed the benefit function of
DERA to the distribution network access and empirically evaluated the long-run equilibrium of
DERA with multi-interval aggregation.

6.1 Parameter Settings

Denote the utility function for the aggregated customer as

U(x) =

{
αx− β

2 x2, 0 ≤ x ≤ α

β

α2

2β
, x > α

β

, (6.1)

where α = $0.4/kWh,β = $0.1/(kWh)2 [27]. Let the marginal utility V−1 ∈ [d, d̄] for the con-
sumption limits.2

We used NEMa and NEMp to represent the DER aggregation under NEM when prosumers were
active and passive, respectively. Passive customers are not responsive to the retail prices, but ac-
tive customers will optimize their energy consumption given the retail price and the BTM DG
generations. Based on PG&E residential rate, we set π+ = $0.3/kWh for the NEM. We assumed
π− = E[π] and the fixed cost of NEM was covered by extracting fixed payment from DERA, so
we simulated with π0 = $0. Gao-Alshehri-Birge (GAB) represented the two-part pricing in [11],
which allowed customers to sell BTM DG to the DERA while purchasing energy from its incum-
bent utility company. Detailed models for NEMa, NEMp, and GAB are provided in Chapter 8 and
the appendix online [32]. Our DER aggregation method was simulated in Co.NEMa and Co.GAB,
competitive with NEMa and GAB, respectively. For Co.NEMa, we set profit ratio ζ at the upper
bound in the proof of Proposition 2. For Co.GAB, we set ζ = 1.05 to provide 5% more customer
surplus than the GAB competitor.

We considered the randomness of LMP and BTM DG generation using data sources from CAISO
[37] and Pecan Street Dataport [38], respectively. The LMP π was modeled as a Gaussian random
variable with a mean of $0.05/kWh and a standard deviation (STD) of $0.01/kWh. The BTM DG
generation g was modeled as a Gaussian random variable with a mean ranging from 1.1 kWh to
5.1 kWh and a standard deviation of 0.2 kWh, truncated at (0,+∞). We generated 10,000 random

1 Under the access limit allocation framework in [24], distribution network reliability concerns are resolved if DERAs
obey allocated distribution network access limits. So the distribution network topology was ignored here.

2 We simulated the case of K = 1 for simplicity.
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Figure 6.1: Expected surplus distribution and market efficiency with 80% DG adopter rate. Each shaded
rectangle is dominated by its top right corner. (From left to right, the expected DG increases from 1.1 to 5.1
kW.)

scenarios for both the LMP and BTM DG. At a given PoA, we evaluated the expected per-customer
surplus metrics based on the sample means from these scenarios.

6.2 Performances with Unlimited Distribution Network Access

Four observations below were drawn when all aggregators received plenty of distribution network
accesses.

First, Co.NEMa and Co.GAB were at the Pareto front in Fig. 6.1, achieving the maximum social
surplus as if all prosumers directly participated in the wholesale market. This verified Theorem 2.
The Pareto front was computed by aggregating the surpluses of DERA and customers, omitting
surpluses of other units. This was because we adopted the price taker assumption in the wholesale
market, thus surpluses of other units stayed the same in different DERA models. The blue dot,
named Direct, represented the ideal case that prosumers directly participated in the wholesale mar-
ket with bidding curve (4.5). The green rectangle contained aggregation methods achieving less
DERA surplus and customer surplus than Co.NEMa, thus dominated by our proposed competitive
DER aggregation method. Similarly, the orange rectangle was dominated by its top right corner,
Co.GAB. This was because our aggregation methods efficiently participated in the wholesale mar-
ket with aggregated resources and scheduled the aggregated customers at a consumption level with
a higher customer surplus. When the expected BTM DG increased from 1.1kW to 5.1kW, com-
paring the left and right panels in Fig. 6.1, we observed that the expected social surplus, which
was the sum of DERA and customer surpluses, increased, because more BTM DG was sold to the
wholesale market.

Second, customers had the highest expected surplus in Co.NEMa and Co.GAB, as shown by the
top of Fig. 6.2. Passive customers in NEMp had the least surplus because their scheduling was
agnostic of DG generation. Customer surpluses almost overlapped in all cases at a low DG adopter
ratio with fewer producers, since most aggregation benefits came from BTM DG of producers.
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Figure 6.2: Expected surplus distributions vs. network access ratio. (Top: expected customer surplus;
bottom: expected DERA surplus.)

When the DG adopter ratio increased, the expected customer surplus increased in all cases.

Third, when the DG adopter ratio or the DG generation was low, Co.NEMa and Co.GAB achieved
the highest expected DERA surplus, as shown at the bottom of Fig. 6.2. When the DG adopter
ratio and DG generation were high, GAB achieved the highest DERA surplus because GAB only
aggregated producers.3 Co.NEMa always had DERA profit no less than zero since we chose ζ

based on Proposition 2. The DERA surpluses under NEMp and NEMa were identical, as setting
π− = π ensures that aggregated DGs are compensated at the wholesale market price, eliminating
any surplus gained by aggregating active prosumers’ DG production.

Fourth, since NEM provided a higher surplus to customers with BTM DG, DERAs must commen-
surately reduce their profits and share them with the customers to remain competitive with NEM.
Therefore, in most cases of Fig. 6.2, the expected DERA surplus decreased when the DG adopter
ratio increased. Notably, GAB’s DERA surplus increased with the DG adoption ratio, as GAB
aggregated only producers.

3 GAB achieved the Pareto front when all prosumers were producers, e.g., DG adopter ratio equal 100% and E[g] =
5.1kW.
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Figure 6.3: Expected surplus distributions vs. network access ratio with 50% DG adopter rate. (Top: ex-
pected customer surplus; bottom: expected DERA surplus when E[g] = 1.1 kW and 5.1 kW, respectively.)

6.3 Performances with Limited Distribution Network Access

Here, we set distribution network access limits for each prosumer by C = C = 8δ kW and varied
the network access ratio δ from 0 to 1 to analyze the influence of limited distribution network
access. First, as is shown in Fig. 6.3, either Co.NEMa or Co.GAB achieved the highest customer
surplus or DERA surplus under a limited network access ratio. Second, when the network access
ratio increased, customer surplus increased in most cases except NEMp, which passively controlled
DG. Third, the DERA surplus in all cases increased when the network access ratio increased. This
was intuitive because DERAs needed distribution network access to deliver the aggregated DER
and participate in the wholesale market.

6.4 Benefit Function of DERA for Distribution Network Access

We computed the bid-in benefit function of the proposed DERA model, i.e., (5.2), with ζ = 1.01
and 50 prosumers aggregated at a certain PoA. DERA was competing with NEM, and prosumers
were passive. Figure 6.4 shows the expected benefit ϕ of the DERA as a function of injection and
withdrawal access, under varying levels of expected BTM DG generations.

In Fig.6.4 (left), DERAs with lower expected DG generation exhibited higher benefits and submit-
ted higher bid prices for withdrawal access, as indicated by the steeper slope of the benefit function.
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This is because, with less BTM generation, DERAs rely more on electricity withdrawn from the
network. In Fig.6.4 (right), the benefit function decreased with higher DG generation—a counter-
intuitive result. This occurred because NEM offers greater surplus to customers with higher DG
output, forcing DERAs to reduce their profit margins and share more benefits with customers to
remain competitive.
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Figure 6.4: DERA benefit function ϕ . (Left: withdrawal access −C; right: injection access C.)

6.5 Long-Run Competitive Equilibrium of DERAs

In the long-run competitive equilibrium analysis with multi-interval aggregation of DERs, we as-
sumed that 200 DERAs initially existed and computed the expected number of surviving DERAs
in the long run. For simplicity, we assumed DERAs were homogeneous and had the same setting
as Sec. 6.4. Prosumers had the same expected DG generation created from the 24-hour rooftop
solar data in Pecan Street [38].4 We multiplied the mean of 24-hour DG by the factor ε1 ∈ R+ to
simulate different DG installation capacities and sampled 10,000 random DG scenarios. DERA
submitted the benefit function, as in Fig. 6.4, to acquire hourly distribution network access. Same
as [24], the DSO cost function for providing distribution network access was assumed to be the
sum of quadratics, J(x) = 1

2bx2 +ax with a = $0.009/kWh,b = $0.0005/(kWh)2 for both the in-
jection and withdrawal access. We multiplied DSO’s cost J by ε2 ∈ R+ to simulate different levels
of DSO’s costs.

Two observations were drawn from the results in Fig. 6.5. First, when the DG capacity ratio ε1
was between 0.4 and 1.4, all initial 200 DERAs survived because DERAs were able to internally
balance customer demands with their aggregated DG, thus relying less on and paying less to the
network access. This was validated by the yellow dot curve from Fig. 6.5 (right), which required
almost zero network access over 24 hours. Second, when the DG capacity ratio decreased from
0.4 to 0 in Fig. 6.5 (left), the number of surviving DERA decreased. In this case, DG was lower
than the aggregated customers’ consumption, and not all DERAs can survive when competing and
paying for network withdrawal access over 24 hours, as shown by the blue solid curve in Fig. 6.5

4 Detail DG trajectories and the long-run equilibrium results for single-interval aggregation are shown in the appendix
[32], providing intuitions about long-run equilibrium for multi-interval aggregation here.
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(right). In the green dashed curve of Fig. 6.5 (left), DSO’s cost for providing network access was
lower, so more DERAs survived than in other curves. Similar reasons applied when DG capacity
ratio increased beyond 1.4.
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Figure 6.5: Long-run competitive equilibrium for multi-interval aggregation. (Left: expected number of
surviving DERA vs. DG installation capacity ratio ε1; right: expected distribution network net injection
access of DERA over 24-hour, whose negativity represents withdrawal access.)
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7. Conclusions

A major challenge to realizing the goals of FERC Order 2222 is enabling profit-maximizing DE-
RAs to effectively compete with the retail programs offered by distribution utilities. To this end,
this report considers the competitive DER aggregation of a profit-seeking DERA in the wholesale
electricity market. As a wholesale market participant, DERA can both inject and withdraw power
from the wholesale market. It is shown that the proposed DERA model maximizes its profit while
providing competitive services to its customers with higher surpluses than those offered by the
distribution utilities. We also establish that the resulting social welfare from DERA’s participation
on behalf of its prosumers is the same as that gained by the direct participation of price-taking
prosumers, making the proposed DERA aggregation model optimal in achieving wholesale mar-
ket efficiency. Additionally, we derive two significant optimal price-quantity bids of DERA, of
which one is submitted to the wholesale market, and the other to the distribution network access
allocation [24].

An open issue of the proposed aggregation solution is that the payment functions for prosumers are
nonlinear and non-uniform. Although each customer is guaranteed to be better off than the compet-
ing scheme, two customers producing the same amount may be paid and compensated differently.
In other words, the total charge/credits depend not only on the quantity but also on the flexibility
of the demand and constraints imposed by the prosumer. Note that a profit-seeking DERA par-
ticipating in the wholesale electricity market is not subject to the same regulations as a regulated
utility. Such non-uniform pricing may be acceptable and has also been proposed in the form of
non-uniform fixed charges [5, 11].
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8. NEM Benchmarks

Considering the benchmark performance of a regulated utility offering the NEM tariff, we extend
the results in [3, 27] and present closed-form characterizations of consumer/prosumer surpluses.
For simplicity, we consider one representative prosumer by setting Nm = 1,K = 1 and dropping
the prosumer index n and PoA index m. The prosumer’s net consumption is z := d − g, where
g ∈ [0,∞) is the BTM distributed generation (DG). The prosumer is a producer if z < 0 and a
consumer if z ≥ 0.

In evaluating the benchmark prosumer surplus under a regulated utility, we assume that the pro-
sumer maximizes its surplus under the utility’s NEM tariff, where π+ is the retail (consumption)
rate, π− the sell (production) rate, and π0 the connection charge. In general π− ≤ π+ under NEM
tariff, and the prosumer’s energy bill P(z) for the net consumption z is given by the convex function
P(z) := max{π+z,π−z}+π 0. The prosumer surplus under NEM is S(d) :=U(d)−P(z).

For an active prosumer whose consumption is a function of the available DG output g, the op-
timal consumption can be obtained by dNEM-a := argmaxd∈D(U(d)− P(d − g)). For the fairness
of comparison, we assume the aggregated customer is subject to the same distribution network
injection and withdrawal access limits, i.e., −C ≤ g − d ≤ C, which is the same as that ap-
plied to the proposed DERA optimization (3.6). So, for the above optimization, the domain is
D := [max{d,g−C},min{d̄,g+C}].

The surplus SNEM-a and the consumption dNEM-a of an active prosumer are given by the following
equations.

SNEM-a(g,C,C) =U(dNEM-a)−P(dNEM-a −g) (8.1)

=


U(d−)−π−(d−−g)−π0, g ≥ d−

U(d+)−π+(d+−g)−π0, g ≤ d+

U(d0)−π0, otherwise

dNEM-a = max{d+,min{g,d−}},

where d+ := f (π+), d− := f (π−), d0 := f (µ∗(g)) with

f (x) := max{d,g−C,min{V−1(x), d̄,g+C}}, (8.2)

and, by solving f (µ) = g, we have µ∗(g) ∈ [π−,π+].

A prosumer is called passive if it decides energy consumption without the awareness of its
DG output and the influence brought by NEM X switching among π− and π+. The optimal
consumption bundle of such a passive prosumer under the NEM X tariff is given by dNEM-p :=
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argmaxd∈D(U(d)− π+d). The total consumption dNEM-p and the surplus SNEM-p of a passive pro-
sumer are given by

SNEM-p(g,C,C) =U(dNEM-p)−P(dNEM-p −g) (8.3)

=

{
U(d+)−π−(d+−g)−π0, g ≥ d+

U(d+)−π+(d+−g)−π0, g < d+

dNEM-p = d+. (8.4)

In summary, the prosumer surplus under NEM, SNEM(g,C,C) is given by

SNEM(g,C,C) =

{
SNEM-a(g,C,C), active prosumer,
SNEM-p(g,C,C), passive prosumer.

(8.5)
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1. Introduction

The ever-growing penetration of distributed energy resources (DERs) and electrified transportation
to achieve 100% clean electricity in US by 2035 conveys a profound paradigm shift for electricity
markets, and renders the existing paradigm of electricity market design and operation inadequate
to address imminent system reliability and economic efficiency challenges in future DER-rich
markets. Specifically, DER-rich wholesale market operation requires online transmission and
distribution (T&D) coordination, since DERs are located down the distribution feeders, while
independent system operators (ISOs) only model, observe, and dispatch transmission networks
and resources. However, T&D coordination is extremely limited in today’s industry practice,
which will significantly challenge the operational reliability and economic efficiency of future
DER-rich systems [1], as 1) DER aggregators in ISO markets can control numerous DERs across
the distribution grids without knowing distribution operating constraints, causing distribution-level
voltage/thermal violations and even outages; and 2) integrating numerous DER aggregators into
ISO markets can cause significant computation burden, divergence, and price oscillations to ISO’s
unit commitment (UC) and economic dispatch (ED), damaging ISO market efficiency.

Part III of this report establishes full-scale online T&D coordination in future DER-rich markets, by
developing theoretical coordination frameworks, low-time-complexity algorithms, and distribution
system pricing designs. To ensure real-world applicability, we will strictly follow several design
requirements for DER-rich T&D-coordinated markets. 1) Under extremely limited communications
between T&D systems, T&D operation should be coordinated with minimal T&D communications.
2) To respect data ownership and model confidentiality, exchanging T&D system models should be
avoided. 3) To enable smooth transition from today’s established ISO markets, T&D coordination
should minimize the changes to ISO’s existing market operations. 4) T&D-coordinated markets
should guarantee optimal operation while satisfying all the operating constraints for the entire
T&D systems. 5) To enable online operations, computations of large-scale T&D-coordinated
markets should be fast. The above requirements call for fast online coordination of a large-scale
decentralized network optimization problem under extremely limited communications and zero
model exchange, which is theoretically and computationally challenging.

To address the above technical challenges, three chapters are presented in Part III of this report.

• Chapter 1: Theoretical frameworks for the T&D-coordinated market operation with guaran-
teed real-world applicability, by leveraging parametric-programming-based multilevel system
decomposition.

• Chapter 2: Distribution system pricing designs which can efficiently and economically
support the T&D-coordinated economic dispatch based on parametric programming.

• Chapter 3: Low-time-complexity algorithms for the online T&D-coordinated market opera-
tion, by developing minimum cost flow algorithms and cutting plane methods.
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2. TSO-DSO Coordination - A Parametric Programming Framework

2.1 Introduction

The Federal Energy Regulatory Commission (FERC) issued Order No. 2222 which requires all
the US independent system operators (ISOs) to open their wholesale energy and ancillary service
markets to the distributed energy resources (DER) aggregators market participation [2]. However,
the uncontrolled participation of DER aggregators in the wholesale market may cause security
and reliability issues in the distribution system. To overcome this issue, designing a distribution
system operator (DSO) for coordinating the DER aggregators has been proposed [3]. However,
the operation of the DSO should be compatible with the current practice of the wholesale markets
operated by independent system operators (ISOs). Hence, the operation of the DSO and ISO should
be coordinated.

Recently, several works have studied the coordination of the ISO and DSO [4–24]. They fall into
three categories based on the modeling and solution method. The first category proposed bi-level
models with the ISO and DSO markets modeled at two levels. The problem is transformed to
single level optimization [4–9]. In [4], a bi-level optimization model is proposed for DSO market
clearing and pricing considering ISO-DSO coordination. The clearing conditions for the DSO and
ISO markets are proposed in the upper-level and lower-level problems, respectively. The problem
is converted to mixed-integer linear programming via an equilibrium problem with equilibrium
constraints (EPEC) approach. In [5], a bi-level optimization model is proposed for the energy
storage sizing and siting problem in the DSO-ISO coordination framework. In [6], a bi-level
optimization model is proposed for the energy and flexibility market in which, the upper-level
models the clearing conditions of the transmission level market while, in the lower level, clearing
conditions of the distribution level market are modeled. In [7], a coordination scheme is proposed
for energy service providers, transmission system operator (TSO), and DSO for DER planning
while coordinating the operation of the TSO and DSO based on bi-level optimization. In the
upper-level problem, the DSO cost is minimized and the profit of the energy service providers
is ensured while the lower-level problem models the transmission level constraints and wholesale
market. In [8], a bi-level optimization model is proposed for the coordinated operation of active
distribution networks with multiple virtual power plants in joint energy and reserve markets operated
by the DSO. At the upper level, the DSO minimizes the total operational cost of the distribution
system while in the lower level problem, virtual power plants maximize their profit. In [9] a
tri-level coordinated scheme for transmission and distribution (T&D) systems expansion planning
is proposed. In the first and second levels, the expansion planning of T&D systems operated by
the TSO and DSO are proposed, respectively. The third level is the economic dispatch problem
performed by the ISO. The multi-parametric programming approach is used to convert the multi-
level optimization problem into a single-level optimization problem. Bi-level optimization models
are computationally expensive and hard to solve especially for large systems. These approaches
place a high computation burden on the wholesale market and is not compatible with the current
practice of the wholesale market.

The second category of works uses decentralized models and some of them use decomposition
algorithms to decouple the ISO and DSO markets [10–20]. In [10], an extension of the decentralized
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market framework is proposed to consider loss allocation and its impact on the market outcome.
However, the decentralized market framework is not compatible with the current market structures.
In [11], a transactive market framework starting from the ISO to the DSO is proposed. The DSO
runs the transactive market using an iterative method. However, the convergence of the proposed
method is not guaranteed. In [12], a Nash bargaining-based method is proposed for the market-
clearing process and the ISO-DSO coordination. The proposed model requires high ISO-DSO
communication burden within each wholesale market clearing interval. In [13], a three-stage
unit commitment (UC) is proposed for transmission-distribution coordination based on stochastic
programming. A convex AC branch flow model is proposed to handle the distribution grid’s physical
constraints. However, stochastic programming is not compatible with the current practice of the
wholesale market. In [14], a distributed optimization algorithm is proposed for modeling the DSO
retail market considering energy and ancillary services. However, the DSO’s impact on wholesale
market clearing is not considered. In [15], the optimal operation and coordination of the ISO-DSO
are proposed. A decomposition algorithm is proposed and the original problem is decomposed into
ISO and DSO sub-problems. In [16], a non-cooperative game approach is proposed for ISO-DSO
coordination in which they optimize their operational costs. The approaches in [15,16] are hard to
solve for large systems. In [17], a coordination framework for coordinating the economic dispatch of
the TSO and DSO is proposed. Benders’ decomposition is used for solving the proposed problem.
In [18], a coordination framework is proposed for the dynamic economic dispatch problem of
the ISO and DSO. A decentralized approach is proposed to solve this problem. Nevertheless,
References [17, 18] do not propose any market framework or settlement. In [19], an economic
dispatch for co-optimization of T&D systems is proposed. Primal-dual gradient algorithm based
on the Lagrangian function is proposed to solve the co-optimization problem. However, the
proposed method is not appropriate for a large number of DERs in the distribution system as it
places so much computation burden on the economic dispatch of the wholesale market.

