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Executive Summary 

 
FERC Order 2222 mandates incorporation of distributed energy resources (DERs) in wholesale 

markets. With this new requirement, one main power systems change is the push towards not just 

DER integration but also the reliance on these resources to be able to provide essential grid 

services. Electricity markets, grid operations, and reliability requirements are 

designed for classical assets, not emerging assets with distinct characteristics, i.e., higher 

probability of failure, lower capacity firmness, and lower impact of failure. This project addresses 

the concern of DER integration from multiple fronts: a) effective aggregation and management of 

DERs to ensure their profitability and the quality of services provided by these aggregated 

resources, b) essential market and operational reform, and c) coordination of transmission and 

distribution services provided by DERs. 

 

Part I: Intra-day DER Risk Assessment 
 

Driven by climate goals and the transition to cleaner sources of energy, it is evident that the modern 

electric grid is undergoing a significant transformation in both its generation resource mix and 

demand-side management. The current reliability practices, however, were designed for classical 

assets and not fully suited for emerging resources. This part of the work presents intra-day risk 

assessment frameworks to complement existing practices and support the effective inclusion of 

DERs in wholesale electricity markets. Suitable decision-making frameworks to model 

uncertainty, risk, and correlation have been examined from perspective of various stakeholders in 

the DER management process.  

 

In the first portion of the work, key challenges associated to participation of DERs in wholesale 

markets has been addressed from the perspective of a profit-maximizing Virtual Power Plant 

managing an aggregation of solar photovoltaic, electric storage, and residential load resources. It 

is shown that aggregation of DERs can perform comparably to conventional resources, despite 

their distinct uncertainty and variability characteristics. To address sequential decision-making 

under uncertainty, two modeling frameworks are explored: Markov Decision Processes (MDP) 

and robust optimization using Mixed Integer Linear Programming (MILP). The approaches are 

modeled to align with existing day-ahead and real-time market operations. While MDP modeling 

is conceptually consistent with sequential decision-making, it is impractical due to intrinsic 

assumptions about the system probabilities and computational intractability in VPP decision-

making. In contrast, the MILP-based framework aligned with existing steady-state power system 

practices and demonstrates satisfactory performance. The modeling emphasizes risk preference of 

aggregators and time frames of rolling forecasts for solar and load resources. Detailed insights 

about modeling intricacies and associated computational requirements have been analyzed and 

presented in the report. 

 

In the latter portion, intra-day situational awareness frameworks have been explored. Emerging 

resources such as behind-the-meter renewables and electric storage resources often lack full 

controllability and visibility to system operators managing the electric grid. To address this gap, 

an intra-day lookahead assessment framework is proposed that leverages historical performance 

of electric storage resources along with weather and price information. The framework predicts 

future state-of-charge (SOC) level and categorizes it into three zones: low, medium, and high. This 
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framework is aimed to assist system operators with downstream reserve procurement decisions 

and ensure reliability in the grid. A data-driven approach is employed to explore three statistical 

and machine learning models: (i) Seasonal ARIMA with eXogenous parameters (SARIMAX), (ii) 

Extreme Gradient Boosting (XGBoost), and (iii) Long Short-Term Models (LSTM). Detailed 

performance evaluation and comparison of the three models are presented. 

 

Part II: DER and Smart Inverter Management for Coordinating Transmission 

- Distribution Services and Enhancing Distribution System Flexibility 
 

The increasing penetration of residential roof-top photovoltaic (PV) and other Distributed Energy 

Resource (DER) units causes severe power quality issues including voltage violation and voltage 

unbalance within the distribution feeder and the transmission system. Legacy VAr devices, which 

were conventionally used to mitigate voltage violation issues within the distribution feeder, are 

incapable of providing a solution due to the fast voltage fluctuations caused by inverter-based 

resources. The sparsity and cost of installation and maintenance of these devices also prevent them 

from being an effective solution. The swift adoption of Electric Vehicles (EVs) also contributes to 

voltage unbalance issues, where the rapid change in demand due to multiple charging loads rules 

out conventional solutions to voltage balancing.  

 

Apart from this, with the introduction of FERC order 2222, the inclusion of DER aggregators in 

the wholesale markets compounds on the previously mentioned problem, posing a challenge to the 

safe and reliable operation of the transmission and distribution systems. Due to the active nature 

of modern distribution systems and modeling complexities, the ISO has no visibility over the DS 

limits while making decisions on the DER aggregator’s energy and ancillary service awards, 

leading to distribution system violations. Therefore, there is an emerging need for coordinating 

DER aggregators and transmission-distribution operations. 

 

With the introduction of the IEEE 1547-2018 standards, Smart Inverters (SIs) are enabled to 

provide reactive power support using four different operational modes and voltage support using 

one active power operational mode. The fast control action, and the distributed and localized 

presence of these SIs enable them to provide a solution to all the shortcomings mentioned above. 

To maximize the efficiency of these SIs to mitigate the issues feeder-wide, an efficient DER 

scheduling tool is required.  The consequent work presented investigates the popularly utilized 

reactive power and active power operational modes, by creating a DER scheduling tool utilizing a 

robust Distribution Optimal Power Flow (DOPF) model, the Current Voltage ACOPF 

(IVACOPF). Furthermore, a comprehensive Unified Mode Selection (UMS) framework is 

presented to optimally select the mode and set point of operation within the DER scheduling tool 

to minimize operational cost and mitigate voltage issues. The main objective of this work is to 

maximize deliverability subject to reliable and nominal distribution system operation. 

 

Learnings from this work are then leveraged in improving distribution system hosting capacity, 

managing voltage violations and, effectively, improving overall distribution system flexibility. In 

this work, using statistical information obtained from different distribution system conditions and 

data-mining algorithms, an ISO-DSO-DERA coordination framework is proposed, which allows 

DER aggregators to participate in the wholesale electric market, having visibility into the 

distribution system and considering distribution system limitations. The performance of this 
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framework is compared with the case where the ISO has no visibility over the distribution system 

limits while making decisions on the aggregator’s energy and ancillary service awards. A detailed 

unbalanced AC optimal power flow based on IVACOPF model is utilized for emulating DSO-

DERAs coordinated operations to manage distribution system limits while considering DERAs 

promised services to ISO. The effect of VAr support capability of roof-top PV unit SI is evaluated 

in increasing the distribution system flexibility to improve the deployability of the aggregators 

promised awards. The VAr capability of PV SIs is based on the IEEE 1547-2018 standard, 

formulated by mixed-integer linear constraints. An IEEE 118-bus system and unbalanced 240-bus 

distribution test system are used to compare performance of the different ISO-DSO-DERA 

coordination architectures and, transmission and distribution management during uncertain events. 

 

Part III: Stable and Fair Uniform Price Allocations of Community Aggregation 

Gains in Retail Electricity Markets 
 

The research, conducted at UC Berkeley, consists of two distinct works: a) Data-driven sizing of 

col-located storage for uncertain renewable energy, and b) Stable and fair market design in peer-

to-peer electricity markets. 

In the first work, a high-level stochastic steady-state model is proposed to analyze the value of co-

located energy storage systems for wind power producers that participate in an electricity market 

through forward contracts and use storage to unlock access to capacity payments. In particular, the 

goal is to find optimal storage and contract sizing, as well as stationary operating policies for profit 

maximization in the long run. We propose a Markovian stylized model calibrated to actual wind 

power production that allows us to obtain limiting distributions of battery storage levels, assess 

the value of storage size and perform a sensitivity analysis on key parameters such as contract 

prices, capacity payments and storage efficiency. We develop the case with contracts of constant 

price, outline how this model can be extended to a variable-price setting and discuss potential 

challenges in that avenue. 

 

The advent of differentiated prices for consuming (buying) and injecting (selling) electricity at the 

residential level promotes the emergence of local peer-to-peer electricity markets for prosumers, 

which can deliver savings to participants as long as an attractive cost sharing mechanism can be 

designed. Building on cooperative game theory models that have been proposed in the literature, 

we define the uniform price core, a class of desirable distribution of savings in this context, and 

prove constructively that it is not empty. We propose the shadow price imputation, a 

computationally efficient stable uniform price imputation, which we show to be equivalent to a 

dual imputation in the sense of cooperative linear production games. In the second part of the 

chapter, we compare the shadow price imputation to other imputations in the uniform price core 

through the lens of fairness. To overcome the challenge of tractability for larger numbers of 

participants, we extend an existing sampling methodology and apply it to optimization problems 

devised to obtain a fair imputation. The long-term incentive implications for different stakeholders, 

as well as a generalization to a stochastic case where the uncertainty in renewable production and 

local demand is considered, are also discussed. We present theoretical results and numerical 

experiments and examples to illustrate our approach. 

 

 



 

v 

 

Project Publications: 

[1]  T. Roy, A. K. Jana, and K. W. Hedman, “Optimization of Aggregated Energy Resources 

using Sequential Decision-making,” in 2022 North American Power Symposium (NAPS), 

2022, pp. 1–6. doi: 10.1109/NAPS56150.2022.10012186. 

[2] T. Roy and K. W. Hedman, “Risk Quantification with Management of Aggregated Energy 

Resources,” in 2024 IEEE Power & Energy Society General Meeting (PESGM), 2024, pp. 

1–5. doi: 10.1109/PESGM51994.2024.10689045. 

[3] T. Roy and K. W. Hedman, “A Sequential Decision-making Framework for Management 

of Aggregated Energy Resources,” - Under preparation. 

[4] T. Roy and K. W. Hedman, “Intra-day Lookahead Models for Energy Storage Resources 

Using Time Series Prediction,” - Under preparation. 

[5] H. K. A. Parthasarathy, Z. Soltani and M. Khorsand, “Operational DER Scheduling Tool 

for Unbalanced Distribution Systems Considering Watt-VAr Controllers of PV Smart 

Inverters” 2023 NAPS, NC, USA, pp. 1-6.  

[6] H. K. A. Parthasarathy, M. Ghaljehei, Z. Soltani and M. Khorsand, “Qualification and 

Disqualification of Aggregator’s Energy and Ancillary Service Awards in Wholesale 

Markets”, Submitted for review, IEEE Open Access Journal of Power and Energy. 

[7] H. K. A. Parthasarathy, Z. Soltani and M. Khorsand, “Unified Mode Selection Framework 

for Real-Time VAr Optimization Tool in Unbalanced Distribution Systems” , To be 

submitted. 

[8] T. V. Zuluaga and S. S. Oren, "Data-Driven Sizing of Co-Located Storage for Uncertain 

Renewable Energy," in IEEE Transactions on Energy Markets, Policy and Regulation, vol. 

1, no. 4, pp. 348-359, Dec. 2023, doi: 10.1109/TEMPR.2023.3277844. 

[9] T. V. Zuluaga and S. S. Oren, "Cost Sharing Mechanism with Statistical Learning for Peer-

to-Peer Energy Trading," 2023 IEEE Power & Energy Society General Meeting (PESGM), 

Orlando, FL, USA, 2023, pp. 1-5, doi: 10.1109/PESGM52003.2023.10253145. 

[10] T. V. Zuluaga and S. S. Oren, “Sizing co-located storage for uncertain renewable energy 

sold through forward contracts,” arXiv preprint arXiv:2207.12619, 2022. 

 

Student Theses: 

[1] T. V. Zuluaga, “Optimization of electricity systems under uncertainty,” Ph.D. dissertation, 

UC Berkeley, 2024. 

[2] H. K. A. Parthasarathy, “A Unified Mode Selection Framework for DER Scheduling Tool 

Considering Unbalanced Distribution Systems” Order No. 31336937, Arizona State 

University, United States -- Arizona, 2024. (Student is pursuing a PhD in Power and 

Energy Systems at Arizona State University) 

[3] T. Roy, “Modeling and Characterization of Distributed Energy Resources in Electricity 

Markets”. PhD dissertation. Expected Graduation: 2026. 

 



 

 

 

 

 

 

 

 

 

 

 

Part I 

 

Intra-day DER Risk Assessment 

 

 

 
Kory W. Hedman 

Trishant Roy, Graduate Student 

 

Arizona State University 
 
 

 



 

 

For information about this project, contact 

 

Kory W. Hedman 

Arizona State University 

School of Electrical. Computer, and Energy Engineering 

P.O. Box 875706 

Tempe, AZ 85287-5706 

Phone: 510-225-5987 

Email: khedman@asu.edu 

 

 

Power Systems Engineering Research Center 

 

The Power Systems Engineering Research Center (PSERC) is a multi-university Center 

conducting research on challenges facing the electric power industry and educating the next 

generation of power engineers. More information about PSERC can be found at the Center’s 

website: http://www.pserc.org. 

 

 

For additional information, contact: 

 

Power Systems Engineering Research Center 

Arizona State University 

527 Engineering Research Center 

Tempe, Arizona 85287-5706 

Phone: 480-965-1643 

Fax: 480-727-2052 

 

 

Notice Concerning Copyright Material 

 

PSERC members are given permission to copy without fee all or part of this publication for internal 

use if appropriate attribution is given to this document as the source material. This report is 

available for downloading from the PSERC website. 

 

 

© 2025 Arizona State University. All rights reserved



i 

Table of Contents 

1. Introduction .............................................................................................................................. 1 

1.1 Background...................................................................................................................... 1 

1.1.1 Conventional Mindset for Managing Risk ............................................................... 1 

1.1.2 Reliability Modeling in Power Systems: N-1........................................................... 2 

1.1.3 Distributed Energy Resources .................................................................................. 2 

1.2 Challenges with N-1 and Need for Better Risk Management ......................................... 4 

1.3 Report Organization ........................................................................................................ 6 

2. Agent-Level Decision-Making using Markov Decision Processes ......................................... 7 

2.1 Mathematical Model of the System ................................................................................. 7 

2.1.1 State and Action Variables ....................................................................................... 7 

2.1.2 Constraints ................................................................................................................ 8 

2.1.3 Objective Function ................................................................................................... 9 

2.2 Methodologies/Algorithms .............................................................................................. 9 

2.2.1 Dynamic Programming ............................................................................................ 9 

2.2.2 Q-learning ............................................................................................................... 10

2.3 Case Studies and Results ............................................................................................... 11 

2.3.1 Deterministic Scenario ........................................................................................... 12 

2.3.2 Performance of DP in Stochastic Scenarios ........................................................... 13 

2.3.3 Performance of Q-learning in Stochastic Scenarios ............................................... 14 

2.3.4 Comparison of Algorithms in Various Scenarios................................................... 15 

2.4 Conclusion ..................................................................................................................... 17 

3. A Sequential Decision-making Framework for Aggregated Energy Resources .................. 18 

3.1 Introduction ................................................................................................................... 18 

3.1.1 Literature Survey .................................................................................................... 19 

3.1.2 Key Contributions and Chapter Structure .............................................................. 21 

3.2 Mathematical Modeling................................................................................................. 22 

3.2.1 Overview of Aggregator and Market Operations Timelines .................................. 22 

3.2.2 Day-Ahead Decision-making ................................................................................. 23 

3.2.3 Real-Time Decision-making .................................................................................. 25 

3.3 Case Studies and Analysis ............................................................................................. 28 

3.3.1 Aggregator Details and Dataset Information.......................................................... 28 



ii 

3.3.2 Sample Simulation .................................................................................................. 29 

3.3.3 Effect of Day-Ahead and Real-Time Risk Preferences........................................... 31 

3.3.4 Influence of Forecast Information Availability ....................................................... 33 

3.3.5 Computational Analysis ...........................................................................................35 

3.4 Conclusion ...................................................................................................................... 36 

4. Lookahead Tools for Energy Storage Resources .................................................................... 38 

4.1 Introduction .................................................................................................................... 38 

4.1.1 Background and Motivation .................................................................................... 38 

4.1.2 Literature Review .................................................................................................... 39 

4.1.3 Key Contributions and Chapter Structure ............................................................... 40 

4.2 Mathematical Modeling Preliminaries ........................................................................... 40 

4.2.1 SARIMAX............................................................................................................... 40 

4.2.2 XGBoost .................................................................................................................. 41 

4.2.3 LSTM-based Models ............................................................................................... 42 

4.3 Case Study: Aggregator with only ESR Resources ........................................................ 42 

4.3.1 Dataset Generation and Preprocessing .................................................................... 43 

4.3.2 Model Training ........................................................................................................ 43 

4.3.3 Performance Comparison ........................................................................................ 47 

4.4 Conclusion ...................................................................................................................... 51 

5. Summary ................................................................................................................................. 52 

References ..................................................................................................................................... 53 



iii 

List of Figures 

Figure 1.1 Resources integrated in modern electricity grids .......................................................... 3 

Figure 1.2 Illustration of operational characteristics modeled by N-1 (red) and of DERs (green) (i) 

Orthographic projection (ii) Planar depiction ................................................................................. 5 

Figure 1.3 Overview of the report organization.............................................................................. 6 

Figure 2.1 Action variables considered in the formulation............................................................. 8 

Figure 2.2 Comparison of dynamic programming results for scenario D1 .................................. 13 

Figure 2.3 Dependence of ϵ on convergence ................................................................................ 14 

Figure 2.4 Evolution of expected profit with increase in episodes in scenarios 1 (top) and 2 

(bottom)......................................................................................................................................... 15 

Figure 2.5 Comparison of policies from dynamic programming and Q-learning for various 

runs/cases ...................................................................................................................................... 16 

Figure 3.1 Progression of demand uncertainties over different time frames (day-ahead, intra-day, 

intra-hour) for the operating period starting at 8 pm. ................................................................... 19 

Figure 3.2 Overview of the market clearing and aggregator decision-making timelines ............. 22 

Figure 3.3 Illustration of risk-avoidance/conservative (left) and risk-taking/risky (right) profiles 

for solar and load resources .......................................................................................................... 24 

Figure 3.4 Decision-making process for the aggregator during real-time stages ......................... 25 

Figure 3.5 Combination of intra-hour, intra-day, and day-ahead forecast information at 11 am . 26 

Figure 3.6 Aggregator input data for day-ahead stage decisions .................................................. 29 

Figure 3.7 Aggregator battery and bid decisions for day-ahead stage .......................................... 30 

Figure 3.8 Flowchart depicting the sequential process of the simulations ................................... 30 

Figure 3.9 Simulation snapshot of the solar and load profiles at 1:45 pm.................................... 31 

Figure 3.10 Simulation snapshot of battery and bidding decisions at 1:45 pm ............................ 31 

Figure 3.11 Comparison of day-ahead risk preferences in DAM ................................................. 32 

Figure 3.12 Effect of day-ahead risk preferences in real-time stages ........................................... 32 

Figure 3.13 Effect of different risk preferences in real-time stages ............................................. 33 

Figure 3.14 Effect of different forecasting variations on RTM bids ............................................ 34 

Figure 3.15 Effect of different forecasting variations on battery power and energy level ........... 34 

Figure 3.16 Computational time for each of the decision-making stages throughout the day ..... 35 

Figure 3.17 Computational time for all decision-making stages with varying risk preferences .. 36 

Figure 3.18 Computational time requirement for each real-time stage ........................................ 36 

Figure 4.1 Progression of utility-scale ESR capacities by application in the United States [51] . 38 



 

iv 

 

Figure 4.2 Structure of an LSTM cell [77] ................................................................................... 42 

Figure 4.3 Rolling horizon approach to create the dataset from time series data ......................... 43 

Figure 4.4 PACF and ACF plots for the SOC level time series ................................................... 44 

Figure 4.5 LSTM model architecture............................................................................................ 45 

Figure 4.6 Training and validation losses during LSTM model training ..................................... 46 

Figure 4.7 Comparison of predictions from different models for a common test sample ............ 47 

Figure 4.8 Error metrics for the three models across the forecasting horizon .............................. 48 

Figure 4.9 Performance of the SARIMAX model for category prediction across various time stages

....................................................................................................................................................... 49 

Figure 4.10 Performance of the XGBoost model for category prediction across various time stages

....................................................................................................................................................... 50 

Figure 4.11 Performance of the LSTM model for category prediction across various time stages

....................................................................................................................................................... 50 

 



v 

List of Tables 

Table 1.1 Modeling of various events/features using N-1 criterion for different assets ................. 5 

Table 2.1 Scenarios considered in this work ................................................................................ 11 

Table 2.2 Data for scenario D1 ..................................................................................................... 12 

Table 2.3 Performance of dynamic programming on stochastic scenarios .................................. 13 

Table 2.4 Performance of Q-learning on stochastic scenarios ...................................................... 15 

Table 2.5 Comparison of performances of policies from dynamic programming and Q-learning17 

Table 3.1 Comparison of modeling and analysis insights across papers for aggregator decision-

making........................................................................................................................................... 20 

Table 3.2 System details ............................................................................................................... 28 

Table 3.3 Details about lookahead forecasts in real-time stages .................................................. 29 

Table 3.4 Effect of day-ahead risk preferences on settlement costs ............................................. 32 

Table 3.5 Effect of different risk preferences in real-time stages. ................................................ 33 

Table 3.6 RTM settlements with different forecasting variations ................................................ 34 

Table 4.1 Range and nature of sampling process for the Optuna study ....................................... 45 

Table 4.2 A sample of hyperparameter combinations tested using Optuna for LSTM model tuning

....................................................................................................................................................... 46 

Table 4.3 Comparison of various models based on classification accuracies across various 

timeframes..................................................................................................................................... 49 

Table 4.4 Computational time requirements for each framework ................................................ 51 



 

1 

 

1. Introduction 

In the modern world, electricity is a fundamental necessity in the world, and electric grids are the 

infrastructure backbone for energy supply [1]. These electric grids have been developing and 

incorporating the environmental, economic, and technical requirements of society. 

 

In recent times, there has been an increased demand for sustainable energy and efficient use of 

resources. Hence, distributed energy resources (DERs) will be a significant part of the future 

electric grid. According to International Energy Agency (IEA), the global renewable resource 

capacity is expected to rise to over 4800 GW by 2026 - equivalent to the combined current global 

capacities of fossil fuels and nuclear resources [2]. Other DERs, like demand-side management, 

standalone storage devices, and electric vehicles, are also gaining popularity for achieving the goal 

of an efficient electric grid. Hence, future grid operations is a crucial research area for the power 

engineering community.  

 

One of the primary objectives, operating cost of the electric grid, is largely dependent on the 

decisions taken by grid operators. These decisions include generator dispatch schedules, 

procurement of reserves, maintenance scheduling, etc. The grid operators must ensure that 

electricity is delivered efficiently, reliably, and securely while meeting the energy needs of society 

at all times. To ensure this, system operators protect the grid against uncertainties such as weather 

events, equipment failures, cyber-attacks, and other disruptions. Hence, accurate modeling and 

efficient use of resources are essential for cost-effective grid operations. These can be achieved 

through effective risk management strategies. 

 

The introductory chapter provides a brief overview of the key topics covered in the report. It 

introduces a brief background of risk management, reliability modeling, and distributed energy 

resources and their interdependence with modern electric system operations. The chapter also 

highlights the main challenges that will be addressed in the report and the expected contributions 

of the research. 

1.1 Background 

1.1.1 Conventional Mindset for Managing Risk 

From the beginning of human history, our ancestors, i.e., early humans were exposed to various 

risks [3]. They had to protect themselves against dangerous animals, various diseases, and natural 

hazards. The ancestral mentality to tackle these challenges was primarily to avoid them. For 

instance, if there was a wild animal in the vicinity, human would relocate and the community 

would abandon the whole area. Similarly, the sick individuals were isolated to prevent infection 

in the rest of the community. These were "risk-averse" strategies, i.e., avoiding potential dangers 

wherever possible. 

 

The origin of risk management is briefly described in Peter L. Bernstein's book "Against the Gods: 

The Remarkable Story of Risk" [4]. The author describes how humans questioned that the future 

does not occur by random events generated by Gods, and how people began to understand risks. 
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He also argues that the ability to measure and manage risk has been a key driver of economic 

growth and technological progress, which has enabled human society to overcome many of the 

challenges and dangers that once seemed insurmountable. 

 

Risk management has evolved, both theoretically and technically, over the years. It is used as a 

tool to identify, assess, and manage risks in various areas of daily life, and helps to reduce potential 

financial losses, environmental damage, and human casualties. In modern times, it is widely used 

in project management, financial applications (e.g., trading, loans, and insurance), and operational 

problems like electric systems, transportation, manufacturing, etc. 

1.1.2 Reliability Modeling in Power Systems: N-1 

Electric grids are interconnected networks of transmission lines, connected generators, and loads. 

Failure of any of these components can restrict energy supply and can also damage other 

components. Hence, electric grid operators need to consider and model the unplanned interruptions 

or damages of these components. Similar to our ancestors, engineers in the 19th century developed 

a risk-averse criteria to protect the electric grid from "beasts" i.e. the outages in the electric 

network. This criterion was termed as N-1 security. By definition, a system is N-1 secure if it can 

maintain its normal operations in the event of a single loss of a generator, transmission line, or 

transformer. 

 

Apart from the ancestral risk preference, there were various technical factors that led to the 

adoption of N-1. First, traditional power plants have been bulk/large in nature with a low 

probability of failure. Second, an outage in traditional generators occurs due to faults, which leads 

to generator getting disconnected from the grid. This leads to complete loss of generation from the 

generator. Third, the outages of traditional generators are generally uncorrelated. This is because 

faults in the network are often independent, i.e., one fault does not generally induce another fault 

at a different location due to existing protection schemes. Due to these reasons, protecting against 

one outage protects the system against the most probable outage events. Mathematically, if the 

probability of an outage is 2%, then the probability of two simultaneous outages is 0.04% (i.e., 2% 

of 2%). However, with the rapid integration of renewable-based technologies and developments 

in energy management, there are arising challenges in operations of modern electricity grids. 