The third group of works proposed equivalent models for T&D coordination [21–24]. In [21], a
feasible region-based approach is proposed for the integration of DERs into the wholesale market
considering the physical constraints of the distribution system operated by the DSO. In [22],
a multi-port power exchange model is proposed to integrate the high penetration of the DERs
into the wholesale market considering the physical constraints of the distribution network. The
approaches in [21] and [22] require modeling a transformed version of the distribution level
constraints in the ISO market clearing problem, which significantly increases the modeling and
computational complexity for the ISO. In [23], a unified equivalent model for external power
networks based on multi-parametric programming is proposed for determining the transfer capacity
of tie lines. However, they have not considered the distribution system and the market settlement
of these external power networks. In [24], a coordinated economic dispatch is proposed for a
multi-area power system based on parametric programming. However, no market framework is
proposed. Besides, this approach requires iterative communications between the coordinator and
each economic dispatch sub-area before reaching convergence for the overall coordinated problem.
This places very high communication burden between the market operators which is difficult to be
implemented in real world applications.

Ideally speaking, the ISO-DSO coordination for DER integration in the wholesale market should
satisfy the following requirements: 1) There should be no exchange of grid models between
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T&D systems, in order to eliminate data confidentiality/privacy issues and avoid additional mod-
eling/computational burden for ISO or DSO. 2) The coordination procedure should introduce no
or minimal change to existing ISO wholesale market clearing procedure. 3) The coordination
procedure should minimize the communication burden between ISO and DSO, by exchanging the
minimal amount of public data and also by avoiding iterative T&D communications within each
wholesale market clearing interval.

So far, there is no existing ISO-DSO coordination which fully satisfies the above requirements.
Existing works either 1) exchange T&D grid models [4–9]; 2) introduce significant changes to
existing ISO market clearing [10, 11, 13, 15–19]; or 3) introduce high ISO-DSO communication
burden and iterative ISO-DSO communications within each wholesale market clearing interval
[12, 14, 19–22].

This chapter proposes an ISO-DSO coordination framework which satisfies all the above require-
ments. The proposed framework coordinates the operation of ISO and DSO to leverage the
wholesale market participation of DER aggregators while ensuring the secure operation of distri-
bution grids. The proposed coordination framework is based on parametric programming. The
DSO builds the bid-in cost function based on the distribution system market considering its market
participants’ constraints and distribution system physical constraints including the power balance
equations and voltage limitation constraints. The DSO submits the resulting bid-in cost function to
the wholesale market operated by the ISO. After the clearance of the wholesale market, the DSO
determines the share of its DSO market participants (i.e., aggregators). Case studies are performed
to verify the effectiveness of the proposed method.

This chapter extends our prior works in [3, 25–27]. To the best of our knowledge, this is the first
ISO-DSO coordination framework which fully satisfies all the above performance requirements for
ideal and practical ISO-DSO coordination. This is achieved by the following major contributions:

• A framework is proposed to coordinate the operation of the DSO and ISO which is compatible
with the current structure of the wholesale market without introducing additional changes to
existing wholesale market clearing procedure.

• In this coordination framework, the DER aggregators participate in the wholesale market
through the coordination of the DSO, which ensures the secure operation of the distribution
grid. A parametric programming approach is proposed to construct the bid-in cost function
of the DSO (to be submitted to the ISO) and run the DSO-level market clearing procedure,
which is built upon the offers collected from the DER aggregators.

• A market settlement approach is proposed for the DSO, which coordinates with the wholesale
market clearing process and ensures the DSO’s non-profit characteristic. It is proved that
under the proposed ISO-DSO coordination framework, each DER aggregator will receive
identical dispatch signals and payments when they participate in the wholesale market through
the coordination of the DSO and when they participate in the wholesale market directly with
the ISO overseeing all the transmission-level and distribution-level operating constraints.

• The parametric-programming-based ISO-DSO coordination enables complete decoupling
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Figure 2.1: The framework of the ISO-DSO coordination.

between the solution process of the ISO and DSO optimization sub-problems. This avoids it-
erative ISO-DSO communications within each wholesale market clearing interval and allows
the ISO and DSO to exchange the minimal amount of public data only after each entity reaches
its optimal solution. The proposed approach requires no exchange of private/confidential ISO
or DSO grid model data.

• The DSO’s market outcomes and market settlement process are investigated through case
studies on the modified IEEE 33-node and 240-node distribution test systems.

The rest of the chapter is organized as follows. Section 2.2 presents general idea of the DSO
and ISO coordination framework. Section 2.3 presents the mathematical formulation of ISO-DSO
coordination framework. Section 2.4 proposes the market settlement approach for the ISO-DSO
coordination framework. Section 2.5 discusses the case studies. Section 2.6 presents the concluding
remarks.

2.2 The ISO-DSO Coordination Framework

In this section, the proposed ISO-DSO coordination framework, which is shown in Fig. 2.1,
is explained. In this work, the DSO is defined as a non-profit entity [28] that deals with the
wholesale market on one side and coordinates the DER aggregators on the other side. The DER
aggregators participate in the wholesale market through the coordination of the DSO, instead
of directly participating in the wholesale market. The DER aggregators submit their offers to
the DSO. The DSO gathers all these aggregated DER offers and runs the DSO market at the
distribution level to construct the bid-in cost function of the DSO using a parametric programming
approach. Then, the DSO submits that bid-in cost function to the wholesale market operated by
the ISO. The ISO gathers the bid-in cost functions from all the DSOs as well as from other market
participants and clears the wholesale market. Then, the ISO sends the dispatches and loactional
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marginal prices (LMPs) to the DSOs and other market participants. Once each DSO receives the
wholesale-level dispatch and LMP from the ISO, the DSO will determine the optimal operating
point of the DSO market and determine the optimal dispatches of the DER aggregators in the DSO
territory. Then, each DSO will determine the distribution LMPs (D-LMPs) in the distribution
system based on the wholesale-level dispatch and LMP received by the DSO from the ISO at the
coupling substation. The DSO will also settle the DSO market participants (i.e., DER aggregators)
based on these D-LMPs. Following this procedure, the optimal dispatches and LMPs for all the
ISO-level and DSO-level market participants determined by this ISO-DSO coordination framework
will be identical to those determined by the ideal case in which the ISO oversees all the T&D-level
operating constraints. This procedure eliminates the ISO’s modeling/computation burden since
it avoids sending the distribution grid model data to the ISO by allowing the distribution-level
operating constraints and computations to be handled by each DSOs (instead of the ISO).

2.3 ISO-DSO Coordination Formulation

In this section, the mathematical formulation of the proposed ISO-DSO coordination framework
is presented. In order to evaluate the proposed ISO-DSO coordination, an ideal case in which the
ISO can oversee all the T&D-level operating constraints and the DER aggregators can participate
in the wholesale market directly is defined and formulated. Then, the formulation of the ISO-DSO
coordination is proposed.

2.3.1 Ideal Case

To perform market clearing computations for generating resources in both transmission-level and
distribution-level systems (i.e., the conventional generators and DERs), as well as ensuring the
secure operation of both T&D systems, an ideal market framework will be letting one single
entity (the ISO) 1) collect both T&D-level offers/bids (i.e., the bid-in cost functions) from all the
conventional generators and DER aggregators; 2) oversee both T&D-level operating constraints; and
3) optimally dispatch both T&D-level resources (conventional generators and DER aggregators).
However, this ideal case is not implementable with the current practice of the wholesale market since
1) the distribution system is not observable to the ISO 2) considering all these small DER aggregators
and all the distribution-level constraints in the wholesale market increases the computation burden
of the ISO problem. This chapter addresses this implementability issue by decomposing this ideal
case into one ISO and multiple DSO sub-problems. This decomposition allows the distribution-
level modeling and computation burden to be handled by each DSO, such that the ISO only needs
to handle transmission-level modeling and computation while coordinating with the DSOs. The
following sections prove that the proposed ISO-DSO coordination framework and this ideal case
achieve identical optimal dispatches and LMPs for all the T&D-level market participants (generators
and DER aggregators).
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This ideal case is formulated as follows.

Min 𝒑

∑︁
𝑖∈N𝑔𝑒𝑛

𝑐
𝑔

𝑖
𝑝
𝑔

𝑖
+

∑︁
𝑗∈N𝑑𝑖𝑠

∑︁
𝑖∈N𝑎𝑔𝑔

𝑐
𝑎𝑔𝑔

𝑖, 𝑗
𝑝
𝑎𝑔𝑔

𝑖, 𝑗
(2.1a)

s.t.∑︁
𝑖∈N𝑔𝑒𝑛𝑛

𝑝
𝑔

𝑖
+

∑︁
𝑘∈N.,𝑛

𝐹𝑘 −
∑︁

𝑘∈N𝑛,.

𝐹𝑘 − 𝐿𝑛 = 0; ∀𝑛 ∈ N𝑡𝑟𝑎 (2.1b)

𝑝
𝑔

𝑖
≤ 𝑝

𝑔

𝑖
≤ 𝑝

𝑔

𝑖
; ∀𝑖 ∈ N𝑔𝑒𝑛 (2.1c)

− 𝐹𝑘 ≤ 𝐹𝑘 ≤ 𝐹𝑘 ;∀𝑘 ∈ N𝑙 (2.1d)∑︁
𝑖∈N𝑎𝑔𝑔𝑛

𝑝
𝑎𝑔𝑔

𝑖, 𝑗
+

∑︁
𝑘∈N𝑑

𝑗𝑛,.

𝑓𝑘, 𝑗 −
∑︁

𝑘∈N𝑑
𝑗𝑛,.

𝑓𝑘, 𝑗 − 𝑙𝑛, 𝑗 = 0 (2.1e)

∀𝑛 ∈ N 𝑑
𝑗 ,∀ 𝑗 ∈ N𝑑𝑖𝑠∑︁

𝑖∈N𝑎𝑔𝑔𝑛

𝑞
𝑎𝑔𝑔

𝑖, 𝑗
+

∑︁
𝑘∈N𝑑

𝑗𝑛,.

𝑞𝑘, 𝑗 −
∑︁

𝑘∈N𝑑
𝑗𝑛,.

𝑞𝑘, 𝑗 − 𝑞𝑛, 𝑗 = 0 (2.1f)

∀𝑛 ∈ N 𝑑
𝑗 ,∀ 𝑗 ∈ N𝑑𝑖𝑠

𝑝
𝑎𝑔𝑔

𝑖, 𝑗
≤ 𝑝

𝑎𝑔𝑔

𝑖, 𝑗
≤ 𝑝

𝑎𝑔𝑔

𝑖, 𝑗
; 𝑖 ∈ N𝑎𝑔𝑔, 𝑗 ∈ N𝑑𝑖𝑠 (2.1g)

− 𝑓𝑘, 𝑗 ≤ 𝑓𝑘, 𝑗 ≤ 𝑓𝑘, 𝑗 ; 𝑘 ∈ N 𝑙
𝑗 , 𝑗 ∈ N𝑑𝑖𝑠 (2.1h)

𝑈𝑚, 𝑗 = 𝑈𝑛, 𝑗 − 2(𝑟𝑘, 𝑗 𝑓𝑘, 𝑗 + 𝑥𝑘, 𝑗𝑞𝑘, 𝑗 ) (2.1i)
∀𝑛 ∈ N 𝑑

𝑗 , 𝑗 ∈ N𝑑𝑖𝑠, (𝑚, 𝑛, 𝑘) ∈ N𝐶

𝑈 ≤ 𝑈𝑛, 𝑗 ≤ 𝑈;∀𝑛 ∈ N 𝑑
𝑗 , 𝑗 ∈ N𝑑𝑖𝑠 (2.1j)

− 𝑞𝑘, 𝑗 ≤ 𝑞𝑘, 𝑗 ≤ 𝑞𝑘, 𝑗 ; 𝑘 ∈ N 𝑙
𝑗 , 𝑗 ∈ N𝑑𝑖𝑠 (2.1k)

where 𝑖 and 𝑗 represent indices for market participants (generators/aggregators) and distribution
grids in the ISO territory, respectively. 𝑝𝑔

𝑖
and 𝑝

𝑎𝑔𝑔

𝑖, 𝑗
denote the dispatched power, while 𝑐𝑔

𝑖
(𝑝𝑔

𝑖
) and

𝑐
𝑎𝑔𝑔

𝑖, 𝑗
(𝑝𝑎𝑔𝑔

𝑖, 𝑗
) are the bid-in cost functions of generators in the transmission system and aggregators in

distribution systems under the ISO territory, respectively. The sets N𝑔𝑒𝑛, N𝑑𝑖𝑠, and N𝑎𝑔𝑔 represent
all generators in the transmission systems, all distribution systems, and all aggregators in the
corresponding distribution systems, respectively. 𝐹𝑘 denotes the active line flow in transmission
lines, while 𝐿𝑛 represents the active power load at each bus in the transmission system. The sets
N𝑔𝑒𝑛𝑛 ,N.,𝑛, andN𝑛,. include all generators connected to bus 𝑛, all lines coming to bus 𝑛, and all lines
leaving bus 𝑛, respectively. 𝑝𝑔

𝑖
and 𝑝

𝑔

𝑖
denote the minimum and maximum generating power of each

generator in the transmission system, respectively, and 𝐹𝑘 represents the transmission line capacity.
Additionally, 𝑓𝑘, 𝑗 denotes the DSO level branch active power flow, and 𝑙𝑛, 𝑗 represents the active
power load at each node in the DSO. The sets N𝑎𝑔𝑔𝑛 , N 𝑑

𝑗𝑛,.
, N 𝑑

𝑗𝑛,.
, and N 𝑑

𝑗
represent all aggregators

connected to node 𝑛, all branches coming to node 𝑛, all branches leaving node 𝑛, and all nodes in the
distribution systems, respectively. 𝑞𝑘, 𝑗 and 𝑞𝑛, 𝑗 denote the reactive power flow in the distribution
systems branches and the reactive power load at each node in the distribution systems, respectively.
𝑝
𝑎𝑔𝑔

𝑖, 𝑗
and 𝑝

𝑎𝑔𝑔

𝑖, 𝑗
represent the minimum and maximum generation of the aggregators, respectively.
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𝑓𝑘, 𝑗 denotes the capacity of distribution systems branches. 𝑈𝑚, 𝑗 represents the square of the voltage
of nodes. 𝑟𝑘, 𝑗 and 𝑥𝑘, 𝑗 denote the resistance and reactance of branches in the distribution systems,
respectively. The set N𝐶 includes all lines and their corresponding start and end nodes. 𝑈 and
𝑈 represent the minimum and maximum permitted voltage, respectively. Lastly, 𝑞𝑘, 𝑗 denotes the
reactive power capacity of branches in the distribution systems.

Equation (2.1a) minimizes the total cost function of the wholesale market, taking into account
all generators and DER aggregators. Equation (2.1b) presents the power balance equations in
the transmission system. Equation (2.1c) imposes limits on the generating output of transmission
system generators. Equation (2.1d) represents the limits on the transmission lines. Equations (2.1e)
and (2.1f) represent the active and reactive power balance in distribution systems, respectively.
Equation (2.1g) limits the power of aggregators. Equation (2.1h) sets the limits on distribution
level branches. Equation (2.1i) defines the voltage in distribution systems. Equation (2.1j) restricts
the voltage of distribution nodes within the permitted range. Lastly, Equation (2.1k) limits the
reactive power flow on the distribution system branches.

2.3.2 ISO-DSO Coordination

In this section, the mathematical formulation of the proposed ISO-DSO coordination framework is
presented. This framework decomposes the above ideal case into one ISO sub-problem and multiple
DSO sub-problems. Each DSO sub-problem can be solved independently. This framework and
the ideal case will result in identical optimal dispatch and payment/LMP to each of the T&D-level
market participants. However, the decomposition in this framework reduces the computation and
modeling burden of the ISO by moving all the distribution-level decision variables and constraints
to each DSO’s sub-problem.

The ISO sub-problem is formulated as follows:

Min 𝒑

∑︁
𝑖∈N𝑔𝑒𝑛

𝑐
𝑔

𝑖
𝑝
𝑔

𝑖
+

∑︁
𝑗∈N𝑑𝑖𝑠

∑︁
𝑎∈D 𝑗

𝑐𝑑𝑠𝑜𝑗 ,𝑎 𝑝
𝑑𝑠𝑜
𝑗 ,𝑎 (2.2a)

s.t.∑︁
𝑖∈N𝑔𝑒𝑛𝑛

𝑝𝑔 +
∑︁

𝑘∈N.,𝑛

𝐹𝑘 −
∑︁

𝑘∈N𝑛,.

𝐹𝑘 − 𝐿𝑛 = 0; ∀𝑛 ∈ N𝑡𝑟𝑎 (2.2b)

𝑝
𝑔

𝑖
≤ 𝑝

𝑔

𝑖
≤ 𝑝

𝑔

𝑖
; ∀𝑖 ∈ N𝑔𝑒𝑛 (2.2c)

− 𝐹𝑘 ≤ 𝐹𝑘 ≤ 𝐹𝑘 ;∀𝑘 ∈ N𝑙 (2.2d)

0 ≤ 𝑝𝑑𝑠𝑜𝑗 ,𝑎 ≤ 𝑝𝑑𝑠𝑜
𝑗 ,𝑎

; 𝑗 ∈ N𝑑𝑖𝑠, 𝑎 ∈ D 𝑗 (2.2e)

Equation (2.2a) minimizes the total cost in the wholesale market, after collecting the bid-in cost
functions from all the wholesale market participants (including conventional generators and DSOs).
Other equations has been explained in the ideal case formulation.

Each DSO 𝑗 needs to determine its bid-in cost function 𝑐𝑑𝑠𝑜
𝑗
(𝑝𝑑𝑠𝑜

𝑗
) and the corresponding DSO
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operating constraints 𝑆𝑑𝑠𝑜
𝑗

to be submitted to the wholesale market (the above ISO sub-problem).
The bid-in cost function 𝑐𝑑𝑠𝑜

𝑗
(𝑝𝑑𝑠𝑜

𝑗
) is dependent on the parameter 𝑝𝑑𝑠𝑜

𝑗
, which is derived from

minimizing the total cost in the distribution system while satisfying all system constraints. An
optimization problem in which data depends on one or multiple parameters is known as parametric
programming [29]. We propose the following parametric programming approach for each DSO 𝑗

to determine these data.

𝑐𝑑𝑠𝑜𝑗 (𝑝𝑑𝑠𝑜𝑗 ) = Min 𝒑𝑎𝑔𝑔

∑︁
𝑖∈N𝑎𝑔𝑔

𝑐
𝑎𝑔𝑔

𝑖, 𝑗
𝑝
𝑎𝑔𝑔

𝑖, 𝑗
(2.3a)

𝑠.𝑡.∑︁
𝑖∈N𝑎𝑔𝑔𝑛

𝑝
𝑎𝑔𝑔

𝑖, 𝑗
+

∑︁
𝑘∈N𝑑

𝑗𝑛,.

𝑓𝑘, 𝑗 −
∑︁

𝑘∈N𝑑
𝑗𝑛,.

𝑓𝑘, 𝑗 − 𝑙𝑛, 𝑗 = 0 (2.3b)

∀𝑛 ∈ N 𝑑
𝑗 ,∀ 𝑗 ∈ N𝑑𝑖𝑠∑︁

𝑖∈N𝑎𝑔𝑔𝑛

𝑞
𝑎𝑔𝑔

𝑖, 𝑗
+

∑︁
𝑘∈N𝑑

𝑗𝑛,.

𝑞𝑘, 𝑗 −
∑︁

𝑘∈N𝑑
𝑗𝑛,.

𝑞𝑘, 𝑗 − 𝑞𝑛, 𝑗 = 0 (2.3c)

∀𝑛 ∈ N 𝑑
𝑗 ,∀ 𝑗 ∈ N𝑑𝑖𝑠

𝑝
𝑎𝑔𝑔

𝑖, 𝑗
≤ 𝑝

𝑎𝑔𝑔

𝑖, 𝑗
≤ 𝑝

𝑎𝑔𝑔

𝑖, 𝑗
; 𝑖 ∈ N𝑎𝑔𝑔, 𝑗 ∈ N𝑑𝑖𝑠 (2.3d)

− 𝑓𝑘, 𝑗 ≤ 𝑓𝑘, 𝑗 ≤ 𝑓𝑘, 𝑗 ; 𝑘 ∈ N 𝑙
𝑗 , 𝑗 ∈ N𝑑𝑖𝑠 (2.3e)

𝑈𝑚, 𝑗 = 𝑈𝑛, 𝑗 − 2(𝑟𝑘, 𝑗 𝑓𝑘, 𝑗 + 𝑥𝑘, 𝑗𝑞𝑘, 𝑗 ) (2.3f)
∀𝑛 ∈ N 𝑑

𝑗 , 𝑗 ∈ N𝑑𝑖𝑠, (𝑚, 𝑛, 𝑘) ∈ N𝐶

𝑈 ≤ 𝑈𝑛 ≤ 𝑈;∀𝑛 ∈ N 𝑑
𝑗 , 𝑗 ∈ N𝑑𝑖𝑠 (2.3g)

− 𝑞𝑘, 𝑗 ≤ 𝑞𝑘, 𝑗 ≤ 𝑞𝑘, 𝑗 ; 𝑘 ∈ N 𝑙
𝑗 , 𝑗 ∈ N𝑑𝑖𝑠 (2.3h)

where 𝑘 is the substation node of DSO 𝑗 ; 𝑙 is the index for branches;N 𝑓𝑘 is the set of all branches
connected to node 𝑘; 𝑓𝑙, 𝑗 is the flow on branch 𝑙 of DSO 𝑗 ; 𝐿𝑘, 𝑗 is the firm load of node 𝑘 in DSO
𝑗 .

Equation (3.3) defines a parametric programming problem, where 𝑝𝑑𝑠𝑜
𝑗

is treated as a parameter in
the minimization problem. Note that while the power balance equation at the substation is explicitly
presented as the equality constraint, the power balance constraints in other nodes are incorporated
in 𝑆𝐷𝑖𝑠

𝑗
. After collecting bid-in cost functions from all the DSO-level market participants (i.e., DER

aggregators), for every possible 𝑝𝑑𝑠𝑜
𝑗

value, this problem minimizes the total generation cost in the
DSO-level market while satisfying the following constraints: 1) power balance constraint at each
node; 2) the operating constraints of DER aggregators; and 3) the system-wide distribution grid
constraints. Linearized three-phase power flow is considered which ignores losses [30]. Please note
that in the objective function (3.3), both generating and demand response aggregators are defined.
For the demand response aggregator, the corresponding price 𝑐

𝑎𝑔𝑔

𝑖, 𝑗
is negative. The energy storage

aggregator can be considered either as a demand response aggregator or as a generating aggregator,
as this is a single interval formulation.
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Before the ISO market clearing run, each DSO collects the bid-in cost functions from all the DSO-
level market participants (i.e., the DER aggregators) in its territory and solves (3.3) to determine its
DSO bid-in cost function 𝑐𝑑𝑠𝑜

𝑗
(𝑝𝑑𝑠𝑜

𝑗
) and the corresponding DSO operating constraints 𝑆𝑑𝑠𝑜

𝑗
(i.e.,

the upper/lower limits for the DSO bid-in cost function) to be submitted to the wholesale market
in the ISO sub-problem. The ISO collects the bid-in cost functions from all the DSOs and other
ISO-level market participants (such as conventional generators), which allows the ISO to clear the
wholesale market by solving problem (3.2).

Lemma 1. The optimal bid-in cost function from DSO to ISO, 𝑐𝑑𝑠𝑜
𝑗
(𝑝𝑑𝑠𝑜

𝑗
), is a convex function of

parameter 𝑝𝑑𝑠𝑜
𝑗

, if the following conditions are all satisfied: 1) the bid-in cost function submitted
by each aggregator 𝑐

𝑎𝑔𝑔

𝑖, 𝑗
(𝑝𝑎𝑔𝑔

𝑖, 𝑗
) is a convex function; 2) the operating constraints of each DER

aggregator define a convex set 𝑆𝑎𝑔𝑔
𝑖, 𝑗

; and 3) the system-wide distribution grid constraints define a
convex set 𝑆𝐷𝑖𝑠

𝑗
.

The convexity of the optimal DSO bid-in cost function 𝑐𝑑𝑠𝑜
𝑗
(𝑝𝑑𝑠𝑜

𝑗
) ensures that our proposed ISO-

DSO coordination is compatible with the current wholesale market structure, by allowing each
DSO to always submit a convex bid-in cost function to the ISO. The ISO can then directly clear
the wholesale market following its current market clearing procedure without introducing any
additional change.

After the ISO clears the wholesale market, the dispatch and LMP data is distributed to all the DSOs.
Each DSO utilizes the LMP of the coupling substation, as determined by the ISO, and employs it
as the wholesale market price in the subsequent proceedings.

Min 𝒑𝑎𝑔𝑔

∑︁
𝑖∈N𝑎𝑔𝑔

𝑐
𝑎𝑔𝑔

𝑖, 𝑗
𝑝
𝑎𝑔𝑔

𝑖, 𝑗
− 𝐿𝑀𝑃∗𝑗 𝑝

𝑑𝑠𝑜
𝑗 (2.4a)

𝑠.𝑡.∑︁
𝑖∈N𝑎𝑔𝑔𝑛

𝑝
𝑎𝑔𝑔

𝑖, 𝑗
+

∑︁
𝑘∈N𝑑

𝑗𝑛,.

𝑓𝑘, 𝑗 −
∑︁

𝑘∈N𝑑
𝑗𝑛,.

𝑓𝑘, 𝑗 − 𝑙𝑛, 𝑗 = 0 (2.4b)

∀𝑛 ∈ N 𝑑
𝑗 ,∀ 𝑗 ∈ N𝑑𝑖𝑠∑︁

𝑖∈N𝑎𝑔𝑔𝑛

𝑞
𝑎𝑔𝑔

𝑖, 𝑗
+

∑︁
𝑘∈N𝑑

𝑗𝑛,.

𝑞𝑘, 𝑗 −
∑︁

𝑘∈N𝑑
𝑗𝑛,.

𝑞𝑘, 𝑗 − 𝑞𝑛, 𝑗 = 0 (2.4c)

∀𝑛 ∈ N 𝑑
𝑗 ,∀ 𝑗 ∈ N𝑑𝑖𝑠

𝑝
𝑎𝑔𝑔

𝑖, 𝑗
≤ 𝑝

𝑎𝑔𝑔

𝑖, 𝑗
≤ 𝑝

𝑎𝑔𝑔

𝑖, 𝑗
; 𝑖 ∈ N𝑎𝑔𝑔, 𝑗 ∈ N𝑑𝑖𝑠 (2.4d)

− 𝑓𝑘, 𝑗 ≤ 𝑓𝑘, 𝑗 ≤ 𝑓𝑘, 𝑗 ; 𝑘 ∈ N 𝑙
𝑗 , 𝑗 ∈ N𝑑𝑖𝑠 (2.4e)

𝑈𝑚, 𝑗 = 𝑈𝑛, 𝑗 − 2(𝑟𝑘, 𝑗 𝑓𝑘, 𝑗 + 𝑥𝑘, 𝑗𝑞𝑘, 𝑗 ) (2.4f)
∀𝑛 ∈ N 𝑑

𝑗 , 𝑗 ∈ N𝑑𝑖𝑠, (𝑚, 𝑛, 𝑘) ∈ N𝐶

𝑈 ≤ 𝑈𝑛 ≤ 𝑈;∀𝑛 ∈ N 𝑑
𝑗 , 𝑗 ∈ N𝑑𝑖𝑠 (2.4g)

− 𝑞𝑘, 𝑗 ≤ 𝑞𝑘, 𝑗 ≤ 𝑞𝑘, 𝑗 ; 𝑘 ∈ N 𝑙
𝑗 , 𝑗 ∈ N𝑑𝑖𝑠 (2.4h)

10



where 𝐿𝑀𝑃∗
𝑗

is the optimal wholesale LMP determined by ISO market clearing at the bus where
the DSO 𝑗 is located.

Section 2.4 presents the detailed DSO market settlement procedure for each DSO to utilize (3.3)
and (3.4) to determine the optimal dispatch and distribution LMPs (D-LMPs) for all the aggregators
in the DSO territory.

A detailed formulation for the above DSO sub-problem in (3.3)-(3.4) which considers the real/reactive
power flow limits and voltage limits using the linearized three-phase distribution power flow [30]
is presented below.

𝑐𝑑𝑠𝑜 (𝑃𝑑𝑠𝑜) = 𝑀𝑖𝑛
∑︁
𝑔∈𝐺

∑︁
𝑏∈𝐵

𝑃𝑔,𝑏𝜋𝑔,𝑏 −
∑︁
𝑑∈𝐷

∑︁
𝑏∈𝐵

𝑃𝑑,𝑏𝜋𝑑,𝑏 (2.5a)

s.t. ∑︁
𝑑∈𝐷

∑︁
𝑏∈𝐵

𝐻𝑛,𝑑𝑃𝑑,𝑏 + 𝐻𝑠𝑢𝑏
𝑛 𝑃𝑑𝑠𝑜 + 𝐿𝑃

𝑛

−
∑︁
𝑔∈𝐺

∑︁
𝑏∈𝐵

𝐻𝑛,𝑔𝑃𝑔,𝑏 +
∑︁
𝑗∈𝐽

𝑃𝑙 𝑗 𝐴 𝑗 ,𝑛 = 0; ∀𝑛 ∈ 𝑁
(2.5b)

∑︁
𝑑∈𝐷

∑︁
𝑏∈𝐵

𝐻𝑛,𝑑𝑃𝑑,𝑏𝑡𝑎𝑛𝜙𝑑 + 𝐻𝑠𝑢𝑏
𝑛 𝑄𝑑𝑠𝑜 + 𝐿

𝑄
𝑛

−
∑︁
𝑔∈𝐺

∑︁
𝑏∈𝐵

𝐻𝑛,𝑔𝑃𝑔,𝑏𝑡𝑎𝑛𝜙𝑔 +
∑︁
𝑗∈𝐽

𝑄𝑙 𝑗 𝐴 𝑗 ,𝑛 = 0;∀𝑛 ∈ 𝑁
(2.5c)

0 ≤ 𝑃𝑔,𝑏 ≤ 𝑃𝑚𝑎𝑥
𝑏,𝑔 ; ∀𝑏 ∈ 𝐵,∀𝑔 ∈ 𝐺 (2.5d)

0 ≤ 𝑃𝑑,𝑏 ≤ 𝑃𝑚𝑎𝑥
𝑑,𝑔 ; ∀𝑏 ∈ 𝐵,∀𝑑 ∈ 𝐷 (2.5e)

𝑈𝑚 = 𝑈𝑛 − 2(𝑟 𝑗𝑃𝑙 𝑗 + 𝑥 𝑗𝑄𝑙 𝑗 ); ∀𝑚 ∈ 𝑁,
∀𝑛 ∈ 𝑁, 𝐶 (𝑚, 𝑛) = 1, 𝐴( 𝑗 , 𝑛) = 1

(2.5f)

𝑈 ≤ 𝑈𝑛 ≤ 𝑈; ∀𝑛 ∈ 𝑁 (2.5g)
− 𝑃𝑙𝑚𝑎𝑥 ≤ 𝑃𝑙 𝑗 ≤ 𝑃𝑙𝑚𝑎𝑥; ∀ 𝑗 ∈ 𝐽 (2.5h)
−𝑄𝑙𝑚𝑎𝑥 ≤ 𝑄𝑙 𝑗 ≤ 𝑄𝑙𝑚𝑎𝑥; ∀ 𝑗 ∈ 𝐽 (2.5i)

where 𝑔 and 𝐺 represent the index and set of all generating aggregators; 𝑑 and 𝐷 represent the
index and set of all demand response aggregators; 𝑏 and 𝐵 represent the index and set of all
production/demand blocks; 𝑗 and 𝐽 represent the index and set of all lines; 𝑛 and 𝑁 represent the
index and set of all nodes; 𝑃𝑑𝑠𝑜 represents the DSO’s aggregated offers to the ISO market; 𝑃𝑔,𝑏

and 𝑃𝑑,𝑏 represent the energy offers submitted by the generating aggregators and demand response
aggregators, respectively, with corresponding prices 𝜋𝑔,𝑏 and 𝜋𝑑,𝑏; 𝐻𝑛,𝑑 , 𝐻𝑛,𝑔, and 𝐻𝑠𝑢𝑏

𝑛 represent
the mapping matrices of generating aggregators, demand response aggregators, and substations to
node 𝑛, respectively; 𝑃𝑙 𝑗 and 𝑄𝑙 𝑗 represent the active and reactive power of branch 𝑗 , respectively;
𝐴 𝑗 ,𝑛 represents the incidence matrix of branches and nodes; 𝜙𝑔 and 𝜙𝑑 represent the phase angle
of the generating aggregators and demand response aggregators, respectively; 𝑄𝐷

𝑛 represents the
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reactive power of the firm load at each node; 𝐿𝑃
𝑛 and 𝐿

𝑄
𝑛 represent the active and reactive power

load at each node; 𝑃𝑚𝑎𝑥
𝑔,𝑏

and 𝑃𝑚𝑎𝑥
𝑑,𝑏

represent the maximum production/consumption at each block of
the generating aggregators and demand response aggregators, respectively; 𝑈 represents the square
of the voltage of each node; 𝑈 and𝑈 represent the square of the minimum and maximum permitted
voltage values, respectively; 𝑟 𝑗 and 𝑥 𝑗 represent the resistance and reactance of the branches; 𝑃𝑙𝑚𝑎𝑥

and 𝑄𝑙𝑚𝑎𝑥 represent the maximum active and reactive power of the branches.

The objective function of the DSO which minimizes the total cost over the system is defined in
(2.5a). Equations (2.5b) and (2.5c) define active and reactive power balances, respectively. The
generating power of each DDG is limited by (2.5d). The power consumption by the demand
response is limited with respect to the maximum value in (2.5e). The voltage of each branch is
defined in (4.2) and is limited with respect to the allowed voltage range in (4.3). The active and
reactive flow of each branch is limited in (2.5h) and (2.5i), respectively.

2.4 Market Settlement

In our proposed ISO-DSO coordination framework, the DSO is a nonprofit mediator that deals with
the DER aggregators on one hand and trades with the wholesale market on the other hand. The
DSO gathers the offers from all the DER aggregators and constructs the DSO bid-in cost function
and submits it to the ISO based on the parametric programming procedure in (3.3). Once the ISO
receives the bid-in cost functions from all the DSOs and other wholesale market participants, the
ISO clears the wholesale market by solving (3.2) and determines the power dispatch 𝑝𝑑𝑠𝑜∗

𝑗
and LMP

at the ISO-DSO coupling substation for each DSO. The DSO then needs to clear the DSO-level
market with 𝑝𝑑𝑠𝑜∗

𝑗
and the wholesale-level LMP it receives at the ISO-DSO coupling substation.

Each DSO performs this market settlement procedure by 1) letting 𝑝𝑑𝑠𝑜
𝑗

= 𝑝𝑑𝑠𝑜∗
𝑗

in (3.3) and solving
(3.3) for the optimal dispatch of all the aggregators in the DSO territory when 𝑝𝑑𝑠𝑜

𝑗
= 𝑝𝑑𝑠𝑜∗

𝑗
; 2)

solving (3.4) and obtaining the dual variables of (3.4) as the optimal D-LMPs of all the aggregators
in the DSO territory. We prove the theorems below which guarantees that following the above
market settlement procedure, the optimal dispatches, LMPs (or D-LMPs), and payments received
by all the ISO-level and DSO-level market participants under the proposed ISO-DSO coordination
framework will be identical to those under the ideal case where the ISO serves as the single entity
overseeing all the T&D-level market participants and operating constraints.

Theorem 1. The optimal dispatches for all the ISO-level and DSO-level market participants under
the ISO-DSO coordination framework in (3.2)-(3.3) are identical to those under the ideal case in
(3.1).

Theorem 2. The optimal payments and LMPs (or D-LMPs) for all the ISO-level and DSO-level
market participants under the ISO-DSO coordination framework in (3.2)-(3.4) are identical to
those under the ideal case in (3.1).

The above theorems further guarantee: 1) Our proposed ISO-DSO coordination framework com-
pletely decouples the optimization problem in the ideal case into one ISO and multiple DSO
sub-problems. 2) After this decoupling, at each market clearing run, each DSO only needs to
submit its convex bid-in cost function 𝑐𝑑𝑠𝑜

𝑗
(𝑝𝑑𝑠𝑜

𝑗
) and the corresponding DSO operating constraints
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(upper/lower limits) of this cost function 𝑆𝐷𝑖𝑠
𝑗

to the ISO, and the ISO only needs to send the
optimal wholesale-level dispatch 𝑝𝑑𝑠𝑜∗

𝑗
and wholesale LMP back to each DSO. There is no data

exchange between different DSOs and no exchange of confidential ISO or DSO grid models. This
data exchange procedure is compatible with the current wholesale market clearing practice. It will
result in the minimal amount of ISO-DSO data exchange without changing the existing wholesale
market clearing procedure. Besides, this data exchange procedure also allows the ISO and DSO to
exchange data only after each entity reaches its optimal solution. There is no iterative ISO-DSO
data exchange during the iterative solution process of the ISO and DSO sub-problems. This ensures
a complete decouple between the iterative solution process of the ISO and DSO sub-problems and
eliminates the need for iterative ISO-DSO communications within each market clearing run.

2.5 Case Studies

In this section, case studies have been implemented to verify the effectiveness of the proposed
ISO-DSO coordination model. First, a small illustrative example is studied to clearly describe our
proposed approach. Then, a large system is studied which includes an IEEE 118-bus test system
in the wholesale market and two distribution systems - the IEEE 33-node balanced and 240-node
unbalanced distribution systems.

2.5.1 Illustrative Example

In this section, in order to understand the proposed ISO-DSO coordination clearly, a small illustrative
example is given. The system consists of a generating unit (𝐺) and a firm load (𝐿) on the
transmission side, as well as two dispatchable distributed generations (DDGs) on the distribution
side. The system and its corresponding data are provided in Figure 2.2. The DSO parametric
programming problem is as follows:

𝑐𝑑𝑠𝑜 (𝑃𝑑𝑠𝑜) = Min𝑷𝑑𝑑𝑔
25𝑃𝑑𝑑𝑔1 + 15𝑃𝑑𝑑𝑔2 (2.6a)

s.t. 𝑃𝑑𝑑𝑔1 + 𝐹𝑑𝑠 = 𝑃𝑑𝑠𝑜 (2.6b)
𝑃𝑑𝑑𝑔2 − 𝐹𝑑𝑠 = 0 (2.6c)
0 ≤ 𝑃𝑑𝑑𝑔1 ≤ 0.5 (2.6d)
0 ≤ 𝑃𝑑𝑑𝑔2 ≤ 0.5 (2.6e)
− 0.1 ≤ 𝐹𝑑𝑠 ≤ 0.1 (2.6f)

where 𝑐𝑑𝑠𝑜 (𝑃𝑑𝑠𝑜) is the bid-in cost function of the DSO; 𝑃𝑑𝑠𝑜 is the output power of the DSO
injected; 𝑃𝑑𝑑𝑔1 is the active power provided by DDG 1; 𝑃𝑑𝑑𝑔2 is the active power provided by DDG
2; 𝐹𝑑𝑠 is the distribution line flow.

The problem described above is simple enough that we can determine the bid-in cost function by
the following straightforward approach. We simply need to increase the 𝑃𝑑𝑠𝑜 and determine which
DDG will provide power and at what cost. As we begin to increase 𝑃𝑑𝑠𝑜, DDG 2 will be the cheaper
option, so we can continue to increase 𝑃𝑑𝑠𝑜 until DDG 2 reaches its maximum output or until line
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𝐹𝑑𝑠 becomes congested. Since the capacity of 𝐹𝑑𝑠 is 0.1 MW, which is lower than the capacity of
DDG 2, we can increase 𝑃𝑑𝑠𝑜 up to 0.1 MW, and the cost function would be 𝑐𝑑𝑠𝑜 (𝑃𝑑𝑠𝑜) = 15𝑃𝑑𝑠𝑜,
which is determined by DDG 2. If we need to increase 𝑃𝑑𝑠𝑜 beyond 0.1 MW, we must use DDG 1.
We can increase 𝑃𝑑𝑠𝑜 until DDG 1 reaches its maximum output of 0.5 MW. Thus, we can increase
𝑃𝑑𝑠𝑜 up to 0.6 MW, and the total cost function would be 𝑐𝑑𝑠𝑜 (𝑃𝑑𝑠𝑜) = 15 × 0.1 + 25(𝑃𝑑𝑠𝑜 − 0.1).
Therefore, the total cost function is as follows:

𝑐𝑑𝑠𝑜 (𝑃𝑑𝑠𝑜) =
{
15𝑃𝑑𝑠𝑜, 𝑃𝑑𝑠𝑜 ∈ [0, 0.1)
15 × 0.1 + 25(𝑃𝑑𝑠𝑜 − 0.1), 𝑃𝑑𝑠𝑜 ∈ [0.1, 0.6]

Hence, the bid-in total cost function and marginal cost function which is derivative of the total cost
function are determined as shown in Fig. 2.3(a) and Fig. 2.3(b), respectively.

The DSO submits this marginal cost function in Fig. 2.3(b) to the wholesale market and then, the
wholesale market runs the following ISO-level economic dispatch problem:

Min𝑷 20𝑃𝑔 + 15𝑃𝑑𝑠𝑜,1 + 25𝑃𝑑𝑠𝑜,2 (2.7a)
𝑠.𝑡. 𝑃𝑔 − 𝐹𝑡𝑟 = 0 [𝜆𝑊𝑀

1 ] (2.7b)
𝐹𝑡𝑟 + 𝑃𝑑𝑠𝑜,1 + 𝑃𝑑𝑠𝑜,2 = 5.2 [𝜆𝑊𝑀

2 ] (2.7c)
0 ≤ 𝑃𝑔 ≤ 5 (2.7d)
0 ≤ 𝑃𝑑𝑠𝑜,1 ≤ 0.1 (2.7e)
0 ≤ 𝑃𝑑𝑠𝑜,2 ≤ 0.5 (2.7f)

where 𝑃𝑔 is the power provision from the transmission side unit; 𝑃𝑑𝑠𝑜,1 and 𝑃𝑑𝑠𝑜,2 are the power
provision of the first and second segments of the DSO bid-in cost function shown in Fig. 2.3(b),
respectively; 𝐹𝑡𝑟 is the transmission line flow; 𝜆𝑊𝑀

1 and 𝜆𝑊𝑀
2 are the dual variables corresponding

to the transmission-level power balance constraints, respectively.