1.1.3 Distributed Energy Resources 

Distributed Energy Resources (DERs) present various operational challenges for modern electric 

grids. Fossil fuels like coal and natural gas have been the conventional sources of generating 

electricity since the 19th century. As the world shifts towards more sustainable and clean energy 

sources to conserve natural resources and reduce the carbon footprint, the same is reflected in 

electrical power systems. Examples of clear energy sources include solar, wind, biomass, 

hydroelectric, etc. While the pros of using renewable and sustainable energy sources outweigh the 

cons, it poses some technical and financial challenges to the electrical power grid. Technologies 

like battery storage and demand-side management are also developing to support the electric grid. 

These technologies help the grid by shifting the demand profile, reducing the peak demand, and 

providing emergency services. Figure 1.1 depicts the conventional resources like coal power 
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plants, natural gas plants, and diesel generators, and newer technologies like electric vehicles, solar 

PV, wind, demand response, etc. 

 

 

Figure 1.1 Resources integrated in modern electricity grids 

1.1.3.1 Fundamental Challenges 

One of the main challenges in including renewable energy sources in the power grid is the 

uncertainty associated with the energy source itself. The inability to forecast the energy accurately 

makes the system stochastic. For example, solar energy, the renewable source considered in the 

current work, has two kinds of variability associated with the sunshine - predictable and stochastic 

variability [5]. The sunrise and sunset times in an area can be predicted accurately. Similarly, we 

can also predict that the sunshine hours in the winter will be less than in summer. These come 

under predictable variability. On the other hand, on a cloudy day, it is challenging to predict the 

sunshine even within an hour. This comes under the category of stochastic variability, i.e., 

uncertainty. We are mainly concerned with the stochastic variability because if we connect the 

solar energy source to the grid directly as per the predicted sunshine values, and there is a 

significant deviation of the actual sunshine from the predicted value, this will create a supply-

demand gap in the system. The consequences could go both ways - one, if the actual solar power 

generated is less than the predicted value, there will be a shortage in supply while the demand will 

be high. To balance the system, load shedding will happen, leading to a loss of customer trust in 

the utility. The possible scenario is when the actual solar power generated is more than the 

predicted solar power; this means excess power is pushed into the grid, which may result in grid 

instabilities (like line overflows). As we understand, the consequences can be both financial and 

technical, so a mechanism is needed to mitigate these concerns. 

 

Moreover, traditional energy sources like coal and natural gas plants have a firm capacity and are 

fully dispatchable. On the hand, renewable sources are non/semi-firm and semi-dispatchable. This 

is due to the variable nature of renewables. Also, there is limited visibility and control for 

distribution utilities and system operators, especially for the renewable resources owned by 
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residential or commercial customers. These limitations pose concerns related to reliability in the 

integration of renewables in power system operations. 

 

Other distributed energy resources like demand response, storage, electric vehicles, etc. also have 

the fundamental problems of stochastic variability, limited visibility and control. It is challenging 

to predict the behavior for human-in-the-loop resources like demand response and electric 

vehicles. For these resources, modeling either variability, predictable or stochastic, is challenging 

since they are primarily dependent on user preferences. This lack of knowledge limits their usage, 

especially during emergency operations. Aggregation of these resources can help in better 

management and increase in reliability for the system. 

1.2 Challenges with N-1 and Need for Better Risk Management 

The N-1 security criterion is a modeling technique that has ensured sufficient reliability for 

decades. The simplicity of the criteria in managing the operations despite unforeseen failures is 

remarkable. Similar to transmission lines and traditional generators, N-1 can accurately model the 

complete failure of an aggregator - for instance, due to an electrical fault leading to disconnection 

of the aggregator. N-1 can also model outages in DERs that are independent of one another. For 

example, a large solar PV plant's generation is independent of aggregated wind plants. 

 

However, the assumptions due to which N-1 sufficed are not valid anymore with the introduction 

of newer technologies. An outage in traditional generators leads to a complete loss of generation 

from the generator. However, there is generally a partial loss of generation in the case of DERs 

due to unknown or unforeseen events. Moreover, the probability of failure is not insignificant due 

to the intrinsic dependence on the environment and user preference. Also, there is a correlation of 

outputs between DERs. For example, a decrease in the generation of a solar plant would likely 

lead to a decrease in nearby solar plants. Correlation between different types of assets, like storage 

and renewables, is also possible. The difference is illustrated in the figure below, where three key 

characteristics: probability of failure, impact of failure, and correlation with other assets are 

modeled for DERs and the scope of N-1 criteria. We observe that DERs are high-probability, high-

correlation-type resources, whereas N-1 can only accurately model low-probability, low-

correlation resources. 
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Figure 1.2 Illustration of operational characteristics modeled by N-1 (red) and of DERs (green) (i) 

Orthographic projection (ii) Planar depiction  

The differences between DERs and traditional generators are further highlighted in Table 1.1. 

There are other unknown events, like deviation due to weather events, changes in user behavior, 

etc., for which N-1 was not designed. Moreover, additional modeling considerations, including 

dependence on weather, user preferences, and correlation with other assets, are required to reliably 

and efficiently operate DERs. In conclusion, although N-1 can model unplanned failures in 

conventional generators, it is insufficient to model DERs. Therefore, proper risk management and 

reliability criteria are required to ensure energy security and efficient economics of the electric 

grid. Also, there is a need to develop reasonable models to characterize the dependencies and 

correlations mentioned earlier. 

 

Table 1.1 Modeling of various events/features using N-1 criterion for different assets 

Assets Characteristics Events/features not 

modeling in N-1 

Degree of match 

with N-1 

Conventional 

Generators 

Firm capacity, 

dispatchable, controllable 

Probabilistic nature of 

failures 

High 

Renewables Intermittent, non-

dispatchable, uncertain 

Weather events, 

correlation with other 

assets 

Medium 

Energy Storage Controllable Charging behavior, 

correlation with other 

assets 

Low 

Electric Vehicles Non-firm, uncertain, 

mobile, user dependent 

Charging/user 

behavior, correlation 

with other assets 

Low 

Demand-side 

Management 

Semi/non-controllable, 

user dependent 

User behavior, 

correlation with other 

assets 

Low 
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1.3 Report Organization 

The organization of the remaining report is as follows: 

• Chapters 2 and 3 address the inclusion of DERs from an aggregator/Virtual Power Plant 

perspective. Two popular and effective modeling frameworks, namely, Markov Decision 

Processes and Mixed-Integer Linear Programming, have been explored. 

• Consequently, Chapter 4 address operational challenges from the system operator’s 

perspective. It presents intra-day lookahead models to predict and assess future storage 

level of electric storage models in the electric network. 

• Chapter Error! Reference source not found. summarizes the various methodologies and the 

key findings of the report. 

 

Figure 1.3 Overview of the report organization 

Report 
Organization

Introduction 
(Chapter 1)

Agent-level 
Formulations

Markov Decision 
Processes (Chapter 

2)

Mixed-Integer 
Linear 

Programming 
(Chapter 3)

System-level 
Situational Tools

Battery Prediction 
(Chapter 4)

Summary (Chapter 
5)
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2. Agent-Level Decision-Making using Markov Decision Processes 

In this chapter, a decision-making strategy is formulated for aggregators with multiple resources 

such as solar PV, battery, and demand. This chapter presents our first approach in developing a 

suitable decision-making framework for DER aggregators. The problem is analogous to decision-

making by an aggregator in the real-time stage of wholesale electricity markets, i.e., it bids in the 

real-time market to procure/sell the deficit/excess energy after accounting for the expected net 

demand and bid from the day-ahead market.  

 

A Markov Decision Process (MDP) model is used to describe the aggregated system, including 

defining the objective function, state variables, action variables, transition probabilities, and 

constraints for the problem. Two sequential decision-making algorithms, dynamic programming 

and Q-learning, are then implemented and compared for deterministic and stochastic case studies. 

 

The aggregation management problem can be related to other real-world problems, and we look 

to leverage prior efforts to develop a decision-making approach. On the one hand, some research 

works have used the reinforcement learning approach to solve problems such as strategy 

optimization in algorithmic trading [6], cost optimization in stochastic shortest-path problems [7] 

and net power-bill optimization for residential households [8]. On the other hand, there is another 

set of research works, [9], [10], [11], [12], [13], [14], which have tried to solve similar energy 

storage capacity problems with dynamic programming. Motivated by both categories of past 

research, our work focuses on using two state-of-the-art techniques - dynamic programming (DP) 

and reinforcement learning to solve the aggregated resource management problem. We have used 

dynamic programming [15], [16], [17] and Q-learning [15], [18], [19], [20] approaches in this 

chapter and compared their performance. 

 

In the further sections, more details about the implementation and performance of the algorithms 

are presented. Section 2.1 presents the mathematical modeling of the system. The methodologies 

and algorithms implemented to determine a suitable policy are presented in Section 2.2. The case 

studies and their results are discussed in Section 2.3 and summarized in Section 2.4. 

2.1 Mathematical Model of the System 

The decision-making framework is formulated as a Markov Decision Process (MDP) in this work. 

The framework is motivated by [21]. Let the length of the time horizon be 𝑇, i.e., the time horizon 

is from 𝑡 = 1 to 𝑡 = 𝑇. Let 𝑅𝑡, 𝐸𝑡, 𝐷𝑡, and 𝑃𝑡 denote the battery level, solar generation, total 

demand, and electricity price respectively at time 𝑡. 

 

The battery parameters considered in the model are: (i) battery capacity (𝑅𝑚𝑎𝑥), (ii) maximum 

charging and discharging rate (𝛾𝑐, 𝛾𝑑), (iii) charging and discharging efficiency (𝛽𝑐 , 𝛽𝑑). 

2.1.1 State and Action Variables 

The state variable consists of the battery level (𝑅𝑡), solar generation (𝐸𝑡), total demand (𝐷𝑡), and 

electricity price (𝑃𝑡), i.e., 
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𝑆𝑡 = (𝑅𝑡 , 𝐸𝑡
𝑆 , 𝐷𝑡

𝑆 , 𝑃𝑡
𝑆) (2.1) 

 

Among these, the solar generation, total demand, and electricity price are stochastic in nature and 

independent of the action chosen by the utility. 

 

The action/decision variable is the set of the various possible interactions between resources in the 

system. The interactions considered in this work are depicted in Figure 2.1. 

𝑥𝑡 = (𝑥𝑡
𝑠𝑑 , 𝑥𝑡

𝑔𝑑
, 𝑥𝑡

𝑟𝑑 , 𝑥𝑡
𝑠𝑟 , 𝑥𝑡

𝑔𝑟
, 𝑥𝑡

𝑟𝑔
, 𝑥𝑡

𝑠𝑔
) ≥ 0 (2.2) 

 

Please note that the formulation presented in [21] did not consider the solar to grid interaction 

(𝑥𝑡
𝑠𝑔

) in the action variables. The effect on the total profit of considering 𝑥𝑡
𝑠𝑔

 is presented through 

case studies in Section 2.3.   

 

Figure 2.1 Action variables considered in the formulation 

 

The next state of the battery from battery state, 𝑅𝑡, and action, 𝑥𝑡, is: 

𝑅𝑡+1 = 𝑅𝑡 + β𝑐(𝑥𝑡
𝑔𝑟

+ 𝑥𝑡
𝑠𝑟) − 𝑥𝑡

𝑟𝑔
− 𝑥𝑡

𝑟𝑑 (2.3) 

 

2.1.2 Constraints 

The feasible action space, Xt(𝑆𝑡), for any state 𝑆𝑡 is found through the constraints presented below. 

The cumulative energy transfer from solar, battery and grid to the load will be used to satisfy the 

demand. Hence, 

𝑥𝑡
𝑠𝑑 + β𝑑𝑥𝑡

𝑟𝑑 + 𝑥𝑡
𝑔𝑑

= 𝐷𝑡 (2.4) 

 

Since the battery cannot dispatch more than its current level, the exchange of battery to demand 

and battery to grid variables are constrained. 

𝑥𝑡
𝑟𝑑 + 𝑥𝑡

𝑟𝑔
≤ 𝑅𝑡 (2.5) 
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Also, since the battery cannot be charged more than its rated value, the energy flowing to the 

battery is constrained. 

𝑥𝑡
𝑠𝑟 + 𝑥𝑡

𝑔𝑟
≤ 𝑅𝑚𝑎𝑥 − 𝑅𝑡 (2.6) 

 

Balancing the energy from solar generation, 

𝑥𝑡
𝑠𝑟 + 𝑥𝑡

𝑠𝑑 + 𝑥𝑡
𝑠𝑔

= 𝐸𝑡 (2.7) 

 

Maximum charging and discharging power limits are also considered as follows:  

𝑥𝑡
𝑠𝑟 + 𝑥𝑡

𝑔𝑟
≤ γ𝑐 (2.8) 

𝑥𝑡
𝑟𝑑 + 𝑥𝑡

𝑟𝑔
≤ γ𝑑 (2.9) 

 

2.1.3 Objective Function 

The profit when action 𝑥𝑡 is chosen at state 𝑆𝑡 is given by: 

𝑟(𝑆𝑡 , 𝑥𝑡) = 𝑃𝑡(𝐷𝑡 + β𝑑𝑥𝑡
𝑟𝑔

− 𝑥𝑡
𝑔𝑟

− 𝑥𝑡
𝑔𝑑

)
̇ (2.10) 

 

Overall, the goal of the utility is to find the optimal policy (𝜇) to maximize its total profit 

𝑉μ(𝑠) = max
μEμ

[∑ 𝑟(𝑆𝑡 , μ𝑡(𝑆𝑡))

𝑇−1

𝑡=1

] (2.11) 

 

Hence, the resulting problem is of the undiscounted finite horizon type and a non-stationary (i.e. 

time dependent: μ = (μ1, … , μ𝑇−1)) policy is required for this problem. 