The optimal solution to the above ISO problem is: 𝑃𝑔 = 5 MW, 𝑃𝑑𝑠𝑜,1 = 0.1 MW, 𝑃𝑑𝑠𝑜,2 = 0.1 MW,
and the DSO has dispatched 0.1+0.1 = 0.2 MW and the wholesale LMP at the ISO-DSO coupling
bus is 25 $/MWh. The DSO substitutes the parameter 𝑃𝑑𝑠𝑜 = 0.2 in (3.14) and determines the
DDGs’ optimal dispatches, 𝑃𝑑𝑑𝑔1 = 0.1 MW, 𝑃𝑑𝑑𝑔2 = 0.1 MW. Then, the DSO solves the following
problem to determine optimal D-LMPs:

Min𝑷 25𝑃𝑑𝑑𝑔1 + 15𝑃𝑑𝑑𝑔2 + 25𝑃𝑑𝑠𝑜 (2.8a)
s.t. 𝑃𝑑𝑑𝑔1 + 𝐹𝑑𝑠 = 𝑃𝑑𝑠𝑜 [𝜆1] (2.8b)

𝑃𝑑𝑑𝑔2 − 𝐹𝑑𝑠 = 0 [𝜆2] (2.8c)
0 ≤ 𝑃𝑑𝑑𝑔1 ≤ 0.5 (2.8d)
0 ≤ 𝑃𝑑𝑑𝑔2 ≤ 0.5 (2.8e)
− 0.1 ≤ 𝐹𝑑𝑠 ≤ 0.1 (2.8f)

where 𝜆1, 𝜆2 are the dual variables corresponding to the distribution-level power balance constraints
(i.e., the D-LMPs). The solution to this DSO problem determines the following D-LMPs: 𝜆1 = 25
$/MWh, and 𝜆2 = 15 $/MWh.
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The following equations describe the ideal case in which the ISO can oversee both T&D-level
operations and DER aggregators directly participate in the ISO market:

Min𝑷 20𝑃𝑔 + 15𝑃𝑑𝑑𝑔1 + 25𝑃𝑑𝑑𝑔2 (2.9a)
𝑠.𝑡. 𝑃𝑔 − 𝐹𝑡𝑟 = 0 [𝜆𝑊𝑀

1 ] (2.9b)
𝐹𝑡𝑟 + 𝑃𝑑𝑠𝑜 = 5.2 [𝜆𝑊𝑀

2 ] (2.9c)
𝑃𝑑𝑑𝑔1 + 𝐹𝑑𝑠 = 𝑃𝑑𝑠𝑜 [𝜆1] (2.9d)
𝑃𝑑𝑑𝑔2 − 𝐹𝑑𝑠 = 0 [𝜆2] (2.9e)
0 ≤ 𝑃𝑔 ≤ 5 (2.9f)
0 ≤ 𝑃𝑑𝑑𝑔1 ≤ 0.5 (2.9g)
0 ≤ 𝑃𝑑𝑑𝑔2 ≤ 0.5 (2.9h)
− 6 ≤ 𝐹𝑡𝑟 ≤ 6 (2.9i)
− 0.1 ≤ 𝐹𝑑𝑠 ≤ 0.1 (2.9j)

The solution (including optimal dispatch and prices for all the T&D-level resources) to the above
ideal case is the same as the ISO-DSO coordination framework. However, upon comparing
formulations (3.15) and (3.13), it can be observed that constraints (3.13e), (3.13f), and (3.13o) are
no longer necessary, which reduces the problem size and computational burden for the ISO, as well
as avoids sending DSO-level modeling details to the ISO.

2.5.2 Large Test System

In this section, simulation studies are implemented in a large test system containing ISO running
the wholesale-level economic dispatch on an IEEE 118-bus test system. We have also considered
two DSOs running the DSO-level market in the IEEE 33-node balanced and 240-node unbalanced
distribution systems, respectively. YALMIP [31] is utilized to solve parametric programming
problems for DSOs.

118-bus Test System Data

The IEEE 118-bus test system is considered as the transmission system operated by the ISO. The
system data is given in [32]. The system contains 118 buses, 186 transmission lines, and 54
generators.

33-node Test System Data and Results

The 33-node test system is a balanced radial network which is shown in Fig. 2.4. The system
contains 33 nodes, 32 branches, a demand response aggregator (DRAG), four dispatchable dis-
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Table 2.1: DSO market participants data for the 33-node test system

Participant Pmin (MW) Pmax (MW) Offering price ($/MWh)
DDGAG 1 0 0.5 20
DDGAG 2 0 1 10
DDGAG 3 0 1.2 15
DDGAG 4 0 2 24

DRAG 0 2 28

Table 2.2: 33-node test system breakpoints and marginal costs data

Breakpoint index Breakpoint coordinate
value (MW,$/h)

Marginal cost
index

Marginal cost value
($/MWh)

P1 (-1.18654,1.54166) C1 -69.6072
P2 (-1.12498, -2.74336) C2 10.9555
P3 (-0.961451, -0.951813) C3 14.1388
P4 (-0.504623, 5.50717) C4 20.5587
P5 (-0.495727, 5.69006) C5 22.8007
P6 (-0.233645, 11.6657) C6 24.1164
P7 (1.66269, 57.3985) C7 30.3739
P8 (2.4175, 80.325)

tributed generation aggregators (DDGAGs), and two renewable energy aggregators (REAGs). The
test system data and load data are given in [33]. The two REAGs are considered to have identical
energy production profiles of 1 MW. The other aggregators’ data is given in Table. 2.1. Pmin
and Pmax are the minimum and maximum generating power, respectively. It is assumed that the
33-node test system is connected to the 118-bus test system trough bus 87 on the transmission side.

The total cost function of the DSO is determined based on (2.5). The DSO’s total (minimal)
operating costs at different output power levels are shown in Fig. 2.5. This is a piecewise linear
function with eight breakpoints separating the seven linear segments. The breakpoints in Fig.
2.5 are determined by the DSO-level market participants’ minimum and maximum output power
considering the network’s physical constraints. The bid-in marginal cost function which is the
derivative of the total bid-in cost function in Fig. 2.5 is shown in Fig. 2.6. This marginal cost
function consists of seven levels of marginal costs corresponding to the seven linear segments in
the piecewise linear total cost function in Fig. 2.5.

The coordinates of the breakpoints in Fig. 2.5 and the values of the marginal costs in Fig. 2.6 are
given in Table 2.2.

The bid-in marginal cost function starts with the output power of -1.18654 MW which means that
DSO can consume the energy of -1.18654 MW due to the capability of the DRAG and inelastic
load to consume power in the distribution system. The bid-in price of this consumption is -69.6072
$/MWh. The negative value indicates that if the wholesale market dispatches this consumption
value to the DSO, the DSO should be paid at this price. This indicates the DSO prefer not purchasing
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Table 2.3: DSO market participants information for 240-node test system

Participant Capacity
(MW)

Price
($/MWh) Participant Capacity

(MW)
Price
($/MWh)

DDGAG 1 0.25 A 20 DRAG 1 0.15 A 28
DDGAG 2 0.25 A 10 DRAG 2 0.15 A 29
DDGAG 3 0.25 B 15 DRAG 3 0.15 B 30
DDGAG 4 0.25 B 24 DRAG 4 0.15 B 27
DDGAG 5 0.25 C 14 DRAG 5 0.15 C 26
DDGAG 6 0.25 C 15 DRAG 6 0.15 C 25
DDGAG 7 0.25 A 16 DRAG 7 0.15 A 24
DDGAG 8 0.25 B 17 DRAG 8 0.15 B 22
DDGAG 9 0.25 C 18 DRAG 9 0.15 C 22
DDGAG 10 0.25 A 19 DRAG 10 0.15 A 23

energy from the ISO at this segment, since this may increase the total DSO-level generation cost.
This is because it may violate certain voltage constraints that require the DSO to provide energy
from its costly units. When the price of the wholesale market increases, the DSO starts selling
energy to the wholesale market because the price in the wholesale market is higher than the offering
prices of the DDGAGs in the distribution system. In the end, the DSO sells energy to the wholesale
market at the price of 30.3739 $/MWh. This is due to the fact that if the offering price of the
wholesale market is greater than 30.3739 $/MWh, the DSO sells the energy to the ISO instead of
to the DRAG. The DSO submits its marginal cost function, shown in Fig. 2.6, to the ISO and waits
for the ISO to clear the wholesale market.

240-node Distribution System Data and Results

The 240-node distribution test system is an unbalanced radial network in Midwest U.S. The data of
the system is given in [34]. The system contains 240 nodes and 239 branches. Multiple aggregators
are considered as follows: ten DRAGs, ten DDGAGs, and four REAGs. The data of the DER
aggregators are given in Table 2.3. It is assumed that the 240-node system is connected to the
118-bus system through bus 27 of the transmission system.

The bid-in cost function of the DSO is determined based on (2.5). The formulation is extended to
handle the single-phase aggregators and unbalanced distribution system physical constraints based
on our prior work in [25].

The DSO’s total bid-in cost function of the 240-node test system is shown in Fig. 2.7. The
breakpoints in Fig. 2.7 are determined by the DSO market participants’ minimum and maximum
output power as well as the physical constraints of the distribution system. There are 18 breakpoints
including the beginning and ending points. The bid-in marginal cost function of the DSO which
is the derivative of the total bid-in cost function in Fig. 2.7 is given in Fig. 2.8. The data of the
breakpoints and the marginal costs are given in Table 2.4.
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Table 2.4: 240 node breakpoints and marginal costs data

Breakpoint
index

Breakpoint coordinate
value (MW,$/h)

Marginal
cost index

Marginal cost value
($/MWh)

P1 (-2.142,-34.538) C1 15
P2 (-1.587, -26.213) C2 15.333
P3 (-1.461, -24.281) C3 15.667
P4 (-1.392, -23.2) C4 16.667
P5 (-0.837, -13.95) C5 17.667
P6 (-0.711, -11.724) C6 19
P7 (-0.642, -10.413) C7 20.333
P8 (-0.192,-1.263) C8 21
P9 (-0.087, 0.942) C9 21.667
P10 (0.039, 3.672) C10 23
P11 (0.363, 11.124) C11 23.667
P12 (0.489, 14.106) C12 24.333
P13 (0.558, 15.785) C13 25.333
P14 (0.813, 22.245) C14 26.667
P15 (.939,25.605) C15 27
P16 (1.008, 27.468) C16 28
P17 (1.263, 34.608) C17 28.333
P18 (1.389, 38.178)

In Fig. 2.8, the bid-in marginal cost function starts with -2.14 MW with the price of 15 $/MWh
which means that if the price of the wholesale market is lower than or equal to this value the DSO
operating the 240-node test system buys energy from the wholesale market for consumption in the
distribution system. As the wholesale market price increases, the energy consumption in the DSO
decreases until it reaches 23 $/MWh at which the DSO sells energy to the wholesale market for any
price greater than this value. The amount of energy provision of the DSO for the ISO increases
as the price in the wholesale market increases until it reaches its maximum capacity which is 1.39
MW.

Market Clearing Results

This section compares the market clearing results of the ideal case in (3.1) and our proposed
ISO-DSO coordination case. In the ideal case, the ISO is the single entity which oversees all the
market participants and operating constraints in the transmission system and in both distribution
systems. In our proposed ISO-DSO coordination case, both 33-node and 240-node DSOs submit
their marginal bid-in cost functions in Figs. 2.6 and 2.8 to the ISO. Then, ISO clears the wholesale
market based on (3.2). Table 2.5 shows the market dispatch results of the ideal case and the
ISO-DSO coordination case for this large test system. Since these two cases share identical market
dispatch results for all the T&D-level market participants (generators and DER aggregators), we
only used one table to present these identical results for both cases. Table 2.5 shows the total
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Table 2.5: Ideal case and ISO-DSO coordination case dispatch

Total wholesale market generators’ dispatch
6601.1 MW

33 node test system dispatches
Participant Dispatch (MW) Participant Dispatch (MW)
DDGAG 1 0 DDGAG 3 1.2
DDGAG 2 0.7102 DDGAG 4 0

DRAG 0.6998
240 node test system dispatches

Participant Dispatch (MW) Participant Dispatch (MW)
DDGAG 1 0.065 A DRAG 1 0.15 A
DDGAG 2 0.25 A DRAG 2 0.15 A
DDGAG 3 0.25 B DRAG 3 0.15 B
DDGAG 4 0 B DRAG 4 0.15 B
DDGAG 5 0.25 C DRAG 5 0.15 C
DDGAG 6 0.25 C DRAG 6 0.15 C
DDGAG 7 0.25 A DRAG 7 0.15 A
DDGAG 8 0.25 A DRAG 8 0.15 A
DDGAG 9 0.25 B DRAG 9 0.15 B

DDGAG 10 0.023 C DRAG 10 0.15 C

dispatch in the wholesale market and the individual DER aggregators’ dispatches in both 33-node
and 240-node distribution systems. In the ISO-DSO coordination case, the total dispatches for the
33-node and 240-node DSOs are -0.5046 MW and -0.642 MW, respectively.

Market Settlements

In this section, we compare the market settlements of the ideal case and ISO-DSO coordination
case. In the ideal case, the LMP on the transmission side is 20.24 $/MWh, which remains the same
throughout the transmission system, as there is no transmission-level congestion. Therefore, the
LMPs at the coupling points of the 33 node system and 240-node system are also 20.24 $/MWh.
The 240-node system is unbalanced, resulting in different D-LMPs for each phase, namely 20
$/MWh, 21.71 $/MWh, and 19 $/MWh for phase A, phase B, and phase C, respectively. The
average of the three-phase D-LMPs is 20.24 $/MWh. More detailed information on determining
LMP in an unbalanced system can be found in our previous work [3].

In the ISO-DSO coordination case, the LMP on the transmission side is obtained by (3.2) and
remains identical to the ideal case (20.24 $/MWh). Each DSO then determines its own D-LMPs
based on (3.4), by letting 𝐿𝑀𝑃∗

𝑗
= 20.24 $/MWh. The D-LMPs of the 33 node test system and

240-node system obtained from the ISO-DSO coordination case are identical to those obtained
from the ideal case.
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2.6 Conclusion

In this chapter, an ISO-DSO coordination framework is proposed based on parametric programming,
which ensures distribution grid operating security while allowing wholesale market participation
of DER aggregators. Each DSO runs the DSO-level market in the distribution system and gathers
offers from all the market participants (DER aggregators) in its territory and build the bid-in cost
function for submission to the ISO. Then, the ISO gathers all these bid-in cost functions from
all the DSOs and from other wholesale market participants to clear the wholesale market. Once
the ISO clears the wholesale market, the dispatch and payment of each DSO are determined.
Then, DSOs determine the DSO-level dispatch and D-LMPs in their territories based on the ISO-
cleared market. A market settlement approach is presented and proved that each market participant
(generator or aggregator) will receive identical compensation and dispatch under the proposed ISO-
DSO coordination framework and under the ideal case where the DER aggregators can participate in
the wholesale market directly and the ISO is the single entity overseeing both T&D-level operating
constraints. This ISO-DSO coordination framework is compatible with today’s wholesale market
structure without introducing additional changes to existing wholesale market clearing procedure.
It only exchanges minimal amount of public data between the ISO and DSO without exchanging any
confidential grid models between the T&D operations. It also completely decouples the solution
process of the ISO and DSO optimization sub-problems, which allows the ISO and DSO to exchange
data only after each entity converges to its optimal solution.

Case studies were implemented on a small illustrative example and a large system to investigate the
proposed ISO-DSO coordination framework. The small illustrative example shows that, compared
to the ideal case, the proposed model significantly removes the variables and constraints for the
wholesale market while resulting in the same market clearing outcomes. The large system contains
the IEEE 118-bus transmission system connected to two DSO operated distribution systems in-
cluding the 33-node balanced 240-node unbalanced distribution systems. The bid-in cost functions
of the DSOs were developed based on parametric programming and submitted to the ISO. The
dispatches and payments to the DER aggregators are identical under the ISO-DSO coordination
framework and under the ideal case.
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𝑐: Marginal cost
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𝐹𝑡𝑟: Transmission flow

𝐹𝑑𝑠: Distribution flow

𝑃𝑑𝑠𝑜: DSO’s injecting power

𝐿: Load

Figure 2.2: Illustrative example system. The minimum active power for all units is zero.
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Figure 2.3: DSO bid-in total (left) and marginal (right) cost functions in the illustrative example.
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Figure 2.4: 33-node test system.
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Figure 2.5: Total cost function of the 33 node test system.
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Figure 2.6: Bid-in marginal cost function of the 33 node test system.
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Figure 2.7: Total cost function of the 240 node test system.
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Figure 2.8: Bid in marginal cost function of the 240 node test system.
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3. TSO-DSO Coordination - Optimal Pricing in Distribution Systems

3.1 Introduction

In 2020, Federal Energy Regulation Commission (FERC) Order No. 2222 [2] required all the
independent system operators (ISOs) to fully unlock their wholesale markets for the aggregated
distributed energy resources (DERs). This paves the path toward operating future electricity
markets with significant DER participation. Ideally speaking, operating the wholesale markets
with massive DERs requires coordinated operations between the transmission and distribution
(T&D) systems, since the ISOs can only model, observe, and dispatch transmission-level networks
and resources, while the DERs are physically located across the distribution feeders and cannot
be directly monitored by the ISOs. However, T&D coordination is very limited in today’s power
industry practice. Without effective T&D coordination, many industry practitioners have expressed
excessive concerns on both operational reliability and economic efficiency of the T&D systems when
significant number of DERs are being aggregated and integrated into the wholesale markets. There
is a growing industry need for enabling effective T&D coordination for reliably and economically
integrating massive DERs into the wholesale markets.

The objective of this chapter is to extend the T&D coordination framework in Chapter 1 by devel-
oping theoretical justifications and thorough discussions for the T&D-coordinated pricing problem.
Specifically, we prove and discuss 1) the relationship between the T&D-coordinated dispatch model
and T&D-coordinated pricing model, which together guarantee the T&D operation optimality for
both dispatch and pricing process; and 2) the non-profit characteristics of the DSO under the
proposed T&D-coordinated pricing model. One interesting finding is that, in order to ensure zero
T&D model exchange and minimal T&D communication for the parametric programming based
T&D coordination framework in [35], the optimal prices for aggregated DERs in the distribution
systems cannot be directly obtained from the dual problem of the DSO economic dispatch problem.
Instead, a separate DSO pricing model is needed to derive the correct price signals for DSO-level
resources and coordinate with the ISO-level pricing and dispatch process.

3.2 Mathematical Formulation

In this section, we first present an ideal case formulation where the ISO oversees both the trans-
mission and distribution systems, as described in [35]. This ideal case formulation serves as a
benchmark to compare the results of the proposed ISO-DSO coordination problem. Next, we
present the formulation of the ISO-DSO coordination framework proposed in [35]. Finally, we
formulate and discuss the pricing problem for the proposed ISO-DSO coordination.

3.2.1 Ideal Case

The ideal case refers to a scenario where DER aggregators can directly participate in the wholesale
market, even if they are located within the distribution system. In this case, the ISO oversees both
the distribution system constraints and transmission system constraints. However, it is important to
note that the ideal case is not currently implementable within the existing practices of the wholesale
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market. The purpose of considering the ideal case is to compare its results with the outcomes of our
proposed ISO-DSO coordination problem. The general formulation of the ideal case is presented
in the following formulation:

Min 𝒑

∑︁
𝑖∈N𝑔𝑒𝑛

𝑐
𝑔

𝑖
(𝑝𝑔

𝑖
) +

∑︁
𝑗∈N𝑑𝑖𝑠

∑︁
𝑖∈N𝑎𝑔𝑔

𝑐
𝑎𝑔𝑔

𝑖, 𝑗
(𝑝𝑎𝑔𝑔

𝑖, 𝑗
) (3.1a)

s.t. 𝒑𝑔 ∈ 𝑆𝑇𝑟𝑎

𝒑𝑎𝑔𝑔
𝑗
∈ 𝑆𝐷𝑖𝑠

𝑗 ,∀ 𝑗 ∈ N𝑑𝑖𝑠

𝑝
𝑔

𝑖
∈ 𝑆𝑔𝑒𝑛

𝑖
,∀𝑖 ∈ N𝑔𝑒𝑛

𝑝
𝑎𝑔𝑔

𝑖, 𝑗
∈ 𝑆𝑎𝑔𝑔

𝑖, 𝑗
,∀𝑖 ∈ N𝑎𝑔𝑔, 𝑗 ∈ N𝑑𝑖𝑠

(3.1b)

where 𝒑 is the vector of all decision variables (generating powers of all conventional generators and
DER aggregators), 𝑖 is the index for generating units, 𝑗 is the index for distribution systems,N𝑔𝑒𝑛 is
the set of conventional generating units in the transmission system, 𝑐𝑔

𝑖
(𝑝𝑔

𝑖
) is the bid-in cost function

of the conventional generating units in the transmission system, 𝒑𝑔 is the generating power of the
conventional generating units in the transmission system,N𝑑𝑖𝑠 is the set of all distribution systems,
N𝑎𝑔𝑔 is the set of all aggregators in the distribution system, 𝑐𝑎𝑔𝑔

𝑖, 𝑗
(𝑝𝑎𝑔𝑔

𝑖, 𝑗
) is the bid-in cost function

of the DER aggregators, 𝑝𝑎𝑔𝑔
𝑖, 𝑗

is the generating power of the DER aggregator in the distribution
system, 𝒑𝑔 is the vector of all generating powers provided by the conventional generating units in
the transmission system, 𝑆𝑇𝑟𝑎 is the search space defined by system-wide transmission constraints,
𝒑𝑎𝑔𝑔
𝑗

is the vector of all generating powers of the DER aggregator in the distribution system, 𝑆𝐷𝑖𝑠
𝑗

is the search space defined by system-wide distribution system constraints, 𝑆𝑔𝑒𝑛
𝑖

is the search space
defined by operating constraints of the conventional generating units in the transmission system, and
𝑆
𝑎𝑔𝑔

𝑖, 𝑗
is the search space defined by operating constraints of the DER aggregators in the transmission

system.

In this ideal case, one single entity (i.e., the ISO) minimizes the total generation cost of all the
T&D-level resources (conventional generators and DER aggregators), by determining the real
power dispatch of all the T&D-level resources, while satisfying all the T&D-level system operating
constraints.

3.2.2 ISO-DSO Coordination Dispatch Problem

In this section, we present the ISO-DSO coordination dispatch problem proposed in [35]. The
process begins with all DER aggregators submitting their bid-in cost functions to the DSO. The
DSO collects these bid-in cost functions and conducts a market operation at the distribution level.
Using parametric programming, the DSO constructs its bid-in cost function, which is then submitted
to the ISO. Subsequently, the ISO clears the wholesale market and transmits the dispatch signals
to the DSO. The DSO utilizes these dispatch signals in the parametric programming problem to
determine the dispatch for each DER aggregator. The general formulation of the ISO dispatch

26



problem in the ISO-DSO coordination framework is as follows:

Min 𝒑

∑︁
𝑖∈N𝑔𝑒𝑛

𝑐
𝑔

𝑖
(𝑝𝑔

𝑖
) +

∑︁
𝑗∈N𝑑𝑖𝑠

𝑐𝑑𝑠𝑜𝑗 (𝑝𝑑𝑠𝑜𝑗 ) (3.2a)

s.t. 𝒑 ∈ 𝑆𝑇𝑟𝑎

𝑝𝑖 ∈ 𝑆𝑔𝑒𝑛𝑖
,∀𝑖 ∈ N𝑔𝑒𝑛

𝑝 𝑗 ∈ 𝑆𝑑𝑠𝑜𝑗 ,∀ 𝑗 ∈ N𝑑𝑖𝑠

(3.2b)

where 𝑐𝑑𝑠𝑜
𝑗
(𝑝𝑑𝑠𝑜

𝑗
) denotes the bid-in cost function submitted by the DSO to the ISO; 𝑝𝑑𝑠𝑜

𝑗
corresponds

to the generating power injected by the DSO to the ISO at the ISO-DSO coupling point; 𝑆𝑑𝑠𝑜
𝑗

defines
the search space determined by the minimum and maximum allowable power generation levels of
the DSO at each section of the DSO multi-segment bid-in cost function.

In the above ISO dispatch problem, the ISO only determines the optimal dispatch of transmission-
level resources (conventional generators and DSOs) which will minimize the transmission-level
total generation cost, while satisfying all the transmission-level system operating constraints. Since
there is no distribution-level operating constraints or distribution-level resources (DER aggregators)
involved in this ISO problem, there is no need to submit confidential distribution system models to
the ISO. The only data submitted from the DSO to the ISO is the DSO’s multi-segment bid-in cost
function 𝑐𝑑𝑠𝑜

𝑗
(𝑝𝑑𝑠𝑜

𝑗
) and its corresponding multi-segment upper/lower generation limits, which, as

defined in today’s wholesale market clearing rules, has to be reported to the ISO by each market
participant.

The DSO constructs its bid-in cost function 𝑐𝑑𝑠𝑜
𝑗
(𝑝𝑑𝑠𝑜

𝑗
) for participating in the ISO market by

formulating the following parametric programming problem:

𝑐𝑑𝑠𝑜𝑗 (𝑝𝑑𝑠𝑜𝑗 ) =

Min 𝒑𝑎𝑔𝑔

∑︁
𝑖∈N𝑎𝑔𝑔

𝑐
𝑎𝑔𝑔

𝑖, 𝑗
(𝑝𝑎𝑔𝑔

𝑖, 𝑗
)

s.t. 𝑝𝑑𝑠𝑜𝑗 =
∑︁

𝑖∈N𝑎𝑔𝑔𝑘

𝑝
𝑎𝑔𝑔

𝑖, 𝑗
+

∑︁
𝑙∈N 𝑓𝑘

𝑓𝑙, 𝑗 − 𝐿𝑘, 𝑗

𝑝
𝑎𝑔𝑔

𝑖, 𝑗
∈ 𝑆𝑎𝑔𝑔

𝑖, 𝑗
,∀𝑖 ∈ N𝑎𝑔𝑔

𝒑𝑎𝑔𝑔
𝑗
∈ 𝑆𝐷𝑖𝑠

𝑗

(3.3)

where N𝑎𝑔𝑔𝑘 denotes the set of all DER aggregators located at node 𝑘; N 𝑓𝑘 denotes the set of all
branches connected to node 𝑘; 𝑓𝑙, 𝑗 denotes the flow of branch 𝑙; 𝐿𝑘, 𝑗 denotes the firm load situated
at node 𝑘 .

In equation (3.3), the parameter 𝑝𝑑𝑠𝑜
𝑗

introduces a parametric aspect to the formulation. The
solution to this problem yields the lowest generation costs for the DSO at all possible generation
levels 𝑐𝑑𝑠𝑜

𝑗
(𝑝𝑑𝑠𝑜

𝑗
), by optimally dispatching all the DSO-level resources (DER aggregators), while

satisfying all the DSO-level system operating constraints (including distribution load balancing
constraints, voltage/thermal constraints, etc.). Assuming the DSO is a non-profit entity, this lowest
generation cost function is the bid-in cost function of the DSO, which is a piecewise linear function
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if (3.3) is a linear parametric programming problem with linearized distribution load flow as the
operating constraints and piecewise linear bid-in cost functions from the DER aggregators. The
DSO then submits this bid-in cost function to the ISO. Once the ISO clears the wholesale market,
the dispatch of the DSO (𝑝𝑑𝑠𝑜

𝑗
) in the wholesale market is determined. Subsequently, the DSO

incorporates this dispatch into (3.3), transforming it into a regular linear optimization problem.
By solving this resulting problem, the DSO determines the dispatch for each individual DER
aggregator within its territory. It has been mathematically proven in [35] that following the ISO-
DSO coordination dispatch problem in (3.2)-(3.3), the dispatch of each individual aggregator or
conventional generator is equivalent to the ideal case where the DER aggregator directly participates
in the wholesale market and the ISO oversees all the T&D-level system operating constraints.

In the above DSO bidding and dispatch problem defined by (3.3), the DSO only determines
the optimal dispatch of distribution-level resources (DER aggregators) which will minimize the
distribution-level total generation cost at all possible generation levels, while satisfying all the
distribution-level system operating constraints. Since there is no transmission-level operating
constraints or transmission-level resources (conventional generators) involved in this DSO problem,
there is no need to submit confidential transmission system models to the DSO. The only data
submitted from the ISO to the DSO is the DSO’s wholesale dispatch cleared by the ISO, which
fully complies with today’s wholesale market clearing rules. Moreover, the solution process of
the ISO and DSO optimization problems in (3.2) and (3.3) is completely decoupled. The ISO
and DSO only exchange data with each other once its own optimal dispatch solution is obtained.
There is no exchange of intermediate solution data between ISO and DSO during the ISO and DSO
optimization process.

3.2.3 ISO-DSO Coordination Pricing Problem

In the ISO-DSO coordination framework, after the ISO clears the wholesale market, the Locational
Marginal Price (LMP) is determined at the bus where the DSO is located, in addition to the
dispatches of all DSOs. The DSO then determines the dispatch of each DER aggregator by
incorporating the total dispatch determined by the ISO into the dispatch problem proposed in
equation (3.3). However, using the dual variables of this problem does not accurately reflect the
true cost of the system in the wholesale market, particularly when the marginal unit is in the
wholesale market. This is because the share of the wholesale market is modeled as a parameter
𝑝𝑑𝑠𝑜
𝑗

. Under this parametric modeling, if the marginal unit is in the wholesale market, which means
𝑝𝑑𝑠𝑜
𝑗

provides the next megawatt in the DSO, the dual variable of this node balance constraint will
not reflect the corresponding price for that marginal unit in the wholesale market (out of the DSO
territory). further discussion on this is provided in the simulation results section. Consequently, the
DSO requires a pricing problem to clear the distribution market, ensuring price consistency with
the ideal case and maintaining non-profitability. The following problem is proposed to facilitate
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market clearance in the distribution system.

Min 𝒑𝑎𝑔𝑔,𝑝𝑑𝑠𝑜
𝑗

∑︁
𝑖∈N𝑎𝑔𝑔

𝑐
𝑎𝑔𝑔

𝑖, 𝑗
(𝑝𝑎𝑔𝑔

𝑖, 𝑗
) − 𝐿𝑀𝑃∗𝑗 𝑝

𝑑𝑠𝑜
𝑗

s.t. 𝑝𝑑𝑠𝑜𝑗 =
∑︁

𝑖∈N𝑎𝑔𝑔𝑘

𝑝
𝑎𝑔𝑔

𝑖, 𝑗
+

∑︁
𝑙∈N 𝑓𝑘

𝑓𝑙, 𝑗 − 𝐿𝑘, 𝑗

𝑝
𝑎𝑔𝑔

𝑖, 𝑗
∈ 𝑆𝑎𝑔𝑔

𝑖, 𝑗
,∀𝑖 ∈ N𝑎𝑔𝑔

𝒑𝑎𝑔𝑔
𝑗
∈ 𝑆𝐷𝑖𝑠

𝑗

(3.4)

where 𝑝𝑑𝑠𝑜
𝑗

represents the total generating power of the DSO and is a decision variable in this case
(not a parameter), and 𝐿𝑀𝑃∗

𝑗
corresponds to the LMP at the bus where the DSO is located in the

wholesale market, as determined by the ISO’s market clearing process.

Lemma 3. The price cleared by the DSO (i.e., the D-LMP) at the ISO-DSO coupling substation node
in the distribution system (dual variable corresponding to substation node balance constraint) will
always be equal to the price at the same node in the wholesale market cleared by the ISO (𝐿𝑀𝑃∗

𝑗
).

This equality implies that the DSO is always revenue adequate.

Proof. Let p denote the vector of all decision variables, 𝑓 (p) denote the objective function, and
g(p) represent the constraints, along with their corresponding dual variables 𝜆𝜆𝜆 in equation (3.4).
The Lagrangian function for equation (3.4) can be formulated as follows:

L = 𝑓 (p) + (𝜆𝜆𝜆)T(g(p)) (3.5)

Based on the Karush-Kuhn-Tucker (KKT) conditions, the partial derivative of the Lagrangian
function with respect to 𝑝𝑑𝑠𝑜

𝑗
must be zero at the optimal point:

𝜕L
𝜕𝑝𝑑𝑠𝑜

𝑗

=
𝜕 𝑓 (p)
𝜕𝑝𝑑𝑠𝑜

𝑗

+ 𝜕 (𝜆𝜆𝜆)T(g(p))
𝜕𝑝𝑑𝑠𝑜

𝑗

= 0 (3.6)

Let 𝜆𝑠 represent the dual variable corresponding to the node balance equation at the substation,
which is the D-LMP at the ISO-DSO coupling substation node. Then, we can further simplify
equation (4.8) as follows:

𝜕L
𝜕𝑝𝑑𝑠𝑜

𝑗

=𝐿𝑀𝑃∗𝑗 − 𝜆𝑠 = 0 (3.7)

Therefore, D-LMP at the substation node in the distribution system is always equal to the LMP
cleared in the wholesale market. Following Lemma 1 in our previous work [35], it can also be
concluded that such pricing characteristics will also imply revenue adequacy for the DSO.

Lemma 4. If the marginal unit is located within the distribution system, at the ISO-DSO coupling
substation, the DSO dispatch problem in (3.3) results in the same D-LMP as the wholesale LMP
determined by the ISO, which is also the same D-LMP determined by the DSO pricing problem in
(3.4). However, if the marginal unit is located in the transmission system, at the ISO-DSO coupling
substation, the D-LMP determined by the DSO dispatch problem in (3.3) could be different from
the wholesale LMP determined by the ISO, and also could be different from the D-LMP determined
by the DSO pricing problem in (3.4).
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Proof. This proof is built upon our previous work in [35], where we proved in the above ISO-DSO
coordination dispatch problem, the optimal dispatches of all the T&D-level resources are identical
to those in the ideal case. Also, in Lemma 1, we proved the wholesale LMP determined by the ISO
problem and the D-LMP determined by the DSO pricing problem in (3.4) are always the same at
the ISO-DSO coupling substation.

For the sake of simplicity and without sacrificing generality, let us consider a scenario where there
are no congestion or voltage issues in the system. We will assume that the marginal unit, which
is the unit that provides the last MW, is located in the transmission system. We will denote this
generating unit as generator 𝑧. In the ISO problem, the LMP is 𝐿𝑀𝑃∗

𝑗
= 𝑐

𝑔
𝑧 (bid-in generation cost

of marginal unit 𝑧 at the ISO-dispatched generation level), and 𝑝𝑑𝑠𝑜 = 𝑝𝑑𝑠𝑜∗ (optimal wholesale
dispatch of the DSO).

In the ISO-DSO coordination problem, when the DSO substitutes 𝑝𝑑𝑠𝑜∗ into the DSO dispatch
problem in (3.3), all the DER aggregators in the distribution system that are not more expensive
than the marginal unit are dispatched fully, since the marginal unit is located in the transmission
system. The D-LMP at the substation node in the distribution system can be expressed as follows:

𝐷𝐿𝑀𝑃𝑘 =
𝜕𝐿

𝜕𝐿𝑘, 𝑗

=
𝜕𝐿

𝜕𝑝𝑑𝑠𝑜
𝑗

= 𝜆𝑘 (3.8)

Let us consider the cheapest yet un-dispatched generating unit in the distribution system, which
will provide the next MW, as aggregator 𝑚. We can then express the derivative of the Lagrangian
function with respect to 𝑝𝑑𝑑𝑔𝑚 as:

𝜕𝐿

𝜕𝑝𝑑𝑑𝑔𝑚
= 𝛼+𝑚 − 𝛼−𝑚 − 𝜆𝑚 = 0 (3.9)

In the DSO dispatch problem in (3.3), aggregator 𝑚 becomes the marginal unit, we have 𝛼+𝑚 =

𝛼−𝑚 = 0. Therefore, 𝜆𝑚 = 𝑐𝑑𝑑𝑔𝑚 (bid-in generation cost of aggregator 𝑚 at the DSO-dispatched
generation level). Since there is no congestion, the D-LMP at node 𝑘 is equal to 𝜆𝑘 = 𝑐𝑑𝑑𝑔𝑚 , which
is different from the price in the transmission side.

Now, if we assume that the marginal unit lies in the distribution system, both the generating unit 𝑧
and aggregator 𝑚 will be the same unit. In this scenario, the D-LMP and the LMP of the wholesale
market will be the same. □

Lemma 5. If the marginal unit is located in the transmission system, at the ISO-DSO coupling
substation, the DSO pricing problem in (3.4) results in the same dispatch as the wholesale dispatch
determined by the ISO problem, which is also the same dispatch determined by the DSO dispatch
problem in (3.3). However, if the marginal unit is located in the distribution system, at the ISO-DSO
coupling substation, the dispatch determined by the DSO pricing problem in (3.4) could be different
from the wholesale dispatch determined by the ISO problem, and also could be different from the
dispatch determined by the DSO dispatch problem in (3.3).
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Proof. This proof is built upon our previous work in [35], where we proved in the above ISO-DSO
coordination problem, the optimal dispatches, prices and payments of all the T&D-level resources
are identical to those in the ideal case.

To simplify the analysis and without loss of generality, let us consider a scenario where there are
no congestion and voltage issues in the system. let us assume that the marginal unit is located in
the distribution system. Specifically, let aggregator 𝑚 be the marginal unit and it’s dispatch level is
𝑝
𝑑𝑑𝑔∗
𝑚 MW. let us assume that the wholesale dispatch of the DSO determined by the ISO problem is

𝑝∗
𝑑𝑠𝑜

MW. Since there are no active constraints related to congestion or voltage in the distribution
system, we can rewrite the power balance constraint as follows:

𝑝𝑑𝑠𝑜 =
∑︁

𝑖∈N𝑎𝑔𝑔

𝑝
𝑑𝑑𝑔

𝑖
− 𝐿 (3.10)

where 𝐿 represents the total firm load in the system.

Considering that aggregator 𝑚 is the marginal unit and there are no congestion or voltage issues,
we can further simplify Equation (3.10) as:

𝑝𝑑𝑠𝑜 =
∑︁

𝑖∈N𝑎𝑔𝑔𝑚

𝑝
𝑑𝑑𝑔

𝑖
+ 𝑝

𝑎𝑔𝑔
𝑚 − 𝐿 (3.11)

where N𝑎𝑔𝑔𝑚 represents the set of all aggregators that are cheaper than aggregator 𝑚, and 𝑝
𝑑𝑑𝑔

𝑖

denotes the maximum generation output of the aggregators.

Then we can say that ISO problem yields 𝑝∗
𝑑𝑠𝑜

=
∑

𝑖∈N𝑎𝑔𝑔𝑚
𝑝
𝑑𝑑𝑔

𝑖
+ 𝑝

𝑑𝑑𝑔∗
𝑚 − 𝐿.

Now, let us determine the optimal value of 𝑝𝑑𝑠𝑜 for the DSO pricing problem in (3.4). Equation
(3.11) is also valid in the DSO pricing problem. The only variable that needs to be determined in
(3.11) is 𝑝

𝑎𝑔𝑔
𝑚 . To find the optimal value of 𝑝𝑎𝑔𝑔𝑚 , let us examine the objective function of the DSO

pricing problem, which is formulated as follows:

Min
∑︁

𝑖∈N𝑎𝑔𝑔

𝑐
𝑑𝑑𝑔

𝑖
𝑝
𝑑𝑑𝑔

𝑖
− 𝑐𝑑𝑑𝑔𝑚 𝑝𝑑𝑠𝑜 (3.12)

Note that we know that aggregator 𝑚 is the marginal unit. Hence, 𝐿𝑀𝑃∗
𝑗
= 𝑐

𝑑𝑑𝑔
𝑚 in the DSO

pricing problem. The term −𝑐𝑑𝑑𝑔𝑚 𝑝𝑑𝑠𝑜 in the objective function indicates that there is a demand
response with a price equal to the price of aggregator 𝑚. Consequently, all aggregators cheaper
than aggregator 𝑚 will be dispatched at their maximum output. However, for aggregator 𝑚, it
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can be dispatched at any dispatch level, and its actual dispatch level does not affect the objective
function. This leads to a problem of degeneracy, where the solution for 𝑝𝑑𝑠𝑜 can have any value
within the range [∑𝑖∈N𝑎𝑔𝑔𝑚

𝑝
𝑑𝑑𝑔

𝑖
− 𝐿,

∑
𝑖∈N𝑎𝑔𝑔𝑚

𝑝
𝑑𝑑𝑔

𝑖
+ 𝑝

𝑎𝑔𝑔
𝑚 − 𝐿], which means it is not necessarily

equal to the dispatch obtained from the wholesale market.

Now, let us suppose that the marginal unit is in the transmission side. In this case, there is no
partially-dispatched unit in the distribution system. Each aggregator is either fully dispatched or not
dispatched. Then aggregator 𝑚 becomes the cheapest un-dispatched unit. Any unit that is cheaper
than aggregator 𝑚 (i.e., within setN𝑎𝑔𝑔𝑚) should be fully dispatched, and 𝑝𝑑𝑠𝑜 =

∑
𝑖∈N𝑎𝑔𝑔𝑚

𝑝
𝑑𝑑𝑔

𝑖
−𝐿,

which is equal to the value obtained from the ISO problem. □

Lemma 2 and Lemma 3 demonstrate the following observations: 1) When coupled with the ISO
dispatch/pricing model in (3.2), the DSO dispatch model in (3.3) consistently generates the correct
dispatch signals for DSO-level resources; 2) The DSO pricing model in (3.4), also in conjunction
with the ISO dispatch/pricing model, consistently produces the accurate price signals for DSO-
level resources. However: 1) The dual variables of the DSO dispatch model do not always yield
the correct D-LMPs; 2) Similarly, the primal solutions of the DSO pricing model do not always
result in the correct DSO-level dispatches. In order to reserve the desired features of minimal T&D
communications and zero T&D confidential model exchange in the parametric-programming-based
ISO-DSO coordination framework, the DSO-level optimal dispatch and pricing need to be achieved
through two separated models. This is different from the ISO market clearing which utilizes one
economic dispatch model to obtain both the optimal dispatch and pricing results.