         

Given the sequential nature of the problem, dynamic programming and Q-learning (a 

reinforcement learning strategy) are tested and analyzed. 

2.2 Methodologies/Algorithms 

2.2.1 Dynamic Programming 

Dynamic programming is a powerful method to determine the optimal policy for a Markov 

Decision Process. It divides the problem (2.11) into several one-stage sub-problems [22]. 

 

Let's define a value function, 𝑉𝑡(𝑆𝑡), to denote the expected profit for the utility starting from state 

𝑆𝑡 and time 𝑡. According to the Bellman equation: 

𝑉𝑡(𝑆𝑡) = max
𝑥𝑡∈Xt(𝑆𝑡)

(𝑟(𝑆𝑡 , 𝑥𝑡) + 𝐸[𝑉𝑡+1(𝑓(𝑆𝑡 , 𝑥𝑡))]) (2.12) 

 

where 𝑟(𝑆𝑡 , 𝑥𝑡) is the profit of the utility when action 𝑥𝑡 is applied at state 𝑆𝑡, and 𝑆𝑡+1 = 𝑓(𝑆𝑡 , 𝑥𝑡). 

Starting from the last time period, the Bellman equation is used to iteratively evaluate the value 

function for all states and all time periods. 
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The algorithm is summarized in Algorithm 1. The 𝑛𝑒𝑥𝑡_𝑣𝑎𝑙𝑢𝑒 (defined in line 7, equal to 

𝐸[𝑉𝑡+1(𝑓(𝑆𝑡 , 𝑥𝑡))]) is calculated as follows: 

𝑛𝑒𝑥𝑡_𝑣𝑎𝑙𝑢𝑒 = ∑ 𝑝(𝑆𝑡+1|𝑆𝑡 , 𝑥𝑡)

𝑆𝑡+1∈S

⋅ 𝑉𝑡+1(𝑆𝑡+1) (2.13) 

where 𝑝(𝑆𝑡+1|𝑆𝑡 , 𝑥𝑡) is the transition probability of reaching state 𝑆𝑡+1 when current state, 𝑆𝑡, and 

action 𝑥𝑡 are given. 

 

Algorithm 1: Dynamic Programming 

 

    Result: Returns policy μ = (μ1, … , μ𝑇−1) and value function 𝑉𝑡(𝑆𝑡) ∀𝑡, 𝑆𝑡 ∈ S. 

    Given: r: function to calculate profit   

    f: function to calculate next state   

 

1. Initialize: 𝑉𝑇(𝑆𝑇) ← 0 ∀ 𝑆𝑇 

 

2. for 𝑡 = 𝑇 − 1 to 1 do   

3.  for 𝑆𝑡 in 𝑆 do   

4.    action_space ← get_action_space(𝑆𝑡)   

5.    best_value ← −∞   

6.    for action in action_space do   

7.      next_value ← get_next_value(𝑆𝑡, action)   

8.      if best_value < r(𝑆𝑡, action) + next_value then   

9.        best_value ← r(𝑆𝑡, action) + next_value   

10.         best_action ← action   

11.       end   

12.    end 

13.    𝑉𝑡(𝑆𝑡) ← best_value   

14.     𝜇𝑡(𝑆𝑡) ← best_action   

15.  end   

16. end 

2.2.2 Q-learning 

A property of Q-learning over dynamic programming is that it does not require the information of 

state transition probabilities. This is an advantage since, in many applications, this information 

may not be available or may not be accurate. Moreover, different stakeholders may consider 

different values in applications where the costs and profits are associated with the probability 

metrics. 

 

The Q-learning algorithm has been summarized in Algorithm 2. The main principle of the strategy 

is that Q-factors for all state-action pairs are updated through a series of runs on the system. The 

update uses previous Q-values, current profit, and the best Q-value of the next state (line 9). 

 

A trade-off between exploration and exploitation is present in this strategy. The 𝜀-greedy approach 

[23] has been used to choose the actions. First, a random number between 0 and 1 is generated. If 
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the random number is less than a pre-defined threshold (𝜀), the best action using the current Q-

values is chosen. Else, a random action is chosen. Mathematically, 

 

𝑥𝑡 = {
𝑎𝑟𝑔 𝑚𝑎𝑥

𝑥
𝑄 (𝑆𝑡 , 𝑥), 𝑖𝑓 𝑟𝑎𝑛𝑑𝑜𝑚 𝑛𝑢𝑚𝑏𝑒𝑟 < 𝜀

𝑐ℎ𝑜𝑜𝑠𝑒 𝑟𝑎𝑛𝑑𝑜𝑚 𝑎𝑐𝑡𝑖𝑜𝑛, 𝑒𝑙𝑠𝑒.
(2.14)            

 

 

Algorithm 2: Q-learning 

    Result: Returns Q-values, 𝑄𝑡(𝑆𝑡 , 𝑥𝑡) ∀𝑡, 𝑆𝑡 ∈ S, 𝑥𝑡.  

1 Given: numEpisodes, batt_start_state 

2 Initialize: 𝑄𝑡(𝑆𝑡, 𝑥𝑡), 𝑁𝐶𝑜𝑢𝑛𝑡𝑡(𝑆𝑡 , 𝑥𝑡) ← 0    ∀𝑆𝑇 , 𝑥𝑇 ∈ X𝑇(𝑆𝑇)  

3 for 𝑒𝑝𝑖𝑠𝑜𝑑𝑒 in 1, … , 𝑛𝑢𝑚𝐸𝑝𝑖𝑠𝑜𝑑𝑒𝑠 do 

4  𝑆1 ← 𝑏𝑎𝑡𝑡_𝑠𝑡𝑎𝑟𝑡_𝑠𝑡𝑎𝑡𝑒 

5  for 𝑡 = 1 𝑡𝑜 𝑇 − 1 do 

6   action ← 𝜖-greedy_approach(𝑆𝑡) 

7   apply action: get reward, 𝑟(𝑆𝑡 , 𝑥𝑡) and next state, 𝑆𝑡+1   

8   𝑁𝐶𝑜𝑢𝑛𝑡𝑡(𝑆𝑡 , 𝑥𝑡) ← 𝑁𝐶𝑜𝑢𝑛𝑡𝑡(𝑆𝑡 , 𝑥𝑡) + 1     

9 
  𝑄𝑡(𝑆𝑡, 𝑥𝑡) ← 𝑄𝑡(𝑆𝑡, 𝑥𝑡) + {𝑟(𝑆𝑡, 𝑥𝑡) + 𝑄𝑡(𝑆𝑡, 𝑛𝑒𝑥𝑡_𝑏𝑒𝑠𝑡_𝑎𝑐𝑡𝑖𝑜𝑛) −

𝑄𝑡(𝑆𝑡,𝑥𝑡)

𝑁𝐶𝑜𝑢𝑛𝑡𝑡(𝑆𝑡,𝑥𝑡)
}  

10  end 

11 end 

2.3 Case Studies and Results 

The scenarios used in the case studies are summarized in Table 2.1. D1 is a deterministic scenario 

where the solar generation and price generation are known apriori. Two stochastic scenarios, S1 

and S2, are also considered where the solar generation and electricity prices are non-deterministic. 

The range and step size of the data are also tabulated in the table. The charging and discharging 

efficiencies of the battery are assumed to be 90%, and the maximum power charge/discharge is 

assumed as 20 units. 

Table 2.1 Scenarios considered in this work 

Scenario Battery energy Solar generation Electricity price 

Range Step-size Range Step-size Range Step-size 

D1 0-10 1 - - - - 

S1 0-10 5 3-7 2 30-70 20 

S2 0-30 5 1-7 1 30-70 4 
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Without loss of generality, the demand is assumed to be deterministic in the analysis. It is 

considered to be sinusoidal, and the variation is given by: 

Dt = max {0,3 − 4 sin (
2π

T
(t − 1))} (2.15) 

2.3.1 Deterministic Scenario 

The motivation for analyzing the deterministic scenario is two-fold: first, to compare the results 

with/without solar to grid energy transfer (𝑥𝑡
𝑠𝑔

), and second, to analyze the results of dynamic 

programming in a deterministic scenario. The data considered in the scenario is tabulated in Table 

2.2. 

Table 2.2 Data for scenario D1 

Time Solar generation 

(units) 

Total demand 

(units) 

Electricity price 

($/unit) 

1 5.0 3.00 30 

2 2.0 0 50 

3 6.0 0.65 38 

4 1.0 5.35 70 

5 3.0 6.80 42 

 

On implementing the dynamic programming approach, the total profit obtained when 𝑥𝑡
𝑠𝑔

 is not 

considered is $1020.11 whereas it is $1039.11 when 𝑥𝑡
𝑠𝑔

 is included in the action variables. Hence, 

the total profit is higher when the solar to grid energy transfer is considered.  

         

Figure 2.2 depicts the actions using the policy from dynamic programming. Few observations from 

the actions: 

• The battery gets fully charged at 𝑡 = 1 and 𝑡 = 3 and then fully discharged at 𝑡 = 2 and 

𝑡 = 4. This is expected because the electricity price at 𝑡 = 1 and 𝑡 = 3 are lower than at 

𝑡 = 2 and 𝑡 = 4 respectively. Therefore, the decision-making algorithm suggests these 

actions in order to maximize the total profit. 

• In the case of Figure 2.2 (a), the solar generation is transferred to the grid through the 

battery, which introduces energy losses due to battery efficiencies of less than 1. Hence, 

the total profit is higher when 𝑥𝑡
𝑠𝑔

 is considered since it allows energy to be directly 

transferred from solar generation to the grid. 

• The battery completing discharges itself in the last stage in order to maximize the profit. 

End conditions can be added to the battery stage (like the battery should end with the same 

state as the initial state) by modifying the terminal costs, 𝑉𝑇(𝑆𝑇). 
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(a) Without solar-to-grid (𝑥𝑡

𝑠𝑔
) transfer variable 

 
(b) With solar-to-grid transfer variable 

Figure 2.2 Comparison of dynamic programming results for scenario D1  

2.3.2 Performance of DP in Stochastic Scenarios 

The dynamic programming algorithm presented above was tested for stochastic scenarios, S1 and 

S2. The computation time and expected profit results are summarized in Table 2.3. As expected, 

the computation time increases significantly with increase in states in the scenario. 

 

Table 2.3 Performance of dynamic programming on stochastic scenarios 

Scenario Computation time 

(secs) 

Expected profit 

($) 
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S1 0.11 1373.33 

S2 26.95 1701.58 

 

2.3.3 Performance of Q-learning in Stochastic Scenarios 

The results of the Q-learning algorithm presented in Algorithm 2 are analyzed in this section. 

2.3.3.1 Dependence on 𝝐 

First, the dependence on the parameter ϵ in the ϵ -greedy approach is analyzed. Figure 2.3 depicts 

the variation of the expected profit over episodes when ϵ is varied from 0.1 to 0.9. Scenario S1 is 

used in this case study. 

 

 

Figure 2.3 Dependence of ϵ on convergence 

The best performance in terms of convergence was observed for the ϵ range of 0.5-0.7. The ϵ-

values less than 0.5 result in overshoots due to a higher tendency of exploration over exploitation. 

The ϵ-values greater than 0.7 put more preference for exploitation and thereby, take more episodes 

to reach the maximum profit. In the subsequent case studies, ϵ = 0.6 is chosen. 

2.3.3.2 Stochastic scenarios 

The evolution of the expected profit with increase in episodes is depicted in Figure 2.4. This 

confirms that the policy from Q-learning is improving, and the system is learning the optimal 

policy over time. It takes about 3000 episodes for the policy in scenario S1 to converge, whereas 

it takes about 105 episodes in the case of scenario S2. The computation time and expected profit 

on implementing the Q-learning approach are summarized in Table 2.4. As expected, the total 
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computation time increases with increase in the scenario complexity. Also, there is an increase of 

computation time per episode (~10 times) due to more state-action pairs. 

 

Table 2.4 Performance of Q-learning on stochastic scenarios 

Scenario Number of episodes 

simulated 

Computation time 

(secs) 

Expected profit 

S1 104 3.42 1369.81 

S2 105 356.38 1763.10 

 

 

 

Figure 2.4 Evolution of expected profit with increase in episodes in scenarios 1 (top) and 2 

(bottom) 

2.3.4 Comparison of Algorithms in Various Scenarios 

In this section, the policies derived from Q-learning are compared with dynamic programming on 

both scenarios (S1, S2). 10000 sets of stochastic data (solar generation, electricity price) were 



 

16 

 

generated and total profit on implementing the two policies was recorded for each set. The total 

profits in the first 100 runs for both scenarios are depicted in  Figure 2.5. We observe that the 

profits from Q-learning policy are same or only slightly less than the policy from dynamic 

programming. This is a promising result since it shows that Q-learning can perform at par with 

dynamic programming for the aggregated resource management problem, not only in an average 

sense but also in individual cases or scenarios. 

 

 
(a) Scenario S1 

 
(b) Scenario S2 

Figure 2.5 Comparison of policies from dynamic programming and Q-learning for various 

runs/cases 

A metric, optimality %, is defined to assess the performance of Q-learning as compared to dynamic 

programming. The actual profits from implementing the two policies are used to calculate this 

metric. 

Optimality % =
Actual profit (average) using Q-learning

Actual profit (average) using DP
⋅ 100 
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The average of total profit across all runs are tabulated in Table 2.5. Similar to the previous result, 

the average profit from Q-learning policy is quite close to dynamic programming's. 

 

Table 2.5 Comparison of performances of policies from dynamic programming and Q-learning 

Scenario Dynamic Programming Q-learning Optimality 

% Expected profit 

(offline training) 

Actual profit 

(average) 

Expected profit 

(offline training) 

Actual profit 

(average) 

S1 1373.33 1370.32 1369.81 1353.71 98.79 

S2 1701.58 1700.74 1763.10 1650.61 97.05 

2.4 Conclusion 

In this work, two sequential decision-making formulations, namely dynamic programming and Q-

learning, were analyzed for the aggregated resource management problem. The observations are 

summarized below: 

• While we know and observe that the dynamic programming approach takes less time to 

develop a decision-making strategy, we may not have any or have inaccurate transition 

probability metrics in practical scenarios. Q-learning, a model-free approach, outweighs 

dynamic programming in such scenarios. Our results show that Q-learning can perform 

almost as well as dynamic programming in both simple and slightly complicated scenarios. 

The optimality metric observed for both the scenarios came out to be more than 97%, which 

shows that the relative accuracy of the Q-learning algorithm compared to dynamic 

programming for this problem is considerably high. 

• An independent analysis of the Q-learning algorithm has also been presented. The variation 

of expected reward over the number of episodes was depicted. Further analysis showed ϵ's 

(a user-defined threshold) sensitivity on the number of episodes required to converge to a 

policy. We observed that ϵ values in the 0.5-0.7 range took 103 episodes to converge, 

whereas 𝜖 = 0.3 and 𝜖 = 0.9 took a higher order of episodes (> 105 and 5 × 104 episodes 

respectively to converge). Hence, choosing the proper 𝜖 is essential to reduce the 

computation time. 

• An improved modeling approach over [21] was presented. We observed an improved total 

profit of the utility with the inclusion of the solar to grid transfer variable, 𝑥𝑠𝑔, in the set of 

actions. 

     

Both dynamic programming and Q-learning have advantages and disadvantages for the aggregated 

resource management problem. However, given the transition probability requirement in dynamic 

programming, it is the less preferred approach. Q-learning does well to match the performance in 

terms of obtaining the optimal policy and profits for the utility. Future work is required to reduce 

the computation time of the Q-learning approach. Moreover, both approaches use a list of discrete 

states instead of continuous states, i.e., if the battery energy state space consists of all multiple of 

10 from 0 to 100%, the formulations failed to represent the other battery energy values (e.g., 73%). 

Both these issues of computation and modeling of continuous variables are addressed in the 

subsequent work. 
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3. A Sequential Decision-making Framework for Aggregated Energy 

Resources 

3.1 Introduction 

In the United States (U.S.), it is projected that solar resource contribution will grow by 75% from 

163 million MWh in 2023 to 286 million MWh to 2025. Similarly, wind resources are envisioned 

to increase by 11% from 430 million MWh to 476 million MWh over the same period  [24]. By 

2030, DERs could account for up to 30% of total U.S. electricity capacity, driven by solar, wind, 

and storage integration [25]. Hence, it is apparent that the resource mix in modern electric grids is 

shifting from conventional resources that are fully controllable and dispatchable to newer 

resources that are semi/non-dispatchable and semi/non-controllable. 

     

This paradigm shift presents several operational challenges for the stakeholders involved in 

managing the electric grid. A key challenge is maintaining reliability as the power 

generation/consumption of DERs is uncertain and intermittent. This can especially be attributed to 

renewable sources of energy. Resources such as solar and wind are weather dependent, and their 

generation is influenced by various factors such as time of day, temperature, and cloud cover. 

Similarly, demand-side management (through load shifting, peak shaving, and other demand 

response programs) is dependent on consumer preference and/or consumer interference. Another 

operational challenge associated with DERs is the lack of visibility on the millions of small-scale 

resources that are integrated into the electric network. Without visibility on individual/behind-the-

meter DERs, it is challenging for system operators to ascertain the future generation/consumption 

capacity of DERs. Similarly, the lack of control for system operators also poses a barrier to the 

inclusion of DERs in electric grids. All the aforementioned challenges hinder efficient utilization 

of DERs. 

 

A practical and popular approach to manage multiple DERs is to aggregate the resources and 

participate in energy markets as a single entity. There are multiple benefits of DERs participating 

through a "smart aggregator" (entity/company managing the network of resources effectively). 

First, the concerns of visibility and controllability for system operators is addressed since the 

aggregator acts as the middleman between the system operator and the network of DERs. The 

aggregator is further responsible for individual management of resources. Second, aggregation 

enables leveraging diversity across multiple DERs to improve management of uncertainty. Third, 

coordinated aggregation of heterogeneous resources can lead to enhanced flexibility and lower 

curtailments. For example: electric/thermal storage resources can be utilized to compensate for 

renewable resources (solar PV, wind, etc.) in the network. 

     

 While aggregation of DERs can address the problems of visibility and controllability, the effective 

management of intermittency and uncertainty is still a challenge for an aggregator. Moreover, the 

challenge is not limited to a single stage. At various time stages during operation, updated 

information about future consumption/generation profiles will be available and the aggregator will 

need to make resource management decisions. Figure 3.1 illustrates a temporal progression of 

uncertainty during the day of operation. 
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Figure 3.1 Progression of demand uncertainties over different time frames (day-ahead, intra-day, 

intra-hour) for the operating period starting at 8 pm. 

The goal of this chapter is to propose and analyze a sequential decision-making framework for an 

aggregator managing multiple DERs and participating in energy markets. Furthermore, the 

emphasis is on the management of intermittency and uncertainty associated to DERs and real-

world considerations for an aggregator implementing the decision-making framework. 

3.1.1 Literature Survey 

The research literature has a plethora of works on bidding and management of DER aggregators, 

especially over the last decade. The earliest papers on aggregator decision-making were based on 

deterministic formulations with suitable assumptions about the resource profiles [26], [27], [28]. 

However, inclusion of weather and consumer behavior introduces uncertainties that need to be 

considered and modeled by an aggregator for efficient utilization of resources. 

     

To model the uncertainties, multiple stochastic frameworks, namely, dynamic programming [29], 

[30], alternating direction method of multipliers [31], mixed-integer linear programming [32], 

[33], [34], machine learning [35], and heuristics [36], have been proposed in literature. Among all 

proposed frameworks, linear programming (LP) and mixed integer linear programming (MILP) 

has been the most popular, given its established acceptance in other power systems operations 

applications like security-constrained unit commitment, transmission expansion planning, and 

electricity market operations.  

 

Table 3.1 summarizes previous research on LP and MILP formulations for aggregator decision-

making. The prior papers are categorized by various modeling considerations and conducted 

analysis. As observed, most of the previous works (except [37], [38], [39]) focus on a single stage, 

the day-ahead market (DAM). While most of the schedules are cleared in the DAM, it is important 

to consider subsequent decision-making stages (i.e., the real-time markets (RTMs)), especially in 

the context of DERs. As DERs are weather and consumer-dependent, better forecast information 

is available closer to the actual time of operation. Hence, it is essential to consider additional 

decision-making stages. 
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Additionally, an important aspect in real-world aggregator decision-making approaches is the 

consideration of risks or tradeoffs. Like many decision-making entities, aggregators face tradeoffs 

between different objectives in their process. For aggregators, the primary tradeoff is between the 

profitability and the possibility of defaulting on their operational obligation. For example, an 

aggregator can oversell power if it didn't consider a less probable future scenario of lower net 

generation. Approaches based on present value-at-risk (VaR) and/or conditional-value-at-risk 

(CVaR) [33], [40], [41], have been popular to quantify the operational default risks of an 

aggregator. However, the prior research does not analyze the recourse/reevaluation decisions after 

the uncertainties are realized. 

 

This chapter proposes an aggregator decision-making framework for participating in energy 

markets. This chapter includes comprehensive details about the decision-making framework and 

additional modeling considerations. These details and modeling improvements have been 

discussed in Sections 3.1.2 and 3.2 of the chapter. 

     

Also, as highlighted in Table 3.1, while there are multiple papers in literature on the management 

of distributed energy resources using LPs/MILPs, most of them do not analyze the computation 

needs and none of them delve into the availability of forecast information from a practical 

perspective. From an aggregator's perspective, it is important to judiciously utilize their decision-

making infrastructure. This presents a need for an in-depth analysis of various tradeoffs and factors 

in the decision-making process. 

 

Table 3.1 Comparison of modeling and analysis insights across papers for aggregator decision-

making 

Ref. Modeling/Algorithm Analysis and Insights 

Resources 

considered 

Consideratio

n of both 

day-ahead 

and real-time 

markets 

Modeling 

of 

uncertaint

y of 

resources 

Modeling 

of risk 

levels for 

aggregator

s 

Effect of 

different 

risk 

parameter

s 

Effect of 

forecastin

g 

variations 

Analysis of 

computation

al 

bottlenecks 

[37] 
Electric 

vehicles 
Yes Yes No - No No 

[42] 

Demand 

response, 

wind, fuel 

cells, diesel 

generators 

No Yes Yes Yes No No 

[38] 

Solar, wind, 

storage, 

combined 

heat and 

power, load 

Yes Yes No - No No 

[43] 
Electric 

vehicles 
No Yes No - No Yes 

[32] 

Wind, 

battery, 

load 

(HVAC) 

No Yes Yes Yes No No 

[44] EVs No No No - No No 
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[45] 

Electric 

vehicles, 

wind 

No Yes Yes No No No 

[46] 
Demand 

flexibility 
No Yes No - No No 

[33], 

[40]8/12/202

5 6:50:00 

AM 

Electric 

vehicles, 

energy 

storage 

[33], 

Renewables 

(solar PV 

and wind), 

diesel 

generators, 

battery 

storage, 

price-

sensitive 

loads [34]  

No Yes Yes Yes No No 

[47] 

Load 

curtailment, 

battery, 

wind, solar 

No Yes Yes Yes No Yes 

[41] 

Electric 

vehicles, 

distributed 

generation 

No Yes Yes No No Yes 

[39] 

Solar PV, 

electric 

storage, and 

conventiona

l demand 

Yes Yes Yes Yes No No 

This chapter 

Solar PV, 

electric 

storage, and 

conventiona

l demand 

Yes Yes Yes Yes Yes Yes 

3.1.2 Key Contributions and Chapter Structure 

This chapter intends to complement the previous works on aggregator decision-making and 

provide additional insights for a real-world aggregator participating in energy markets. The key 

contributions of this paper are summarized as follows: 

• Formulation and demonstration of a sequential decision-making framework for aggregator 

to efficiently utilize its DER resources and participate in both day-ahead and real-time 

energy markets. 

• Modeling of risk preference for aggregators and inclusion of rolling forecasts with multiple 

time frames (day-ahead, intra-day, intra-hour) and granularities in decision-making. 

• Modeling inclusion of delay between the bidding interval and decision-making time 

• Analysis of rolling forecasts from different time frames to understand their impact on 

profitability. 
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• Deeper computational analysis of the different components in the real-time stages. 

 

The remaining chapter is organized as follows. The mathematical modeling of the proposed 

framework is described in Section 3.2. The case studies conducted in this work and the analysis 

are presented in Section 3.3. Section Error! Reference source not found. summarizes the key 

learnings and provides future directions for this work. 

3.2 Mathematical Modeling 

This section presents a comprehensive sequential decision-making framework for an aggregator 

managing multiple solar photovoltaic, electric storage/battery, and residential demand resources. 

In Section 3.2.1, the timeline considerations and its alignment to energy market operations 

assumed in this work are summarized. The two key formulations, developed for the day-ahead 

stage and the real-time stages, are modeled as mixed-integer linear programming (MILP) 

problems. The day-ahead decision-making is presented in Section 3.2.2, whereas the real-time 

stage progress is detailed in Section 3.2.3. 