3.3 Case Studies

In this section, case studies are conducted on a small illustrative example to validate the results
of the proposed ISO-DSO pricing problem. The system, as depicted in Figure 3.1, consists of a
three-node distribution system connected to a three-bus transmission system. The wholesale market
is operated by the ISO in the transmission side, while the distribution-level market is managed by
the DSO in the distribution side. The distribution system includes two dispatchable distributed
generations (DDGs), while the transmission system comprises two conventional generating units.

In Case 1, the bidding data for the conventional generators and DDGs is provided in Table 3.1, and
there is a firm load of 15 MW. This case has been designed in a manner where the marginal unit is
located in the wholesale market.

On the other hand, Case 2 has been designed with the marginal unit located in the distribution
system. The bidding data for the conventional generators and DDGs in this case can be found in
Table 3.2, and there is a firm load of 11.5 MW.
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Figure 3.1: Illustrative example system.

Table 3.1: Bidding data for the conventional generators and DDGs in the illustrative example: Case
1

Participant Pmin Pmax Offering price
(MW) (MW) ($/MWh)

𝐺1 0 10 10
𝐺2 0 10 12

𝐷𝐷𝐺1 0 1 15
𝐷𝐷𝐺2 0 1 5

Table 3.2: Bidding data for the conventional generators and DDGs in the illustrative example: Case
2

Participant Pmin Pmax Offering price
(MW) (MW) ($/MWh)

𝐺1 0 10 10
𝐺2 0 10 20

𝐷𝐷𝐺1 0 1 15
𝐷𝐷𝐺2 0 1 5
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3.3.1 Ideal Case

As mentioned previously, in the ideal case, it is assumed that DERs can directly participate in
the wholesale market, and the ISO oversees both the transmission and distribution systems. The
economic dispatch problem of the ISO in the ideal case can be formulated as follows:

Min𝑷 𝑐
𝑔

1𝑝
𝑔

1 + 𝑐
𝑔

2𝑝
𝑔

2 + 𝑐
𝑑𝑑𝑔

1 𝑝
𝑑𝑑𝑔

2 + 𝑐𝑑𝑑𝑔2 𝑝
𝑑𝑑𝑔

2 (3.13a)
𝑠.𝑡. 𝑝

𝑔

1 − 𝐹1 + 𝐹2 = 0 [𝜆𝑊𝑀
1 ] (3.13b)

𝑝
𝑔

2 − 𝐹2 = 0 [𝜆𝑊𝑀
2 ] (3.13c)

𝑝𝑑𝑠𝑜 + 𝐹1 − 𝐿 = 0 [𝜆𝑊𝑀
3 ] (3.13d)

𝑝
𝑑𝑑𝑔

1 + 𝑓1 − 𝑝𝑑𝑠𝑜 = 0 [𝜆𝐷1 ] (3.13e)
𝑓1 − 𝑓2 = 0 [𝜆𝐷2 ] (3.13f)

𝑝
𝑑𝑑𝑔

2 − 𝑓2 = 0 [𝜆𝐷3 ] (3.13g)
0 ≤ 𝑝

𝑔

1 ≤ 10 (3.13h)
0 ≤ 𝑝

𝑔

2 ≤ 10 (3.13i)

0 ≤ 𝑝
𝑑𝑑𝑔

1 ≤ 1 (3.13j)

0 ≤ 𝑝
𝑑𝑑𝑔

2 ≤ 1 (3.13k)
− 20 ≤ 𝐹1 ≤ 20 (3.13l)
− 20 ≤ 𝐹2 ≤ 20 (3.13m)
− 2 ≤ 𝑓1 ≤ 2 (3.13n)
− 2 ≤ 𝑓2 ≤ 2 (3.13o)

where 𝑝
𝑔

1 and 𝑝
𝑔

2 represent the power dispatched to the conventional units in the transmission system
with corresponding prices 𝑐

𝑔

1 and 𝑐
𝑔

2, respectively; 𝑝𝑑𝑑𝑔1 and 𝑝
𝑑𝑑𝑔

2 represent the power dispatched
to the DDGs in the distribution system with corresponding prices 𝑐

𝑑𝑑𝑔

1 and 𝑐
𝑑𝑑𝑔

2 , respectively; 𝐹
represents the transmission system line flow, 𝑓 represents the distribution system line flow, 𝜆𝑊𝑀

.

denotes the LMPs in the transmission system, and 𝜆𝐷. denotes the D-LMPs in the distribution
system.

By substituting the values of 𝑐𝑔1, 𝑐𝑔2, 𝑐𝑑𝑑𝑔1 , and 𝑐
𝑑𝑑𝑔

2 from Table 3.1, we can construct the ideal case
formulation for Case 1. The above problem is a simple linear programming that can be solved using
power system insights and the solution is as follows: 𝑝

𝑔

1 = 10 MW, 𝑝𝑔2 = 4 MW, 𝑝𝑑𝑑𝑔1 = 0 MW,
𝑝
𝑑𝑑𝑔

2 = 1 MW,𝜆𝑊𝑀
1 = 𝜆𝑊𝑀

2 = 𝜆𝑊𝑀
3 = 𝜆𝐷1 = 𝜆𝐷2 = 𝜆𝐷3 = 12 $/MWh.

With the same procedure, by substituting the values of 𝑐𝑔1, 𝑐𝑔2, 𝑐𝑑𝑑𝑔1 , and 𝑐
𝑑𝑑𝑔

2 from Table 3.2, we
can construct the ideal case formulation for Case 2, and the solution is as follows: 𝑝

𝑔

1 = 10 MW,
𝑝
𝑔

2 = 0 MW, 𝑝𝑑𝑑𝑔1 = 0.5 MW, 𝑝𝑑𝑑𝑔2 = 1 MW, 𝜆𝑊𝑀
1 = 𝜆𝑊𝑀

2 = 𝜆𝑊𝑀
3 = 𝜆𝐷1 = 𝜆𝐷2 = 𝜆𝐷3 = 15 $/MWh.
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Figure 3.2: DSO bid-in total (left) and marginal (right) cost functions in the illustrative example.

3.3.2 ISO-DSO Coordination Framework

In this section, ISO-DSO coordination framework for the above example is formulated and investi-
gated.

DSO’s bid-in cost function.

In this framework, the DSO collects the offering prices of the DDGs and formulates the parametric
programming dispatch problem in (3.3).

𝑐𝑑𝑠𝑜 (𝑝𝑑𝑠𝑜) = Min 𝒑𝑑𝑑𝑔 15𝑝𝑑𝑑𝑔1 + 5𝑝𝑑𝑑𝑔2 (3.14a)

s.t. 𝑝
𝑑𝑑𝑔

1 + 𝑓1 − 𝑝𝑑𝑠𝑜 = 0 (3.14b)
𝑓1 − 𝑓2 = 0 (3.14c)

𝑝
𝑑𝑑𝑔

2 − 𝑓2 = 0 (3.14d)

0 ≤ 𝑝
𝑑𝑑𝑔

1 ≤ 1 (3.14e)

0 ≤ 𝑝
𝑑𝑑𝑔

2 ≤ 1 (3.14f)
− 2 ≤ 𝑓1 ≤ 2 (3.14g)
− 2 ≤ 𝑓2 ≤ 2 (3.14h)

Both Case 1 and Case 2 have the same DDG offering prices, resulting in the DSO’s bid-in cost
function formulation being identical. The above formulation considers 𝑝𝑑𝑠𝑜 as a parameter, making
it a parametric programming problem. This problem can be solved by varying 𝑝𝑑𝑠𝑜 from 0 to its
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maximum possible value. The DSO’s bid-in total and marginal cost functions for both Case 1 and
Case 2 are depicted in Figure 3.2.

ISO problem.

The DSO submits its bid-in cost function to the ISO, and then the ISO proceeds to run and clear
the wholesale market. The wholesale market problem can be formulated as follows:

Min𝑷 𝑐
𝑔

1𝑝
𝑔

1 + 𝑐
𝑔

2𝑝
𝑔

2 + 5𝑝𝑑𝑠𝑜1 + 15𝑝𝑑𝑠𝑜2 (3.15a)
𝑠.𝑡. 𝑝

𝑔

1 − 𝐹1 + 𝐹2 = 0 [𝜆𝑊𝑀
1 ] (3.15b)

𝑝
𝑔

2 − 𝐹2 = 0 [𝜆𝑊𝑀
2 ] (3.15c)

𝑝𝑑𝑠𝑜1 + 𝑝𝑑𝑠𝑜2 + 𝐹1 − 𝐿 = 0 [𝜆𝑊𝑀
3 ] (3.15d)

0 ≤ 𝑝
𝑔

1 ≤ 10 (3.15e)
0 ≤ 𝑝

𝑔

2 ≤ 10 (3.15f)
− 20 ≤ 𝐹1 ≤ 20 (3.15g)
− 20 ≤ 𝐹2 ≤ 20 (3.15h)
0 ≤ 𝑝𝑑𝑠𝑜1 ≤ 1 (3.15i)
0 ≤ 𝑝𝑑𝑠𝑜2 ≤ 1 (3.15j)

where 𝑝𝑑𝑠𝑜1 , 𝑝𝑑𝑠𝑜2 are the variables used to model the two-segment bid-in cost function of the DSO
shown in Figure 3.2.

By substituting the values of 𝑐𝑔1, 𝑐𝑔2 from Table 3.1, we can construct the ISO problem formulation
for Case 1, and the solution is as follows: 𝑝

𝑔

1 = 10 MW, 𝑝𝑔2 = 4 MW, 𝑝𝑑𝑠𝑜1 = 1 MW, 𝑝𝑑𝑠𝑜2 = 0
MW,𝜆𝑊𝑀

1 = 𝜆𝑊𝑀
2 = 𝜆𝑊𝑀

3 = 12 $/MWh.

With the same procedure, by substituting the values of 𝑐𝑔1, 𝑐𝑔2 from Table 3.2, we can construct the
ISO problem formulation for Case 2, and the solution is as follows: 𝑝

𝑔

1 = 10 MW, 𝑝𝑔2 = 0 MW,
𝑝𝑑𝑠𝑜1 = 1 MW, 𝑝𝑑𝑠𝑜2 = 0.5 MW,𝜆𝑊𝑀

1 = 𝜆𝑊𝑀
2 = 𝜆𝑊𝑀

3 = 15 $/MWh.

DSO’s dispatch problem.

We can construct the DSO dispatch problem by substituting the value of 𝑝𝑑𝑠𝑜 determined in the
ISO problem above into equation (3.14). The dispatch problem for Case 1 can be derived by
substituting 𝑝𝑑𝑠𝑜 = 1 MW, and similarly, the dispatch problem for Case 2 can be determined by
setting 𝑝𝑑𝑠𝑜 = 1.5 MW.

Once the dispatch problem is constructed, the dual variable (3.14b) gives the D-LMP using the
dispatch problem. Since there is no congestion, the D-LMP will be the same for all nodes. The
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resulting D-LMP for Case 1 is 15 $/MWh, which is different from the price determined in the ISO
problem since the marginal unit is not in the distribution system. On the other hand, for Case 2,
the resulting D-LMP is 15 $/MWh, which is the same as the LMP determined in the ISO problem
since the marginal unit is in the distribution system.

DSO’s Pricing Problem

Once the wholesale market is cleared by the ISO, the dispatch of the DSO is determined. The
DSO then substitutes this dispatch into its dispatch problem to determine the dispatch of each DER
aggregator in the distribution system.

The DSO utilizes the LMP at the corresponding bus to construct the pricing problem as follows:

Min𝑷 15𝑝𝑑𝑑𝑔1 + 5𝑝𝑑𝑑𝑔2 − 𝐿𝑀𝑃∗𝑝𝑑𝑠𝑜 (3.16a)

s.t. 𝑝
𝑑𝑑𝑔

1 + 𝑓1 − 𝑝𝑑𝑠𝑜 = 0 (3.16b)
𝑓1 − 𝑓2 = 0 (3.16c)

𝑝
𝑑𝑑𝑔

2 − 𝑓2 = 0 (3.16d)

0 ≤ 𝑝
𝑑𝑑𝑔

1 ≤ 1 (3.16e)

0 ≤ 𝑝
𝑑𝑑𝑔

2 ≤ 1 (3.16f)
− 2 ≤ 𝑓1 ≤ 2 (3.16g)
− 2 ≤ 𝑓2 ≤ 2 (3.16h)

By substituting 𝐿𝑀𝑃∗ from the ISO problem, we can construct the pricing problem for Case 1 and
Case 2. It should be noted that in the pricing problem, 𝑝𝑑𝑠𝑜 is a decision variable that is determined
by solving the optimization problem.

Pricing problem for Case 1 is constructed by substituting 𝐿𝑀𝑃∗ with 12 $/MWh. By solving the
constructed pricing problem, the value of 𝑝𝑑𝑠𝑜 for Case 1 is determined to be 1 MW, which is the
same as the dispatch of the DSO determined in the ISO problem since the marginal unit is in the
transmission system.

With the same procedure, the pricing problem for Case 2 can be constructed by substituting 𝐿𝑀𝑃∗

with 15 $/MWh. However, the resulting problem exhibits degeneracy, and 𝑝𝑑𝑠𝑜 can have any value
in the range of [1 MW, 2 MW] since the marginal unit is in the distribution system.

3.4 Conclusion

In this chapter, we further discuss the pricing and dispatch problem within the ISO-DSO coordi-
nation framework proposed in [35]. Specifically, we focus on the ISO-DSO coordination pricing
problem, where the ISO clears the wholesale market and communicates the LMPs to the DSOs.
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The DSOs then utilize these LMPs to construct the pricing problem, enabling them to determine
the distribution LMPs (D-LMPs) in the distribution system market. It is mathematically proven
that the D-LMP at the substation node is always equal to the LMP determined in the wholesale
market, ensuring consistency in pricing across the system. We also proved the relationship between
the DSO dispatch and pricing problems in the ISO-DSO coordination framework, which shows
the necessity of having a dedicated DSO pricing model for the determining the D-LMPs instead of
obtaining the D-LMPs directly from the DSO dispatch model. Specifically, our studies show that,
under the proposed ISO-DSO coordination framework which can guarantee optimal T&D-level
dispatches and prices by only requiring minimal T&D communications and zero T&D confidential
model exchange, each DSO needs a dedicated dispatch model and a dedicated pricing model toward
obtaining the optimal DSO-level dispatches and prices, respectively. The DSO dispatch model will
not always generate the correct D-LMPs, and the DSO pricing model will not always generate the
correct DSO-level dispatch signals.

To validate our findings, we conducted case studies on a small illustrative example. The results
demonstrate that the DSO is revenue adequate in the ISO-DSO coordination framework. DSO’s
dispatch follows the ISO’s dispatch by substituting ISO’s dispatch signal in the dispatch problem
and there will be no physical conflict. Moreover, the DSO employs LMPs determined by the ISO to
formulate the DSO-level pricing problem. We have demonstrated through mathematical derivation
that this pricing problem ensures no financial conflict between the ISO’s market clearing and the
DSO’s clearing process. Specifically, we observed that when the marginal unit is located in the
transmission system, the dispatch of the pricing problem consistently matches the dispatch deter-
mined by the ISO problem. On the other hand, when the marginal unit is located in the distribution
system, the dispatch problem consistently yields the same D-LMP as the LMP determined in the
ISO problem. These findings further support the effectiveness of the coordination between the ISO
and DSO in achieving efficient and consistent outcomes.
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4. ISO-DSO Coordination - An Efficient Algorithm

4.1 Introduction

The coordination of independent system operators and distribution system operators, as proposed in
Chapter 1, relies on parametric programming. However, the solution of parametric programming
is typically time consuming and challenging, especially for large-scale systems. Consequently,
there is a need for an efficient algorithm capable of solving the parametric programming ISO-DSO
coordination problem and identifying critical regions.

Many researchers have utilized parametric programming to address various issues within the field
of power systems [36–43]. In [36], a modified critical region projection approach was introduced
to address the multi-area economic dispatch problem. The research presented an iterative algo-
rithm designed to solve the decomposed problem, focusing on the optimal value function within
critical regions. However, no specific algorithm was provided for the identification of critical
regions, and as a result, solving the parametric programming problem was not addressed. In [37], a
multi-parametric programming approach was introduced to examine the influence of energy storage
systems on the economic dispatch of distribution systems. The research presented an approximate
algorithm designed to identify critical regions within the multi-parametric programming problem,
relying on a heuristic method. However, it’s important to note that the proposed algorithm does
not ensure the discovery of all critical regions and could potentially be computationally inefficient,
particularly when applied to large test systems. In [38], the authors employed parametric optimiza-
tion techniques to investigate the effects of energy storage systems on renewable energy curtailment
and system flexibility for addressing uncertainty. They introduced a ranking algorithm to identify
critical regions, assuming the existence of predefined critical regions, which may not be generally
accurate. In [39], a parametric programming approach is suggested for energy management in
microgrids. However, it’s worth noting that the paper does not present a specific algorithm to
solve the parametric programming problem. In [40], a multi-parametric programming approach is
employed to define the unified power trading region. The paper introduces an algorithm for iden-
tifying the solution for parameters. Nevertheless, it’s important to note that there’s no guarantee
that this algorithm can discover all the critical regions, and computational time might be a concern
with this method as well. In [41], the impact of the transmission constraints penalty factor on the
market solution is explored through parametric programming. Nevertheless, the paper does not put
forward an algorithm for identifying critical regions. In [42], parametric programming is employed
for energy management in coordinating Distributed Energy Resources (DERs) within a microgrid.
Nevertheless, the paper does not introduce an algorithm to find the critical regions associated with
the solution of the parametric programming problem. In [43], a dispatch optimization model is
presented for coordinating the main grid and virtual power plants, and multi-parametric program-
ming is applied to enhance convergence speed. Nevertheless, the paper does not introduce any
algorithms to identify critical regions.

To the best of our knowledge, no prior work has proposed an efficient algorithm for solving the
ISO-DSO coordination problem. In this chapter, we introduce two algorithms for addressing the
ISO-DSO coordination problem, as initially presented in Chapter 1. The first algorithm focuses
on solving the ISO-DSO coordination parametric programming problem without accounting for
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voltage constraints. The second algorithm builds upon the first by dynamically incorporating
voltage constraints to determine a solution that adheres to all voltage constraints. We provide
mathematical proofs to demonstrate the optimality of both algorithms. Furthermore, we extend
the algorithms to accommodate unbalanced three-phase systems. To validate their effectiveness,
we conduct case studies on two small illustrative examples, one balanced and one unbalanced.
Additionally, we apply the algorithms to a 33-node test system, representing a balanced system,
and a 240-node test system, reflecting an unbalanced system. The computational performance of
both algorithms illustrates their efficiency.

4.2 ISO-DSO Coordination Problem Formulation

In this section, we introduced a general formulation of the ISO-DSO coordination problem. In the
ISO-DSO coordination framework introduced in Chapter 1, the DSO needs to determine its bid in
cost function to submit to the ISO. The general formulation for the DSO 𝑗 to determine the bid in
cost function is as follows:

𝑐𝑑𝑠𝑜𝑗 (𝑝𝑑𝑠𝑜𝑗 ) = Min 𝒑𝑎𝑔𝑔

∑︁
𝑖∈N𝑎𝑔𝑔

𝑐
𝑎𝑔𝑔

𝑖, 𝑗
𝑝
𝑎𝑔𝑔

𝑖, 𝑗
(4.1a)

𝑠.𝑡.∑︁
𝑘∈N𝑑

𝑗𝑛,.

𝑓
𝑝

𝑘, 𝑗
−

∑︁
𝑘∈N𝑑

𝑗𝑛,.

𝑓
𝑝

𝑘, 𝑗
− 𝑝𝑑𝑠𝑜𝑗 = 0 (4.1b)∑︁

𝑖∈N𝑎𝑔𝑔𝑛

𝑝
𝑎𝑔𝑔

𝑖, 𝑗
+

∑︁
𝑘∈N𝑑

𝑗𝑛,.

𝑓
𝑝

𝑘, 𝑗
−

∑︁
𝑘∈N𝑑

𝑗.,𝑛

𝑓
𝑝

𝑘, 𝑗
− 𝑙 𝑝

𝑛, 𝑗
= 0 (4.1c)∑︁

𝑖∈N𝑎𝑔𝑔𝑛

𝑞
𝑎𝑔𝑔

𝑖, 𝑗
+

∑︁
𝑘∈N𝑑

𝑗𝑛,.