3.2.1 Overview of Aggregator and Market Operations Timelines 

Similar to existing practices, this work adopts the schedule/timeline of day-ahead and real-time 

energy markets. The overview of the energy market timelines and corresponding decision-making 

timeline for the aggregator are summarized in Figure 3.2. As depicted, the bidding deadline for the 

day-ahead market is set as 10 am, followed by the execution of the day-ahead market by the system 

operator. At 1:30 pm, the day-ahead schedule for all market participants is released. Hence, the 

day-ahead decision-making of the aggregator should conclude before 10 am. 

     

During the real-time stages, it is assumed that the market participants can submit until 10 mins 

before the start of the execution of the real-time market. For example: for the real-time market 

execution from 12 pm to 12:15 pm, bids can be submitted until 11:50 pm. Then, system operator 

solves the real-time market formulation to clear the market and determine the real-time schedules 

of all participants. 
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Figure 3.2 Overview of the market clearing and aggregator decision-making timelines 

3.2.2 Day-Ahead Decision-making 

At this stage, there is a need for a decision-making formulation to use the available day-ahead 

forecasts to position the aggregator such that it is able to match the net demand efficiently in its 

network. The following sub-section presents the day-ahead optimization formulation in detail. 

3.2.2.1 Optimization Formulation 

A mixed-integer linear programming formulation has been presented to determine the battery 

management decisions (𝐸𝑏𝑎𝑡𝑡 , 𝑃𝑐ℎ/𝑑𝑐ℎ) and day-ahead market bids (𝑃𝐷𝐴𝑀). The optimization 

formulation is defined by (3.1)−(3.9). The objective function to minimize the cost of operation is 

defined as: 

min ∑ π̂t
DAM𝑃𝑡

𝐷𝐴𝑀

t∈𝒯DAM

(3.1) 

where π̂t
DAM represents the market price forecast at hour 𝑡. It is assumed that the aggregator 

operates at a scale such that it cannot influence the market prices. It acts as a price taker.  

     

    To ensure the supply matches the demand within the aggregation at all hours of the day,  

∑ 𝑃̂𝑡,𝑖
𝑙𝑜𝑎𝑑

i∈𝒩𝓇ℯ𝓈

− ∑ 𝑃̂𝑡,𝑖
𝑃𝑉

i∈𝒩𝒫𝒱,𝓇ℯ𝓈

= Pt
DAM + 𝑃𝑡

𝑑𝑐ℎ + 𝑃𝑡
𝑐ℎ,  ∀t ∈ 𝒯DAM (3.2) 

 

The constraints associated to the battery decision variables (power and energy levels) are as 

follows: 

𝐸𝑡+1
𝑏𝑎𝑡𝑡 = 𝐸𝑡

𝑏𝑎𝑡𝑡 + (η𝑐ℎ𝑃𝑡
𝑐ℎ −

𝑃𝑡
𝑑𝑐ℎ

η𝑑𝑐ℎ
) Δ𝑡𝐷𝐴𝑀 , ∀𝑡 ∈ 𝒯DAM − {𝑇𝑒𝑛𝑑} (3.3) 

𝐸𝑚𝑖𝑛
𝑏𝑎𝑡𝑡 ≤ 𝐸𝑡

𝑏𝑎𝑡𝑡 ≤ 𝐸𝑚𝑎𝑥
𝑏𝑎𝑡𝑡 ,  ∀𝑡 ∈ 𝒯DAM (3.4) 
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    where 𝐸𝑡
𝑏𝑎𝑡𝑡, 𝑃𝑡

𝑐ℎ, and 𝑃𝑡
𝑑𝑐ℎ is the energy level, charging power, and discharging power 

respectively of the battery at time 𝑡. 𝑃𝑚𝑎𝑥
𝑐ℎ  and 𝑃𝑚𝑎𝑥

𝑑𝑐ℎ  represent the power ratings of the battery. 

Also, η𝑐ℎ and η𝑑𝑐ℎ are the charging and discharging efficiencies respectively of the battery. 

 

To model a set of generalized boundary conditions of the battery, let 𝐸̅𝑇𝑠𝑡𝑎𝑟𝑡
 and 𝐸̅𝑇𝑒𝑛𝑑

 be the input 

parameters to the formulation. 𝐸̅𝑇𝑠𝑡𝑎𝑟𝑡
 can be chosen or derived using a forecasting mechanism to 

predict the battery level at start of day. Similarly, 𝐸̅𝑇𝑒𝑛𝑑
 (target energy level at end of day) can be 

derived based on a policy decision from historical performance. The constraints are: 

ETstart
batt = 𝐸̅𝑇𝑠𝑡𝑎𝑟𝑡

(3.5) 

        

𝐸
𝑇𝑒𝑛𝑑
𝑏𝑎𝑡𝑡 + (η𝑐ℎ𝑃

𝑇𝑒𝑛𝑑
𝑐ℎ −

𝑃
𝑇𝑒𝑛𝑑
𝑑𝑐ℎ

η𝑑𝑐ℎ ) Δ𝑡𝐷𝐴𝑀 = 𝐸̅𝑇𝑒𝑛𝑑
(3.6) 

 

Additionally, a binary variable, 𝑏𝑡
𝑏𝑎𝑡𝑡 , is introduced to ensure that the battery does not charge and 

discharge simultaneously. On combining the binary variable with power limits of the battery: 

0 ≤ 𝑃𝑡
𝑐ℎ ≤ 𝑃𝑚𝑎𝑥

𝑐ℎ 𝑏𝑡
𝑏𝑎𝑡𝑡 ,  ∀𝑡 ∈ 𝒯DAM (3.7) 

        

0 ≤ 𝑃𝑡
𝑑𝑐ℎ ≤ 𝑃𝑚𝑎𝑥

𝑑𝑐ℎ (1 − 𝑏𝑡
𝑏𝑎𝑡𝑡), ∀𝑡 ∈ 𝒯DAM (3.8) 

 

𝑏𝑡
𝑏𝑎𝑡𝑡 ∈ {0,1}, ∀𝑡 ∈ 𝒯DAM (3.9) 

 

Computationally, the formulated MILP problem is not challenging to solve since only point 

forecasts are modeled in the problem. In summary, there are 97 constraints and 120 decision 

variables. 

3.2.2.2 Choice of forecast profile 

Please note that the focus of this work is on the decision-making framework and not on forecasting 

algorithms for solar photovoltaic generation and residential demand. Hence, it is assumed that the 

aggregator has forecast information (i.e., day-ahead forecasts) about the expected solar generation 

and load profiles across the next day.  

     

The selection of the forecast profile at the day-ahead stage is a crucial choice for the aggregator. 

Since the solar and load profiles contain uncertainties, there is a varying level of operational default 

risk for the aggregator based on the profiles it chooses in the previously formulated MILP 

formulation. To model this, a qualitative risk parameter (conservative or risky) is utilized to 

represent the risk preference of the aggregator. 

 

As the name suggests, a risk-avoidance aggregator is modeled through the conservative risk 

preference. This implies that the aggregator considers the lower solar profiles and the higher load 

profiles in the optimization formulation (illustrated in Figure 3.3). Hence, a higher procurement of 

power from the grid is expected, thereby, reducing the risk of operational defaults during the next 

day of operation. Similarly, in the risk-taking/risky preference, the aggregator chooses the 

expected/mean solar and load profiles and follows a more wait-and-observe approach. In the 
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further sections, case studies are conducted to compare the different risk preferences of 

aggregators. 

 

 

Figure 3.3 Illustration of risk-avoidance/conservative (left) and risk-taking/risky (right) profiles 

for solar and load resources 

3.2.3 Real-Time Decision-making 

As the operation of the aggregator progresses to the real-time stages, the aggregator has better 

visibility of the resources in its network. This can be attributed to two key characteristics of 

updated forecasts. First, the updated forecasts have less uncertainties since it is closer to operating 

time interval. Second, the forecasts are typically more granular (resolution of 15 minutes as 

opposed to the hourly forecasts during the day-ahead stage). This presents the need of a decision-

making framework to incorporate the updated forecasts along with current battery states and 

cleared DAM bid to compute real-time bids and battery redispatch schedule. 

 

Figure 3.4 summarizes the decision-making process of the aggregator during any real-time stage, 

which are described in the following sub-sections. As depicted, the process can be divided into 

four key components: (i) update forecasts, (ii) scenario generation, (iii) estimation of future battery 

level, and (iv) solving optimization formulation. The mathematical details of these components 

are presented in the following sub-sections. The remaining relevant details for practical 

implementation are described and analyzed in the Section 3.3.2.2. 

 

 

Figure 3.4 Decision-making process for the aggregator during real-time stages 
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3.2.3.1 Update Forecasts and Scenario Generation 

During the real-time stages, lookahead forecasts from various timescales are combined followed 

by a scenario generation approach to represent future scenarios of net demand in the system. To 

combine information from various lookahead timescales, the latest available information for every 

time interval is utilized to create the forecast profile. Figure 3.5 illustrates the different components 

of the latest solar generation profile. 

 

 

Figure 3.5 Combination of intra-hour, intra-day, and day-ahead forecast information at 11 am 

To represent future scenarios, a scenario generation process using Monte-Carlo simulation (MCS) 

has been leveraged in this work. MCS is a powerful and applicable approach, not limited to power 

system operations, to represent future uncertainties. In this work, future scenarios are generated 

from the latest solar generation and demand profiles. Multiple case studies have been analyzed and 

presented in this work to understand the effect of number of scenarios on profitability and 

computational burden. 

3.2.3.2 Estimation of Future Battery Level 

It must be recognized that there is a lead time between the time when the aggregator submits bids 

for a real-time market interval and the time when the corresponding interval starts. The lead time 

is illustrated by Figure 3.4, where it can be observed that the decision-making for the 7 am to 7:15 

am interval is run at 6:45 am. This causes uncertainty of battery energy level at the start of the 

upcoming operating interval. Modeling this uncertainty is important from the aggregator's 

perspective to avoid cases where the actual battery energy level is quite different than the expected 

level and the battery cannot generate/consume the power that it was expected to. 

     

One approach to quantify the uncertainty of the battery energy level is presented here by generating 

envelopes or an uncertainty region bounds. The following mathematical equations describe the 

process in determining the envelope extreme points (𝐸𝑡,𝑙𝑜𝑤
𝑏𝑎𝑡𝑡  and 𝐸𝑡,ℎ𝑖𝑔ℎ

𝑏𝑎𝑡𝑡 ). The deviation in system 

net demand after accounting the cleared DAM bid can be calculated as follows: 

        

Δ𝑃𝑡 = 𝑏1(𝑃𝑡
𝑙𝑜𝑎𝑑 , 𝑃𝑡

𝑠𝑜𝑙𝑎𝑟) = 𝑃𝑡
𝑙𝑜𝑎𝑑 − 𝑃𝑡

𝑠𝑜𝑙𝑎𝑟 − 𝑃̅𝑡
𝐷𝐴𝑀 (3.10) 
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Using the calculated net demand, the expected charging and discharging power, as well as the 

future battery energy level, can be determined. 

        

𝑃𝑡
𝑑𝑐ℎ = 𝑏2(Δ𝑃𝑡) = min(max(0, Δ𝑃𝑡) , 𝑃𝑚𝑎𝑥

𝑑𝑐ℎ ) (3.11) 

        

𝑃𝑡
𝑐ℎ = 𝑏3(Δ𝑃𝑡) = min(max(0, −Δ𝑃𝑡) , 𝑃𝑚𝑎𝑥

𝑐ℎ ) (3.12) 

        

𝐸𝑡+1
𝑏𝑎𝑡𝑡 = 𝑏4(𝑃𝑡

𝑐ℎ, 𝑃𝑡
𝑑𝑐ℎ) = 𝐸𝑡

𝑏𝑎𝑡𝑡 + (η𝑐ℎ𝑃𝑡
𝑐ℎ −

𝑃𝑡
𝑑𝑐ℎ

η𝑑𝑐ℎ) Δ𝑡𝑅𝑇𝑀 (3.13) 

 

Combining 𝑏1, 𝑏2, 𝑏3, and 𝑏4 results in 

        

𝐸𝑡+1
𝑏𝑎𝑡𝑡 = 𝑏5(𝑃𝑡

𝑙𝑜𝑎𝑑 , 𝑃𝑡
𝑠𝑜𝑙𝑎𝑟) (3.14) 

 

Hence, the envelope bounds and expected level can be calculated using 

        

𝐸̂𝑡+1,𝑙𝑜𝑤
𝑏𝑎𝑡𝑡 = 𝑏5(𝑃𝑡,ℎ𝑖𝑔ℎ

𝑙𝑜𝑎𝑑 , 𝑃𝑡,𝑙𝑜𝑤
𝑠𝑜𝑙𝑎𝑟) (3.15) 

        

𝐸̂𝑡+1,ℎ𝑖𝑔ℎ
𝑏𝑎𝑡𝑡 = 𝑏5(𝑃𝑡,𝑙𝑜𝑤

𝑙𝑜𝑎𝑑 , 𝑃𝑡,ℎ𝑖𝑔ℎ
𝑠𝑜𝑙𝑎𝑟 ) (3.16) 

        

𝐸̂𝑡+1,𝑒𝑥𝑝
𝑏𝑎𝑡𝑡 = 𝑏5(𝑃𝑡,𝑒𝑥𝑝

𝑙𝑜𝑎𝑑 , 𝑃𝑡,𝑒𝑥𝑝
𝑠𝑜𝑙𝑎𝑟) (3.17) 

 

3.2.3.3 Optimization Formulation 

The mathematical formulation in the real-time stage is similar to the day-ahead strategy with 

incorporation of different future scenarios. Similar to the day-ahead stage, the objective is to 

minimize the aggregator's expected costs. Hence, the objective function is defined as: 

            

min ∑ ∑ (𝑝𝑠π𝑠,𝑡
𝑅𝑇𝑀𝑃𝑠,𝑡

𝑅𝑇𝑀 + 𝑀𝑆𝐿(𝑆𝐿𝑠,𝑡
𝑏𝑢𝑦

+ 𝑆𝐿𝑠,𝑡
𝑠𝑒𝑙𝑙 + 𝑆𝐿𝑡

𝐸𝑏𝑎𝑡𝑡))𝑡∈𝒯𝑠∈𝒮 (3.18) 

        where 𝒮 and 𝒯 ≔ {𝑇𝑠𝑡𝑎𝑟𝑡 , … , 𝑇𝑒𝑛𝑑} represent the set of future scenarios and time periods 

respectively. 𝑝𝑠 and π𝑠,𝑡
𝑅𝑇𝑀 represent the probability and expected real-time energy market price 

respectively for scenario 𝑠 at time 𝑡. 