𝑓
𝑞

𝑘, 𝑗
−

∑︁
𝑘∈N𝑑

𝑗.,𝑛

𝑓
𝑞

𝑘, 𝑗
− 𝑙𝑞

𝑛, 𝑗
= 0 (4.1d)

𝑝
𝑎𝑔𝑔

𝑖, 𝑗
≤ 𝑝

𝑎𝑔𝑔

𝑖, 𝑗
≤ 𝑝

𝑎𝑔𝑔

𝑖, 𝑗
(4.1e)

− 𝑓
𝑝

𝑘, 𝑗
≤ 𝑓

𝑝

𝑘, 𝑗
≤ 𝑓

𝑝

𝑘, 𝑗
(4.1f)

𝑈𝑚, 𝑗 = 𝑈𝑛, 𝑗 − 2(𝑟𝑘, 𝑗 𝑓𝑘, 𝑗 + 𝑥𝑘, 𝑗𝑞𝑘, 𝑗 ) (4.1g)
𝑈 ≤ 𝑈𝑛 ≤ 𝑈 (4.1h)

where 𝑗 is the index for each DSO; N𝑎𝑔𝑔 is the set of all aggregators; 𝑝𝑑𝑠𝑜
𝑗

is the injected power of
the DSO 𝑗 to the substation which is a parameter for this parametric programming DSO problem;
N 𝑑

𝑗𝑛,.
/ N 𝑑

𝑗.,𝑛
are the set of lines leaving/coming node 𝑛 in DSO 𝑗 ; 𝒑𝑎𝑔𝑔 is the vector of all decision

variables; 𝑝𝑎𝑔𝑔
𝑖, 𝑗

is the power provided/consumed by aggregator 𝑖 in DSO 𝑗 with the offering cost of
𝑐
𝑎𝑔𝑔

𝑖, 𝑗
; 𝑓

𝑝

𝑘, 𝑗
/ 𝑓 𝑞

𝑘, 𝑗
is the active/reactive power flow of branch 𝑘 in DSO 𝑗 ; 𝑙 𝑝

𝑘, 𝑗
/𝑙𝑞
𝑘, 𝑗

is the active/reactive
power load at node 𝑛 in DSO 𝑗 ; 𝑞𝑎𝑔𝑔

𝑖, 𝑗
is the reactive power provided/consumed by aggregator 𝑖 in

DSO 𝑗 ;

Equation (4.1a) represents the objective function aimed at minimizing the total cost within the
distribution system. Equation (4.1b) establishes the node balance constraint at the substation
node. Equations (4.1c) and (4.1d) stand as the active and reactive power node balance constraints.
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DDG 2

𝑐3
𝑑𝑑𝑔

= 10 $/MWh

𝑝3
𝑑𝑑𝑔

 = 5 MW

𝑡𝑎𝑛𝜙3 = 0

𝑝𝑑𝑠𝑜

𝑓1
𝑝

, 𝑓1
𝑞 𝑐𝑑𝑑𝑔: Marginal cost

𝑝𝑑𝑑𝑔: Capacity 

𝑓𝑝: Active power flow

𝑓𝑞: Reactive power flow

𝑝𝑑𝑠𝑜: DSO’s injecting power

𝜙: Angle of power factor

𝑐2
𝑑𝑑𝑔

= 40 $/MWh

𝑝2
𝑑𝑑𝑔

= 20 MW

𝑡𝑎𝑛𝜙2 = 0

𝑐1
𝑑𝑑𝑔

= 20 $/MWh

𝑝1
𝑑𝑑𝑔

= 5 MW

𝑡𝑎𝑛𝜙1 = 0

DDG 3 DDG 1

𝑓2
𝑝

, 𝑓2
𝑞

1 2 3

Figure 4.1: A balanced illustrative example system.

Equation (4.1e) imposes limits on the active power of each aggregator in relation to their respective
capacities. Equation (4.1f) sets restrictions on the flow along each branch, considering the branch
capacity limits. Equation (4.1g) defines the voltage level at each node. Finally, Equation (4.1h)
places constraints on the voltage at each node based on predefined voltage limits.

By defining 𝑝𝑑𝑠𝑜
𝑗

is defined as a parameter, Problem (4.1) is a parametric linear programming
(LP) problem [35], since 1) piecewise-linear cost functions are adopted in our proposed ISO-DSO
coordination framework, which fully comply with today’s wholesale market clearing rules in US;
and 2) linearized distribution power flow [30] is adopted to model the real/reactive power balance
constraints, line flow constraints, and voltage constraints.

Although off-the-shelf parametric LP solvers [44–48] can have polynomial (𝑂 (𝑛𝑘 )) time complexity
in some special cases [45,46], the worst-case time complexity of general large-scale parametric LP
is still exponential (𝑂 (2𝑛)) [49]. As the DSO problem size grows significantly (when numerous
DERs enter DSO), these off-the-shelf algorithms will be inefficient for online computations.

4.3 Algorithm Structure

In this section, the proposed algorithm is explained in detail. Generally, the algorithm consists of
two parts. The first algorithm solves the problem without considering any voltage constraints. Then,
the second algorithm incorporates all the voltage constraints through cutting planes. Following this,
we will elaborate on each algorithm in detail. To facilitate readers’ understanding of the algorithm
structures, we initially elucidate both algorithms through an illustrative example. Subsequently, we
dive into the general formulations and details of the algorithms’ mathematics.
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4.3.1 Illustrative Example

Consider the system depicted in Fig. 4.1, which comprises three nodes and three DDGs. The
system’s data is also presented in Fig. 4.1. The DSO’s bid-in cost function formulation is as
follows.

𝑐(𝑝𝑑𝑠𝑜) = Min 20𝑝𝑑𝑑𝑔1 + 40𝑝𝑑𝑑𝑔2 + 10𝑝𝑑𝑑𝑔3 (4.2a)

s.t. 𝑝
𝑑𝑑𝑔

1 − 𝑓
𝑝

2 = 0 (4.2b)

𝑝
𝑑𝑑𝑔

2 + 𝑓
𝑝

2 − 𝑓
𝑝

1 = 0 (4.2c)

𝑝
𝑑𝑑𝑔

3 + 𝑓
𝑝

1 − 𝑝𝑑𝑠𝑜 = 0 (4.2d)

0 ≤ 𝑝
𝑑𝑑𝑔

1 ≤ 5 (4.2e)

0 ≤ 𝑝
𝑑𝑑𝑔

2 ≤ 20 (4.2f)

0 ≤ 𝑝
𝑑𝑑𝑔

3 ≤ 5 (4.2g)
−50 ≤ 𝑓

𝑝

1 , 𝑓
𝑝

2 ≤ 50 (4.2h)
0.952 ≤ 𝑈2 = 1+2(0.1 𝑓 𝑝1 + 0.1 𝑓 𝑞1 ) ≤ 1.052 (4.2i)

0.952 ≤ 𝑈3 = 𝑈2+2(0.1 𝑓 𝑝2 + 0.1 𝑓 𝑞2 ) ≤ 1.052 (4.2j)

Algorithm 1

Let us remove all the voltage constraints (4.2i)-(4.2j) and consider we want to solve this problem.

First, we find the minimum value of 𝑝𝑑𝑠𝑜, which in this case will be zero because we do not have
any demand response aggregator.

Next, we sort all the DDGs based on their offering price from minimum to maximum. We start
with the DDG offering the lowest price, which is DDG3. We assess how much power can be
provided from this DDG before moving on to the next. Since DDG3 is connected directly to the
substation, there is no branch limit, allowing us to utilize its full capacity of 5 MW. Therefore, the
first breakpoint is determined to be (5 MW, $10/MWh). This means that from zero to 5 MW, the
cost of providing power from this DSO is $10/MWh.

Beyond 5 MW, we proceed to the next cheapest DDG, which is DDG1. We continue to provide
power from this DDG until its capacity is reached or the limit of the line connecting this DDG to
the substation is met. Given the minimum of 5 MW and 50 MW is 5 MW, we can utilize the full
capacity of this DDG, setting the next breakpoint at (10 MW, $20/MWh). Subsequently, we update
the line capacity connecting DDG1 to the substation, resulting in a new capacity of 45 MW for
these lines.

Moving to the next cheapest DDG, which is DDG2, the minimum of the line capacity of line 2,
which connects this DDG to the substation, and the capacity of this DDG is the lesser of 35 MW and
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Figure 4.2: Marginal cost curve.

20 MW, which is 20 MW. Therefore, the next breakpoint is (30 MW, $40/MWh), marking the final
breakpoint as no DDGs are left. Beginning with a baseline of zero, if we link these breakpoints, it
results in the formation of the marginal cost curve, as outlined in Fig. 4.2 and breakpoints given in
Table 4.1.

Algorithm 2

Before initiating Algorithm 2, it’s necessary to refine the formulation by eliminating all flow
variables and substituting them with voltage constraints. The formulation, after removing all the

43



flow variables and substituting the voltage constraints, is as follows:

Min 𝒑𝑑𝑑𝑔 10𝑝𝑑𝑑𝑔1 + 30𝑝𝑑𝑑𝑔2 + 10𝑝𝑑𝑠𝑜 (4.3a)

s.t. 𝑝
𝑑𝑑𝑔

1 − 5 ≤ 0,−𝑝𝑑𝑑𝑔1 ≤ 0 (4.3b)

𝑝
𝑑𝑑𝑔

2 − 20 ≤ 0,−𝑝𝑑𝑑𝑔2 ≤ 0 (4.3c)

𝑝
𝑑𝑑𝑔

3 − 5 ≤ 0,−𝑝𝑑𝑑𝑔3 ≤ 0 (4.3d)

𝑝
𝑑𝑑𝑔

1 + 𝑝
𝑑𝑑𝑔

2 − 50 ≤ 0 (4.3e)

𝑝
𝑑𝑑𝑔

1 − 50 ≤ 0 (4.3f)

−𝑝𝑑𝑑𝑔1 − 𝑝
𝑑𝑑𝑔

2 − 50 ≤ 0 (4.3g)

−𝑝𝑑𝑑𝑔1 − 50 ≤ 0 (4.3h)

0.1𝑝𝑑𝑑𝑔1 + 0.1𝑝𝑑𝑑𝑔2 − 0.025 ≤ 0 (4.3i)

−0.1𝑝𝑑𝑑𝑔1 − 0.1𝑝𝑑𝑑𝑔2 − 0.025 ≤ 0 (4.3j)

0.2𝑝𝑑𝑑𝑔1 + 0.1𝑝𝑑𝑑𝑔2 − 0.025 ≤ 0 (4.3k)

−0.2𝑝𝑑𝑑𝑔1 − 0.1𝑝𝑑𝑑𝑔2 − 0.025 ≤ 0 (4.3l)

We initiate the analysis at each breakpoint as determined by Algorithm 1, which is presented
in Table 4.1. Our first step is to assess any potential violations of voltage constraints. This
evaluation process is graphically illustrated in Fig. 4.3, where breakpoints are represented on the
(𝑝𝑑𝑑𝑔1 , 𝑝

𝑑𝑑𝑔

2 , 𝑝𝑑𝑠𝑜) plane. In Fig. 4.3, the breakpoints are depicted as red dots, each encircled by
a number. Breakpoints 1 through 3 comply with all voltage constraints; however, breakpoint 4
exhibits violations.

To address these violations, we incorporate the violated voltage constraints as cutting planes and
calculate their intersection with the line connecting the third and fourth breakpoints, referred to as
the marginal line. Subsequently, we calculate the marginal cost from breakpoint 3 to each point of
intersection, selecting the one with the lowest marginal cost. For instance, if plane 𝑎 imposes the
voltage constraint resulting in the minimum marginal cost, this intersection point is designated as
the new breakpoint, denoted as 4′ .

Next, we need to identify the marginal line. Given the three-dimensional nature of the plane, each
point represents the intersection of three planes. We have already selected one of these planes—the
one generating the new fourth breakpoint. Considering that the marginal line is defined by two
planes in this three-dimensional space, we consider two potential paths for the marginal line: plane
𝑎 and one of the planes from the previous marginal line that connected the third to the fourth
breakpoint. We then examine the intersections of these potential marginal lines with all voltage
and non-voltage constraints, calculating the marginal costs to identify the minimum, which in our
case is the intersection of plane 𝑏 and marginal line 𝛼. Following this, no feasible increase in 𝑝𝑑𝑠𝑜

can be observed, indicating the identification of the fifth breakpoint which is the final breakpoint.
The resulted breakpoints are presented in Table 4.2.
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Figure 4.3: Break points using Algorithm 2.

Table 4.1: Breakpoints using Algorithm 1 for the balanced illustrative example

𝑝
𝑑𝑑𝑔

1 (MW) 𝑝
𝑑𝑑𝑔

2 (MW) 𝑝
𝑑𝑑𝑔

3 (MW) 𝑝𝑑𝑠𝑜 (MW)
0 0 0 0
0 0 5 5
5 0 5 10
5 20 5 30

Table 4.2: Breakpoints using Algorithm 2 for the balanced illustrative example

𝑝
𝑑𝑑𝑔

1 (MW) 𝑝
𝑑𝑑𝑔

2 (MW) 𝑝
𝑑𝑑𝑔

3 (MW) 𝑝𝑑𝑠𝑜 (MW)
0 0 0 0
0 0 5 5
5 0 5 10
5 12.5 5 22.5
2 20 5 27
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4.3.2 Generalized Formulation of Algorithms

To start, we eliminate all the dependent decision variables in the DSO parametric LP problem. For
each equality constraint in (4.1), we can eliminate one dependent decision variable. Let 𝑛 denote
the number of nodes in the distribution system. Considering the radial feature of the distribution
network, we’ll have a total of 𝑛− 1 lines, subsequently leading to 𝑛− 1 active power flow variables.
In parallel, we’ll also have 𝑛 active power balance constraints. This presents an opportunity to
employ these equality constraints for substituting all the active power flow variables, along with
utilizing one remaining equality constraint to eliminate one of the decision variables associated
with the power provided/consumed by aggregators. Note that we have the same procedure for
eliminating the reactive power flow variables. Consider the following representation of Problem
(4.1):

Min 𝐶𝑋 (4.4a)
s.t. 𝐴𝑋 = 𝐵 (4.4b)

𝐷𝑋 ≤ 𝐸 (4.4c)

To eliminate power flow variables, let us open up equation (4.4b):[
𝐴1 𝐴2
𝐴3 𝐴4

] [
𝑋1
𝑋2

]
=

[
𝐵1
𝐵2

]
(4.5)

If we multiply the first row of Equation (4.5), we obtain the following:

𝑋2 = 𝐴−1
4 (𝐵2 − 𝐴3𝑋1) (4.6)

Then we can substitute 𝑋2 into the first row equation:

𝐴1𝑋1 + 𝐴2𝐴
−1
4 (𝐵2 − 𝐴3𝑋1) = 𝐵1 (4.7)

By utilizing Equation (4.7), we can proceed to eliminate an additional dependent decision variable.
Ultimately, we can substitute all the flow variables and one of the decision variables (𝑝𝑎𝑔𝑔

𝑖, 𝑗
), and

incorporate these replacements into Problem (4.4) which will lead to the following optimization
problem:

Min 𝐶1𝑋1 + 𝐶2𝐴
−1
4 (𝐵2 − 𝐴3𝑋1) (4.8a)

s.t. 𝐷1𝑋1 + 𝐷2𝐴
−1
4 (𝐵2 − 𝐴3𝑋1) ≤ 𝐸1 (4.8b)

𝐷3𝑋1 + 𝐷4𝐴
−1
4 (𝐵2 − 𝐴3𝑋1) ≤ 𝐸2 (4.8c)

Problem (4.8) does not include any flow variables and has one of the decision variables (𝑝𝑎𝑔𝑔
𝑖, 𝑗

)
reduced compared to Problem (4.4).

4.3.3 Algorithm 1: ISO-DSO coordination problem without voltage constraints

In the proposed algorithm, initially, we eliminate all the voltage constraints and employ the following
algorithm to determine the breakpoints.
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Algorithm 1 Solving problem (4.1) without voltage constraints
Sort DRs decreasing based on offering price.
Sort DDGs increasing based on offering price.

𝑖 ∈ N 𝑑𝑟Min [ 𝑓 𝑘=𝑛𝑖 :𝑛𝑠 , 𝑝
𝑑𝑟
𝑖 ]

Update 𝑝𝑑𝑠𝑜, 𝑝𝑑𝑟
𝑖

and 𝑓 𝑘=𝑛𝑖 :𝑛𝑠
Calculate 𝑙𝑒 𝑓 𝑡𝑖 = 𝑝𝑑𝑟𝑖 − 𝑝𝑑𝑟

𝑖

𝑙𝑒 𝑓 𝑡𝑖 = 0 Continue; Define N 𝑐
𝑖
= { 𝑗 | 𝑗 ∈ N 𝑑𝑑𝑔, 𝑐𝑑𝑟

𝑗
≥ 𝑐

𝑑𝑑𝑔

𝑗
}

𝑙𝑒 𝑓 𝑡𝑖,N 𝑐
𝑖
≠ 0Min [𝑙𝑒 𝑓 𝑡𝑖, 𝑝𝑑𝑑𝑔𝑧 , 𝑓 𝑘=𝑛𝑖 :𝑛𝑧 ]

Update 𝑙𝑒 𝑓 𝑡𝑖, 𝑝𝑑𝑠𝑜, 𝑝𝑑𝑟
𝑖

, 𝑝𝑑𝑑𝑔𝑧 and 𝑓 𝑘=𝑛𝑖 :𝑛𝑧
𝑧 ← 𝑧 + 1 N 𝑎𝑔𝑔 ← N 𝑑𝑑𝑔 ∪ N 𝑑𝑟

𝑐𝑎𝑔𝑔 ← sort(𝑐𝑑𝑑𝑔 ∪ 𝑐𝑑𝑟)
𝑖 ∈ N 𝑎𝑔𝑔Calculate 𝑙𝑒 𝑓 𝑡𝑖 = 𝑝

𝑎𝑔𝑔

𝑖
− 𝑝

𝑎𝑔𝑔

𝑖

𝑙𝑒 𝑓 𝑡𝑖 ←Min [ 𝑓 𝑘=𝑛𝑖 :𝑛𝑠 , 𝑙𝑒 𝑓 𝑡𝑖]
𝑙𝑒 𝑓 𝑡𝑖 =0Continue Update 𝑝𝑑𝑠𝑜, 𝑝𝑎𝑔𝑔

𝑖
, and 𝑓 𝑘=𝑛𝑖 :𝑛𝑠

𝑐𝑑𝑠𝑜 ← 𝑐𝑑𝑠𝑜 ∪ 𝑐
𝑎𝑔𝑔

𝑖

Algorithm 1 consists of two main steps: Step 1 which includes lines 1-14; Step 2 which includes
lines 15-23:

• Step 1 (lines 1-14): We begin by sorting DRs in decreasing order and DDGs in increasing
order. The primary objective of this step is to identify the initial conditions for each ag-
gregator’s power injection or consumption value and for 𝑝𝑑𝑠𝑜. In line 2, we determine the
minimum value between the DR’s capacity and the capacities of all lines connecting the DR
to the substation. Subsequently, we update the values in line 5 and compute the remaining
capacity for the DR in line 6. If there is no capacity left, we move on to the next DR. Then, in
line 10, we establish a set to collect all the DDGs with offering prices lower than that of the
DR. In line 12, we choose the minimum capacity between the line connecting the DR to the
DDG and the capacity of that DDG until there is no capacity left for the DR or the DDGs.
This process is repeated for all DRs.

• Step 2 (lines 15-23): We unify all DRs and DDGs, sorting them in ascending order in lines
15-16. We then iterate through each of them to compute the available capacity in line 18.
This is determined by selecting the minimum value between the remaining capacity of the
aggregator and the capacity of all lines connecting that aggregator to the substation. If no
capacity remains, we proceed to the next aggregator and update the values in line 22. At this
stage, we also consider the aggregator’s cost as the cost of the DSO. This process is repeated
for all the aggregators.

Theorem 6. Algorithm 1 yields optimal solutions (i.e., breakpoints in the piecewise-linear DSO
bid-in cost function) and the optimal bid cost function for the parametric LP DSO in Problem (4.1)
without voltage constraints.

47



Proof. See Appendix.

4.3.4 ISO-DSO coordination problem considering voltage constraints

In the previous section, we determined all the breakpoints for the piecewise-linear DSO bid-in cost
function by excluding voltage constraints and utilizing Algorithm 1. In this section, our focus shifts
to reintroducing all voltage constraints and deriving breakpoints while taking these constraints into
account.