 

The constraints in the real-time stages are as follows: 

            

𝑃𝑠,𝑡
𝑅𝑇𝑀 + 𝑃𝑠,𝑡

𝑑𝑐ℎ − 𝑃𝑠,𝑡
𝑐ℎ + 𝑆𝐿𝑠,𝑡

𝑏𝑢𝑦
− 𝑆𝐿𝑠,𝑡

𝑠𝑒𝑙𝑙 = 𝑃̅𝑡
𝐷𝐴𝑀

+ ∑ 𝑃̂𝑠,𝑡,𝑖
𝑙𝑜𝑎𝑑

𝑖∈𝒩𝓇ℯ𝓈
− ∑ 𝑃̂𝑠,𝑡,𝑖

𝑃𝑉
𝑖∈𝒩𝒫𝒱,𝓇ℯ𝓈

, ∀𝑡 ∈ 𝒯, 𝑠 ∈ 𝒮 (3.19)
 

            

𝐸𝑠,𝑇𝑠𝑡𝑎𝑟𝑡
𝑏𝑎𝑡𝑡 = 𝐸0

𝑏𝑎𝑡𝑡̂ ,   ∀𝑠 ∈ 𝒮 (3.20) 

 

            

𝐸𝑠,𝑡
𝑏𝑎𝑡𝑡 + (η𝑐ℎ𝑃𝑠,𝑡

𝑐ℎ −
𝑃𝑠,𝑡

𝑑𝑐ℎ

η𝑑𝑐ℎ) Δ𝑡𝑅𝑇𝑀 − 𝐸𝑠,𝑡+1
𝑏𝑎𝑡𝑡 = 0, ∀𝑡 ∈ 𝒯 − {𝑇𝑒𝑛𝑑}, 𝑠 ∈ 𝒮 (3.21) 
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𝐸
𝑠,𝑇𝑒𝑛𝑑
𝑏𝑎𝑡𝑡 − (η𝑐ℎ𝑃

𝑠,𝑇𝑒𝑛𝑑
𝑐ℎ +

𝑃
𝑠,𝑇𝑒𝑛𝑑
𝑑𝑐ℎ

η𝑑𝑐ℎ ) Δ𝑡𝑅𝑇𝑀 + 𝑆𝐿𝑡
𝐸𝑏𝑎𝑡𝑡 ≥ 𝐸̅𝑇𝑒𝑛𝑑

, ∀𝑠 ∈ 𝒮 (3.22) 

            

𝐸𝑚𝑖𝑛
𝑏𝑎𝑡𝑡 + (𝐸̂𝑡,𝑒𝑥𝑝

𝑏𝑎𝑡𝑡 − 𝐸̂𝑡,𝑙𝑜𝑤
𝑏𝑎𝑡𝑡 ) ≤ 𝐸𝑠,𝑡

𝑏𝑎𝑡𝑡 ,   ∀𝑡 ∈ 𝒯, 𝑠 ∈ 𝒮 (3.23) 

        

𝐸𝑠,𝑡
𝑏𝑎𝑡𝑡 ≤ 𝐸𝑚𝑎𝑥

𝑏𝑎𝑡𝑡 + (𝐸̂𝑡,ℎ𝑖𝑔ℎ
𝑏𝑎𝑡𝑡 − 𝐸̂𝑡,𝑒𝑥𝑝

𝑏𝑎𝑡𝑡 ),  ∀𝑡 ∈ 𝒯, 𝑠 ∈ 𝒮 (3.24) 

 

𝑃𝑠,𝑡
𝑐ℎ, 𝑃𝑠,𝑡

𝑑𝑐ℎ ≥ 0,  ∀𝑡 ∈ 𝒯, 𝑠 ∈ 𝒮 (3.25) 

 

𝑃𝑠,𝑡
𝑐ℎ ≤ 𝑃𝑚𝑎𝑥

𝑐ℎ 𝑏𝑠,𝑡
𝑏𝑎𝑡𝑡 ,  ∀𝑡 ∈ 𝒯, 𝑠 ∈ 𝒮 (3.26) 

𝑃𝑠,𝑡
𝑑𝑐ℎ ≤ 𝑃𝑚𝑎𝑥

𝑑𝑐ℎ (1 − 𝑏𝑠,𝑡
𝑏𝑎𝑡𝑡), ∀𝑡 ∈ 𝒯, 𝑠 ∈ 𝒮 (3.27) 

           

𝑏𝑠,𝑡
𝑏𝑎𝑡𝑡 ∈ {0,1},  ∀𝑡 ∈ 𝒯, 𝑠 ∈ 𝒮 (3.28) 

            

−𝑃𝑚𝑎𝑥
𝑠𝑒𝑙𝑙 ≤ 𝑃𝑅𝑇𝑀,𝑠,𝑡 ≤ 𝑃𝑚𝑎𝑥

𝑏𝑢𝑦
,  ∀𝑡 ∈ 𝒯, 𝑠 ∈ 𝒮 (3.29) 

 

The supply-demand balance across all periods and future scenarios is ensured by (3.19). 

(3.20)−(3.28) represent the battery constraints (start/end constraints, temporal dependence, 

energy/power limits, etc.) modeled in the formulation. The bidding limits in the real-time markets 

are set by (3.29). 

3.3 Case Studies and Analysis 

This section presents multiple case studies to gain insights about the effect of various parameter 

choices in the sequential decision-making framework. Details about the dataset and aggregator are 

summarizes in Section 3.3.1. Section 3.3.2 discusses a sample simulation run of the proposed 

framework. Sections 3.3.3, 3.3.4, and 3.3.5 present additional case studies to better understand the 

effect of aggregator risk preferences, forecast information availability, and computational analysis 

respectively. 

3.3.1 Aggregator Details and Dataset Information 

The aggregator is assumed to manage a residential network of multiple solar photovoltaic panels, 

battery storage units, and residential demand. The details and ratings of the resources are 

summarized in Table 3.2. 

 

Table 3.2 System details 

 Capacity of a single unit Number of units Total capacity 

Solar 0.3 kW 800 240 kW 

Demand 1.4 kW 250 350 kW 

Battery 5.8 kW, 13.5 kWh 50 290 kW, 675 kWh 
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The dataset was generated from the NREL dataset provided for the ARPA-E PERFORM program 

[48]. Without loss of generality, a site on the outskirts of Houston, Texas was chosen to test the 

proposed framework and conduct a detailed analysis. Hence, ERCOT data was extracted from the 

NREL dataset. Solar data of site solar 433 was employed to generate the solar PV datasets. Load 

data of Coast zone was employed to generate the load datasets. 

 

In this work, it is assumed that intra-hour (one-hour ahead) and intra-day (six-hour ahead) forecasts 

are available to the aggregator. The lead time, horizon, and resolution of forecasts are summarized 

in Table 3.3. 

 

Table 3.3 Details about lookahead forecasts in real-time stages 

 Lead time Horizon Resolution 

Day-ahead forecasts 15 hrs 24 hrs 1 hr 

Intra-day forecasts 6 hrs 6 hrs 1 hr 

Intra-hour forecasts 1 hr 1 hr 15 mins 

3.3.2 Sample Simulation 

3.3.2.1 Day-Ahead Decision-making 

As mentioned before, day-ahead forecasts for solar and residential load resources are utilized to 

determine the DAM bids and battery schedules. Figure 3.6 and Figure 3.7 depict the key inputs 

(day-ahead forecasts) and outputs (market bids and battery schedules) respectively of the day-

ahead decision-making process. As expected, the aggregator maximizes its profitability by 

charging the storage resources during lower price hours (for example: hour 14) and discharging 

when prices are expected to be higher (hour 17). 

 

 

Figure 3.6 Aggregator input data for day-ahead stage decisions 
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Figure 3.7 Aggregator battery and bid decisions for day-ahead stage 

3.3.2.2 Real-time decision-making and actual realization 

After implementing the day-ahead stage, the aggregator executes the real-time decision-making 

formulation (presented in Section 3.2.3) to redispatch storage and participate in the 15-min RTMs. 

 

Simultaneously, a simulation process to emulate actual realization of solar and load values every 

5 mins (i.e. for total 24 hrs ∗ 12 intervals/hr = 288 time steps). Figure 3.8 summarizes the data 

loading process, aggregator decision-making every 15 mins, and the resource parameters tracking 

process. 

 

 

Figure 3.8 Flowchart depicting the sequential process of the simulations 

Figures Figure 3.9 and Figure 3.10 depict a snapshot of the various resources during the simulation 

process. From the former figure, it can be observed that actual solar and load deviate from the day-

ahead forecasts, leading to a lower net load in the aggregator's network. This results in a higher 

battery energy level, as observed in Figure 3.10. The latter figure further shows how the aggregator 

redispatches battery and bids in the real-time market based on updated forecasts to maximize 

profitability. 
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Figure 3.9 Simulation snapshot of the solar and load profiles at 1:45 pm 

 

Figure 3.10 Simulation snapshot of battery and bidding decisions at 1:45 pm 

3.3.3 Effect of Day-Ahead and Real-Time Risk Preferences 

This section summarizes the effect of day-ahead and real-time preferences on the aggregator 

decision-making. Particularly, the effect on the battery level, bidding profiles, and profitability is 

analyzed. 

 

First, two day-ahead preferences, conservative and risky strategies, are compared. In Figure 3.11, 

it is observed that conservative strategy procures more power from the day-ahead market than the 

risky strategy. This is expected due to the conservative strategy's higher risk aversion to future 

defaults. As expected, this translates to a higher DAM settlement (summarized in Table 3.4). 
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Figure 3.11 Comparison of day-ahead risk preferences in DAM 

Figure 3.12 depicts the effect of day-ahead preferences on the actual operating day. Interestingly, 

the battery level is identical across the two strategies. Moreover, the conservative aggregator sells 

the excess power bought during DAM through the RTMs. This results in a lower RTM settlement 

for the conservative aggregator. 

 

 

Figure 3.12 Effect of day-ahead risk preferences in real-time stages 

Table 3.4 Effect of day-ahead risk preferences on settlement costs 

 conservative risky 

DAM $186.38 $143.68 

RTM $(1.32) $41.38 

Total $185.36 $185.06 

 

Then, the effect of different real-time risk preferences is analyzed. Three simulations with risk 

levels of 5, 10, and 20 are run with the conservative strategy. From Figure 3.13, it can be observed 

that a higher risk level results in a lower procurement from the real-time markets. This is expected 

since a lower risk level is more averse to potential net load deviations in the future time stages. 
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Figure 3.13 Effect of different risk preferences in real-time stages 

Table 3.5 Effect of different risk preferences in real-time stages. 

Risk Level -> 5 10 20 

DAM $186.38 $186.38 $186.38 

RTM $(1.32) $11.18 $33.80  

Total $185.06 $197.56 $220.18 

3.3.4 Influence of Forecast Information Availability 

As mentioned before, it is essential for a sequential decision maker to understand key 

characteristics (for example: lookahead window, lead time, and granularity) about the future 

profiles of its resource fleet. A higher lookahead and/or lead time is expected to better prepare the 

aggregator for future possibilities and perform more effectively. However, procuring more 

frequent data requires additional forecasting capabilities. This brings the need to compare and 

quantify the benefits of the availability of forecast information. 