Algorithm 2 Solving problem (4.1) considering voltage constraints
𝑖 ∈ 𝐵𝑟𝐵 𝑓

𝑖
← set of binding non voltage constants

𝐵𝑣
𝑖
← set of binding voltage constants

𝐶 ← total cost of 𝐵𝑟𝑖
𝐵𝑣
𝑖
≠ 0 & 𝐵𝑣

𝑖−1 = 0 𝐶𝐵𝑖 ← 𝐵
𝑓

𝑖−1 ∩ 𝐵
𝑓

𝑖

𝑗 ∈ 𝐵𝑣
𝑖
𝐴 𝑗 , 𝐵 𝑗 ← 𝐸𝑞(𝐶𝐵 𝑗 ∪ 𝐵𝑣

𝑗
)

𝑋 𝑗 ← 𝐴−1
𝑗
𝐵 𝑗 ,𝐶 𝑗 (𝑋 𝑗 ) if 𝑢𝑝:

𝐵𝑟𝑖 ← {𝑋 𝑗 |𝐶 𝑗 (𝑋 𝑗 ) is minimum}
if 𝑑𝑛:
𝐵𝑟𝑖 ← {𝑋 𝑗 |𝐶 𝑗 (𝑋 𝑗 ) is maximum}
𝐵𝐶 ← 𝐵𝑣

𝑗

Δ𝑝𝑑𝑠𝑜 ← 𝑝𝑑𝑠𝑜
𝑗

-𝑝𝑑𝑠𝑜
𝑖

Δ𝑝𝑑𝑠𝑜 ≠ 0 𝑘 ∈ 𝐶𝐵 𝑗𝑀𝑙𝑘 ← 𝐵
𝑓

𝑖≠𝑘
∪ 𝐵𝐶 𝑗 ∈ 𝐵𝑣

𝑖
𝑘𝐴𝑘 , 𝐵𝑘 ← 𝐸𝑞(𝑀𝑙 𝑗 ∪ 𝐵𝑣

𝑗
)

𝑋𝑘 ← 𝐴−1
𝑘
𝐵𝑘 ,𝐶𝑘 (𝑋𝑘 ) if 𝐵 𝑓

𝑋𝑘
| |𝐵𝑣

𝑋𝑘
> 0: delete 𝑋𝑘

if 𝑢𝑝: 𝐵𝑟 𝑗 ← {𝑋𝑘 |𝐶𝑘 (𝑋𝑘 ) is minimized}
if 𝑑𝑛: 𝐵𝑟 𝑗 ← {𝑋𝑘 |𝐶𝑘 (𝑋𝑘 ) is maximized}
𝑗 ∈ 𝐵 𝑓 𝑘𝐴𝑘 , 𝐵𝑘 ← 𝐸𝑞(𝑀𝑙 𝑗 ∪ 𝐵𝑣

𝑗
)

𝑋𝑘 ← 𝐴−1
𝑘
𝐵𝑘 ,𝐶𝑘 (𝑋𝑘 ) if 𝐵 𝑓

𝑋𝑘
| |𝐵𝑣

𝑋𝑘
> 0: delete 𝑋𝑘

if 𝑢𝑝: 𝐵𝑟 𝑗 ← {𝑋𝑘 |𝐶𝑘 (𝑋𝑘 ) is minimized}
if 𝑑𝑛: 𝐵𝑟 𝑗 ← {𝑋𝑘 |𝐶𝑘 (𝑋𝑘 ) is maximized}
if 𝑢𝑝:𝐵𝑟𝑖 ← {𝐵𝑟 𝑗 |𝐶 𝑗 (𝐵𝑟 𝑗 ) is minimized}
if 𝑑𝑛:𝐵𝑟𝑖 ← {𝐵𝑟 𝑗 |𝐶 𝑗 (𝐵𝑟 𝑗 ) is maximized}
Update 𝑀𝑙, 𝐵𝐶 , Δ𝑝𝑑𝑠𝑜

Algorithm 2 comprises the following steps:

• Step 1 (lines 1-15): For each breakpoint determined using Algorithm 1, we establish a set
of binding voltage constraints and a set of binding non-voltage constraints in lines 2-3. Next,
we compute the total cost for the current breakpoint in line 4. If it is the first breakpoint, we
proceed to the next breakpoint and repeat the process. Following that, we check whether any
voltage constraint is violated when transitioning from the previous breakpoint to the current
breakpoint in line 5. If that’s the case, we proceed to identify the line that connects the
previous breakpoint to the current breakpoint in line 6. It’s important to note that if we have
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𝑛 as the dimension, line 6 yields 𝑛 − 1 equations, which essentially determine a line in an
n-dimensional space. Consequently, we can intersect this line with all the violated voltage
constraints. For each violated voltage constraint, we combine the equations corresponding
to the lines determined in line 6 with the violated voltage constraint, thereby deriving the
coefficient matrices for these n sets of equations in line 8. In line 9, we determine the
intersection point and calculate the total cost associated with this point. Once we have
calculated all these intersection points for the violated voltages, we select the one with the
minimum marginal cost if we are moving forward and the one with the maximum marginal
cost if we are moving downward in lines 10-13. We store this point as the new breakpoint
in line 14 and calculate the difference between the 𝑝𝑑𝑠𝑜 of the current breakpoint and the
previous breakpoint in line 15.

• Step 2 (lines 16-35): We define Δ𝑝𝑑𝑠𝑜 and initiate a loop while Δ𝑝𝑑𝑠𝑜 has a positive value.
When determining the new breakpoint, we also need to find the new marginal line to intersect
with the subsequent voltage and non-voltage constraints. To achieve this, we generate all
potential marginal lines in lines 17-18. These lines are derived by considering the previous
marginal line and replacing one of them with the newly violated constraints from the previous
breakpoint determination. Notably, this generates 𝑛 − 1 potential marginal lines. We aim
to intersect each set of these potential marginal lines with all the voltage constraints (lines
19-25) and non-voltage constraints (lines 26-32) and select the optimal one. In lines 21-22,
we intersect these lines with the current voltage constraint within the loop, determine the
intersection point, and calculate the total cost associated with this intersection point. In
line 23, we conduct a feasibility test to ensure that none of the constraints are violated by
this intersection point, removing it if necessary. For each voltage constraint in the loop,
we select the intersection point that has the minimum marginal cost when moving forward
and the maximum marginal cost when moving downward in lines 24-25. We repeat the
same procedure for non-voltage constraints in lines 26-32. This results in having all the
intersections for both voltage and non-voltage constraints. We then choose the one with the
minimum marginal cost when moving forward and the maximum marginal cost when moving
downward in lines 33-34. In line 35, we update the candidate marginal lines, breakpoint and
the Δ𝑝𝑑𝑠𝑜. To update the marginal lines, we substitute the new binding constraints with all
the elements of the selected marginal line and generate the new set of marginal lines.

Theorem 7. Algorithm 2 yields optimal breakpoints and the optimal bid cost function for Problem
(4.1) after considering all the voltage constraints.

Proof. See Appendix.

4.4 Algorithm Extensions for Unbalanced Systems

The algorithm explained in the previous section is extended to accommodate unbalanced distribution
systems. The formulation for unbalanced distribution systems was introduced in our prior work [3].
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4.4.1 Extension of Algorithm 1

Consider the unbalanced DSO formulation proposed in our previous work [3]. When we eliminate
all the voltage constraints, each of the three phases becomes independent of the others, as no con-
straints or equations connect them. We can then employ Algorithm 1 to determine the breakpoints
and bid in cost function independently for each phase.

The objective function for the parametric programming dispatch problem in a three-phase unbal-
anced system is as follows:

Min 𝑝𝑑𝑠𝑜𝐴 𝜋𝐴 + 𝑝𝑑𝑠𝑜𝜋𝐵 + 𝑝𝑑𝑠𝑜𝐶 𝜋𝐶 (4.9)

On the transmission side, everything must be balanced (𝑝𝑑𝑠𝑜
𝐴

= 𝑝𝑑𝑠𝑜
𝐵

= 𝑝𝑑𝑠𝑜
𝐶

=
𝑝𝑑𝑠𝑜

3 ). Therefore, we
can reformulate the objective function as follows:

Min 𝑝𝑑𝑠𝑜
𝜋𝐴 + 𝜋𝐵 + 𝜋𝐶

3
(4.10)

This implies that to find the total bid in cost function of the distribution system, we must intersect
all the bid cost functions from each phase along the 𝑝𝑑𝑠𝑜 axis. Regarding the price axis, it needs
calculating the average of the bid cost functions from the three phases. This process is shown in
Algorithm 3

Algorithm 3 Extension to Algorithm 1 for unbalanced systems.
𝑝𝑑𝑠𝑜
𝐴

, 𝑐𝑑𝑠𝑜
𝐴
← Algorithm 1 on phase A

𝑝𝑑𝑠𝑜
𝐵

, 𝑐𝑑𝑠𝑜
𝐵
← Algorithm 1 on phase B

𝑝𝑑𝑠𝑜
𝐶

, 𝑐𝑑𝑠𝑜
𝐶
← Algorithm 1 on phase C

𝑝𝑑𝑠𝑜 ← 𝑝𝑑𝑠𝑜
𝐴
∪ 𝑝𝑑𝑠𝑜

𝐵
∪ 𝑝𝑑𝑠𝑜

𝐶

𝑐𝑑𝑠𝑜 ← 1
3 (𝑐

𝑑𝑠𝑜
𝐴
+ 𝑐𝑑𝑠𝑜

𝐵
+ 𝑐𝑑𝑠𝑜

𝐶
)

4.4.2 Extension of Algorithm 2

Once we’ve utilized Algorithm 1 to calculate the bid in cost function for the unbalanced distribution
system, the next step involves incorporating all the voltage constraints to determine the actual
breakpoints. Algorithm 2 can be effectively employed for this purpose while considering all the
voltage constraints. However, a problem can occur in some rare conditions in the case of the
three-phase unbalanced system.

In the generation of marginal lines, we previously assumed that one voltage constraint could be
added at a time. This assumption holds true for balanced test systems because in such systems,
the voltage at each node is a function of the voltage at previous nodes, and there exists a recursive
relationship between them. However, in three-phase transmission systems, there may be rare
instances where three voltage constraints jointly contribute to generating new marginal lines. This
scenario might lead us to identify a breakpoint that is not valid. Nevertheless, we have demonstrated

50



that this does not pose a significant issue because we can readily identify the invalid breakpoint
through a post-processing procedure.

In this post-processing step, we use monotonically increasing feature of the bid in cost function to
pinpoint breakpoints where the marginal cost is not monotonically increasing. This indicates that the
breakpoint is not on the optimal path and should be discarded. This allows us to efficiently remove
redundant breakpoints and retain only the optimal ones. This extension is given in Algorithm 4

Algorithm 4 Extension to Algorithm 2 for unbalanced systems.
𝐵𝑟 ← Algorithm 2
𝑖 ∈ 𝐵𝑟𝑀𝐶 ← marginal cost of 𝐵𝑟𝑖−1 to 𝐵𝑟𝑖
𝑀𝐶𝑖 ≤ 𝑀𝐶𝑖−1 delete 𝐵𝑟𝑖

4.5 Case Studies

In this section, case studies have been conducted. Two case studies were performed on larger test
cases, comprising a balanced test system consisting of 33 nodes and an unbalanced test system with
240 nodes.

In our prior work [35], we conducted simulations using a 33-node test system and a 240-node
test system, employing the YALMIP parametric programming solver [48]. Here, we applied our
proposed algorithm to determine the DSO’s bid-in cost function for both of these systems and
compared the solution times of our algorithm and YALMIP. It’s important to note that both our
algorithm and YALMIP yield the same results as previously proposed in [35], and these results are
not reiterated here.

The simulation results were generated using a computer equipped with a 2.3 GHz, 8-core CPU and
16 GB of RAM. The solution times are presented in Table 4.3. The table provides a breakdown of
each algorithm’s performance, as well as the total time consumed by both algorithms combined. In
the case of the 33-node test system, voltage violations occurred, necessitating the use of Algorithm
2. However, for the 240-node test system, no voltage violations were encountered, explaining the 0
time in the table.To evaluate our algorithm under conditions where violations occur, we modified
the 240-node test system. We increased the capacities of all DDGAGs by a factor of 15, all DRAGs
by a factor of 16, and REAGs by a factor of 16. A comparison of solution times between YALMIP
and our algorithm reveals an exponential increase in solution time for YALMIP. However, our
algorithm demonstrates significantly shorter solution times compared to YALMIP.

A comparison of the computational performance of both algorithms and YALMIP reveals that these
algorithms are significantly faster, particularly as the system scale increases.

4.6 Conclusion

We previously introduced an ISO-DSO coordination framework based on parametric programming.
Solving parametric programming problems is generally time-consuming and challenging. In this
chapter, we present an efficient algorithm designed to address the ISO-DSO coordination framework
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Table 4.3: Computational performance of the algorithms and YALMIP.

Method 33 node 240 node Modified 240 node
Algorithm 1 0.02 s 0.02 s 0.02
Algorithm 2 0.37 s 0 s 12.5

Both Algorithms 0.39 s 0.02 s 12.52
YALMIP 0.77 s 30.91 s 270 s

by leveraging the characteristics of the distribution system. We propose two algorithms, one
of which can be employed after removing all voltage constraints and is exceptionally swift in
determining breakpoints. The other algorithm is intended for use when voltage constraints are
added. Importantly, we provide mathematical proof that both algorithms yield optimal solutions
for the DSO’s bid cost function.

To validate our approach, we conducted case studies on two illustrative examples, comprising
both balanced and unbalanced test systems, as well as two large test systems: a balanced 33-node
test system and an unbalanced 240-node test system. Our results demonstrated the remarkable
efficiency of both proposed algorithms, particularly when compared to the computation time
of off-the-shelf parametric programming solver in YALMIP. It was evident that the algorithm’s
performance surpassed that of YALMIP, especially as the system’s scale increased.
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Appendix

Proof of Theorem 6

Here, we show that Algorithm 1 is based on KKT conditions. Hence, it gives the optimal solution.
Let’s consider the parametric programming DSO dispatch problem in which the flow variables have
been removed. The problem is as follows:

Min
∑︁

𝑖∈N𝑎𝑔𝑔

𝑐
𝑎𝑔𝑔

𝑖
𝑝
𝑎𝑔𝑔

𝑖
(4.11a)

s.t.
∑︁

𝑝
𝑎𝑔𝑔

𝑖
−
∑︁

𝑙𝑛 = 𝑝𝑑𝑠𝑜; [𝜆] (4.11b)

0 ≤ 𝑝
𝑎𝑔𝑔

𝑖
≤ 𝑝

𝑎𝑔𝑔

𝑖
; ∀𝑖 ∈ N𝑎𝑔𝑔; [𝛼−𝑖 , 𝛼+𝑖 ] (4.11c)

− 𝑓𝑘 ≤ 𝑓𝑘 (𝑝𝑎𝑔𝑔1...𝑛) ≤ 𝑓𝑘 ; ∀𝑘 ∈ N𝐽 ; [𝜇−𝑘 , 𝜇
+
𝑘 ] (4.11d)

We can write the Lagrangian function as follows:

L =
∑︁

𝑖∈N𝑎𝑔𝑔

𝑐
𝑎𝑔𝑔

𝑖
𝑝
𝑎𝑔𝑔

𝑖
+

∑︁
𝑖∈N𝑎𝑔𝑔

𝛼−𝑖 (−𝑝
𝑎𝑔𝑔

𝑖
)

+
∑︁

𝑖∈N𝑎𝑔𝑔

𝛼+𝑖 (𝑝
𝑎𝑔𝑔

𝑖
− 𝑝

𝑎𝑔𝑔

𝑖
)

+
∑︁
∀𝑘∈N𝐽

𝜇−𝑘 (− 𝑓𝑘 − 𝑓𝑘 (𝑝𝑎𝑔𝑔1...𝑛))

+
∑︁
∀𝑘∈N𝐽

𝜇+𝑘 ( 𝑓𝑘 (𝑝
𝑎𝑔𝑔

1...𝑛) − 𝑓𝑘 )

+ 𝜆(𝑝𝑑𝑠𝑜 −
∑︁

𝑝
𝑎𝑔𝑔

𝑖
+
∑︁

𝑙𝑛)

(4.12)

We can formulate the KKT conditions as follows:

𝑐
𝑎𝑔𝑔

𝑖
− 𝜆 − 𝛼−𝑖 + 𝛼+𝑖 +

∑︁
𝑘∈K𝑖

(𝜇+𝑘 − 𝜇−𝑘 ) = 0;

∀𝑖 ∈ N𝑎𝑔𝑔

(4.13a)

𝑝𝑑𝑠𝑜 −
∑︁

𝑝
𝑎𝑔𝑔

𝑖
+
∑︁

𝑙𝑛 = 0 (4.13b)

𝜇−𝑘 (− 𝑓𝑘 − 𝑓𝑘 (𝑝𝑎𝑔𝑔1...𝑛)) = 0; ∀𝑘 ∈ N𝐽 (4.13c)
𝜇+𝑘 ( 𝑓𝑘 (𝑝

𝑎𝑔𝑔

1...𝑛) − 𝑓𝑘 ) = 0; ∀𝑘 ∈ N𝐽 (4.13d)
𝛼−𝑖 (−𝑝

𝑎𝑔𝑔

𝑖
) = 0; ∀𝑖 ∈ N𝑎𝑔𝑔 (4.13e)

𝛼+𝑖 (𝑝
𝑎𝑔𝑔

𝑖
− 𝑝

𝑎𝑔𝑔

𝑖
) = 0; ∀𝑖 ∈ N𝑎𝑔𝑔 (4.13f)

The only unknown variable in the set of equations (4.13) is 𝑝𝑑𝑠𝑜. A closed-loop solution to the
KKT conditions is not possible.
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To solve the system of equations in (4.13), we must partition the variable 𝑝𝑑𝑠𝑜 in a way that maintains
the same marginal unit within each partition. This approach comes from the key features related to
the structure of optimization problem (4.11) and insights from economic dispatch problems.

In the optimization problem (4.11), the marginal unit is always a single generator, and there is
no possibility of a combination of multiple generators acting as the marginal unit. This feature
comes from the fact that the coefficients of all the constraints are either +1 or -1. When we
successfully partition 𝑝𝑑𝑠𝑜 and identify a specific unit as the marginal unit, it leads to conditions
such as 𝛼−1 = 𝛼+1 =

∑
𝑘∈K𝑖 (𝜇𝑘+ − 𝜇−

𝑘
) = 0. Using equation (4.13a), it implies that 𝑐𝑎𝑔𝑔

𝑖
= 𝜆 in this

case, indicating that the price of the DSO within that partition is equal to the offering price of the
corresponding aggregator.

The process begins with the search for the minimum value of 𝑝𝑑𝑠𝑜 and progressively increasing
it while monitoring changes in the group of generators. Each transition in this group marks the
occurrence of a breakpoint, signifying a shift in the cost associated with providing the next megawatt
(MW).

To determine the lowest value of 𝑝𝑑𝑠𝑜, we maximize the dispatch of DRs up to the constraints
imposed by line capacity. This process allows us to identify the minimum value of 𝑝𝑑𝑠𝑜. The
limiting factors in this process include the capacity of the DR or the capacity of the lines connecting
the DR to the substation. This approach is implemented in step 1 of Algorithm 1, as outlined in
lines 3-6.

Additionally, we need to determine the minimum value for DDGs. Here, we draw from the intuition
derived from economic dispatch. When the offering price of DR is higher than the offering price
of DDG, redirecting power from DDG to DR reduces the objective function. This insight guides
the sorting of DRs and DDGs. The approach in Algorithm 1, detailed in lines 7-14, incorporates
this logic.

With the minimum value of 𝑝𝑑𝑠𝑜 identified and the initial values of other aggregators established,
we proceed to increase 𝑝𝑑𝑠𝑜 incrementally, adhering to the sorted list of aggregators. Beginning
with the aggregator offering the lowest price, we determine the capacity of the lines connecting this
aggregator to the substation, denoted as 𝑓 𝑘 = 𝑛𝑖 : 𝑛𝑠. This information allows us to increase 𝑝𝑑𝑠𝑜

from its minimum to 𝑚𝑖𝑛{𝑝𝑎𝑔𝑔1 , 𝑓 𝑘 = 𝑛𝑖 : 𝑛𝑠} while keeping the first aggregator as the marginal
unit. This is the logic used in lines 18-19 of Algorithm 1. Utilizing complementary slackness,
resulting in conditions such as 𝛼−1 = 𝛼+1 =

∑
𝑘∈K𝑖 (𝜇𝑘+− 𝜇−𝑘 ) = 0. Consequently, we determine that

𝜆 = 𝑐
𝑎𝑔𝑔

1 , which is indicated in line 23 of Algorithm 1.

To further increase 𝑝𝑑𝑠𝑜, we must move beyond this value and employ the next cheapest aggregator,
which is the second aggregator. We apply the same principles to this partition of 𝑝𝑑𝑠𝑜, resulting in
𝜆 = 𝑐

𝑎𝑔𝑔

2 . This process continues until all aggregators are fully utilized or the line limit is reached,
as described in the second step of Algorithm 1.

54



Proof of Theorem 7

In the preceding section, we established that all the breakpoints determined using Algorithm 1
are optimal and aligned with the KKT conditions. In Algorithm 2, we initiate our analysis with
the breakpoints identified through Algorithm 1. Consequently, as long as there are no voltage
constraints being violated, we remain on the optimal route. However, if a voltage violation occurs,
we pinpoint all potential candidates by intersecting it with all the breakpoints, and we select the
breakpoint for which Δ𝐶𝑜𝑠𝑡

Δ𝑝𝑑𝑠𝑜
is minimized.

Drawing upon the Lagrangian function and employing the Envelope theorem, we recognize that
𝜕𝐶𝑜𝑠𝑡

𝜕𝑝𝑑𝑠𝑜
is equivalent to 𝜕L

𝜕𝑝𝑑𝑠𝑜
, and we further know that 𝜕L

𝜕𝑝𝑑𝑠𝑜
= 𝜆. Hence, our selection process

focuses on the partition of 𝑝𝑑𝑠𝑜 with the minimum marginal cost, which aligns with the ultimate
goal of determining the bid-in cost function.
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