     

In this section, the influence of forecast data is analyzed by utilizing information from different 

timescales. Three different variations are considered. In the first variation, it is assumed that 

aggregator has forecast information from day-ahead, six-hour ahead and one-hour ahead for all 

intervals of the day. In the second variation, forecast information from only the day-ahead and six-

hour ahead is available. In the third variation, forecast information from only the day-ahead and 

one-hour ahead is assumed to be available. 

 

Figures Figure 3.14 and Figure 3.15 depict the effect of the three forecast variations on the real-

time market bids and battery states respectively. An interesting observation is that the bidding 

profiles with using only one-hour ahead information coincides with the bidding profiles with using 

both one-hour and six-hour ahead profiles. Further analysis showed that this was due to the 

assumption that the real-time market clearing prices being same as day-ahead clearing prices for 

every interval.  
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Also, the bidding profile for the first variation is more abrupt compared to the second variation. 

This is expected since the latest forecast for the resource is only available one hour prior to the 

time of operation in the first variation whereas intermediate forecasts are also available for the 

aggregator to pre-position itself in the second variation. 

 

 

Figure 3.14 Effect of different forecasting variations on RTM bids 

 

Figure 3.15 Effect of different forecasting variations on battery power and energy level 

The above comparisons were simulated for 12 different days to compare the settlement costs of 

the aggregator with the different forecasting variations. It can be observed from Table 3.6 that in 

most simulation days, variations 1 and 3 outperform variation 2. This concludes that intra-hour 

forecasts are more essential than intra-day forecasts to make decision during the real-time stages. 

Table 3.6 RTM settlements with different forecasting variations 

Simulation Variation 1 

(both) 

Variation 2 

(only intra-day) 

Variation 3 

(only intra-hour) 
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1 -17.92 -13.49 -17.92 

2 -34.21 -35.14 -34.21 

3 -9.91 -2.61 -9.91 

4 -36.01 -40.07 -36.01 

5 -18.77 -15.90 -18.77 

6 -19.99 -28.44 -19.99 

7 15.97 8.66 15.97 

8 17.89 336.24 17.89 

9 -44.82 -44.87 -44.82 

10 -5.10 -11.46 -5.10 

11 162.67 180.57 162.67 

12 -0.85 -9.01 -0.85 

3.3.5 Computational Analysis 

From an aggregator's perspective, it is essential to analyze the computation aspects in addition to 

other factors presented in the previous sections. This analysis is expected to assist aggregators to 

determine the computation requirements for implementing the proposed decision-making 

framework. 

 

To better understand the computational requirements, time taken by each decision stage (illustrated 

in Figure 3.4) is monitored across the base simulation and depicted in Figure 3.16. It is observed 

that solving the real-time optimization problem takes the most time, followed by the scenario 

generation process. The estimation of future battery energy and forecast updating processes take 

negligible time, hence, have been omitted in further analysis. It is also observed that the total 

computational time decreases over the day. This is expected since the later stages simulate and 

solve the optimization problem with fewer time stages remaining in the day. 

 

 

Figure 3.16 Computational time for each of the decision-making stages throughout the day 

To understand the effect of day-ahead and real-time risk preferences on the computational time, 

six case studies (with two day-ahead risk preferences and three real-time risk preferences) are 
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simulated. Figure 3.17 depicts the different computational times for each of the simulations. It is 

observed that the computational times are similar irrespective of the day-ahead preference or the 

real-time risk preference of the aggregator. This observation can be attributed to the argument that 

the risk preferences do not affect the scenario generation computations or the number of 

constraints/decision variables of the optimization problem. 

 

 

Figure 3.17 Computational time for all decision-making stages with varying risk preferences 

Since the time taken in the scenario generation and the optimization problem solving processes are 

directly dependent on the number of scenarios considered in the real-time decision-making stages, 

multiple simulations with varying number of scenarios are analyzed for the same risk preferences 

(conservative day-ahead strategy with real-time risk level of 5). Figure 3.18 depicts the variation 

of computation times across the different number of scenarios. It is observed that the computational 

time significantly increases with increase in number of scenarios modeled. Since each real-time 

decision-making stage is required to be solved within a stipulated time, there is a threshold on the 

number of scenarios that aggregators can consider to represent the future net load scenarios. 

 

 

Figure 3.18 Computational time requirement for each real-time stage 

3.4 Conclusion 

The inclusion of distributed energy resources (DERs) in the modern electric grid brings various 

challenges that were not present with the conventional resources. This shift in resource mix 
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introduces operational uncertainties, and lack of visibility and control, and brings the need of an 

improved decision-making process. While there is rich ongoing research for management of 

DERs, it still lacks the inclusion of some practical considerations and analysis to assist aggregators.  

 

In this work, a sequential decision-making formulation has been proposed analyzed for an 

aggregator managing multiple solar photovoltaic and electric storage resources. The formulation 

included risk preference parameters for an aggregator to represent its choice in the day-ahead and 

real-time decision-making. It was observed the day-ahead risk preference did not the effect the 

profitability of the aggregator, whereas the real-time risk preference parameter did play a 

significant role. Also, the incorporation of rolling horizon forecasts over multiple time frames has 

been considered and analyzed. It was observed that inclusion of intra-hour forecasts improved the 

profitability over only including intra-day forecasts. Computational analysis through multiple case 

studies provided insights on the influence of various steps in the real-time decision-making stages. 

The key bottleneck for a better representation of future scenarios was the computational time 

limitation in solving in solving a larger optimization problem. 

 

From the analysis presented here, there are various extensions/improvements that can be done to 

analyze the decision-making process more practically. First, the incorporation of other market 

mechanisms, namely reliability unit commitment and ancillary services, are additional 

mechanisms that can be utilized to increase the profitability of the aggregator. Second, economic 

studies can be integrated with the analysis in this work to conduct a comprehensive cost analysis 

of tradeoffs for investments in computational resources. 
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4. Lookahead Tools for Energy Storage Resources 

4.1 Introduction 

4.1.1 Background and Motivation 

The penetration of renewable energy sources and increasing demand in the electric grid are 

creating various operational challenges to modern electric systems. The global capacity of 

renewables is expected to increase by 5,500 GW in the 2024-2030 period, which is a 2.6 times 

increase compared to the 2017-2023 period [49]. Simultaneously, the peak electricity demand is 

predicted to increase by 128 GW (almost a 20% increase from 2024) in the next five years - owing 

to investments in data centers and manufacturing [50]. This rapid growth will exacerbate 

intermittency and uncertainty in the electric grid, hence, bringing challenges in maintaining 

reliable and efficient system performance. 

 

Electric storage resources (ESRs) are resources capable of addressing the aforementioned 

challenges in electric grids. ESRs exhibit two key characteristics that make them a versatile 

resource. First, since ESRs can store energy, they have both generation and consumption 

capabilities. This enables them to absorb (or supply) power during periods of surplus (or deficit) 

generation in the grid. Second, ESRs are fast-ramping resources that be quickly synchronized and 

dispatched to the grid. Hence, they can be utilized during periods of high up- or down-ramping 

requirements. In the United States, the capacity of utility-scale ESRs has risen from 800 MW in 

2016 to 18,100 MW in 2023 [51] – hence, confirming their potential. 

 

ESRs can be utilized as (i) operating reserves, (ii) arbitrage/load-leveling, (iii) firm capacity and 

peaking capacity, (iv) black start, (v) transmission and distribution upgrade deferrals [52]. From 

Figure 4.1, it can be observed that ESRs are utilized most for operating reserves and arbitrage 

applications. 

 

 

Figure 4.1 Progression of utility-scale ESR capacities by application in the United States [51] 

While ESRs are beneficial to the electric grid, system operators (i.e., Independent System 

Operators or Regional Transmission Operators) face operational challenges in the inclusion of 

ESRs in their grid operations. A key challenge is limited situational awareness of ESRs in the 

system. Market participants, including ESRs, participate in day-ahead markets based on day-ahead 

forecasts of network conditions and energy prices. Closer to real-time, ESRs participate in real-
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time markets to adjust their market position based on updated forecasts and their operational 

objectives. Currently, system operators rely on post-performance penalties and lack lookahead 

tools to predict the intra-day performance of ESRs. This work aims to provide a lookahead 

framework to assist system operators to assess the future state of charge and energy availability of 

ESRs. 

4.1.2 Literature Review 

In literature, the key focus for ESR applications in grid operations has been on scheduling and 

dispatch problems. From an ESR owner's perspective, [39], [53], [54], [55] propose bidding and 

battery management frameworks for participation in electricity markets. For distribution or 

transmission grid operators, [56], [57], [58] propose market clearing or coordinated operation 

strategies for electric networks with multiple participants with storage resources. 

 

However, there are no guarantees that the market participants will fulfill their obligations. There 

are only a handful works that tackle the problem of situational awareness from the system 

operator's perspective. The current market regulations are post-performance-based penalties. The 

Dynamic Assessment and Determination of Operating Reserve (DynADOR) tool, developed by 

Electric Power Research Institute (EPRI), is used by balancing area authorities and system 

operators to determine the operating reserve requirements [59]. The tool assesses the variability 

and uncertainty from load and renewable energy sources to quantify the operating reserve 

requirements. Similarly, E3 has developed the RESERVE tool for determining ancillary services 

needs of highly renewable electricity grids. The Resource Forecast and Ramp Visualization for 

Situational Awareness (RAVIS), developed by National Renewable Energy Laboratory (NREL), 

is an open-source tool for assessing and visualizing resource forecasts and ramp alerts for 

significant up/down ramps associated to variable renewable resources [60]. It utilizes market 

results, probabilistic forecasts of renewables and load, site/regional-level data parameters, etc. to 

help operational control centers to mitigate upcoming operational challenges. 

 

There are various other works, including [61], [62], [63], that propose similar methodologies to 

assess reserve requirements associated to variable renewable energy resources. However, the 

previous works focus on the application of operating reserve requirement associated to renewable 

resources only. 

 

This work presents a similar methodology with the primary focus on ESRs and hybrid (renewables 

with ESRs) aggregations. The focus is on quantifying future ESR levels and categorizing them 

into three energy levels (high, medium, and low). Like the tools and papers presented earlier, the 

intra-day time frame (1 to 12 hours ahead) is analyzed in this work. The use cases of this tool 

include (i) comparison of future capability with its market position, (ii) assessing the overall 

resource adequacy of the storage resources in the system operator's network. 

 

The literature on time series prediction models is extensive. Such models have been widely applied 

in various power system forecasting applications, including load and renewable energy prediction. 

One of the earliest works on load forecasting was based on ARIMA modeling was conducted in 

[64]. Since then, various time series prediction frameworks like semi-parametric additive model 

[65], extreme machine learning-based probabilistic forecasting [66], XGBoost [67], [68], 
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convolutional neural networks [69], temporal convolutional network [70], etc. have also been 

applied for short-term load forecasting. Similarly, machine learning approaches have been applied 

for forecasting renewable profiles in [71], [72], [73]. More recently, long short-term memory 

(LSTM) models for diverse applications like weather prediction [74] and the prognosis of wind 

turbine blades [75]. 

 

This chapter aims to leverage the existing time series prediction models for the application of intra-

day situational awareness tool for ESRs. Specifically, three well-known models, seasonal ARIMA 

with exogenous variables, extreme gradient boosting, and long short-term memory, are explored 

in this work. As mentioned previously, ESRs have a higher potential for operating reserves and 

arbitrage applications. This work focuses on ESRs suitable for the latter application of arbitrage, 

curtailment and load leveling. 

4.1.3 Key Contributions and Chapter Structure 

This work addresses a novel need for improving the situational awareness of modern electric grids, 

especially in the context of electric storages resources (ESRs).  The key contributions of the work 

are highlighted below: 

• Well-known time series prediction models are applied to predict intra-day energy 

availability of ESRs. Detailed analysis is conducted to understand the behavior of the 

prediction models under various lookahead time frames ranging from 1 hour to 12 hours. 

• A dataset containing one year of time series data containing ESR bidding and SOC levels 

is created using existing works in the literature. 

 

Section 4.2 briefly summarizes the modeling preliminaries and proposed framework for the 

prediction tool. Section 4.3 presents a detailed case study of a profit-maximizing aggregator with 

electric storage resources. Section 4.4 summarizes the key learnings and insights of the proposed 

methodology. 

4.2 Mathematical Modeling Preliminaries 

This section summarizes the methodology proposed to develop a lookahead tool to predict future 

battery level of energy storage resources. 

4.2.1 SARIMAX 

The ARIMA model is a widely used statistical method for modeling and forecasting time series 

data. It consists of three components: autoregressive (AR), differencing/integrated (I), and moving 

average (MA). As the names suggest, autoregressive term models the relation of current value with 

its past values or lags, and moving average term models the current value as a linear combination 

of past forecast errors. The remaining term, differencing/integrated, removes the non-stationarity 

component by differencing the current value with the preceding value to stabilize the mean of the 

process. Mathematically, an ARIMA model is characterized by three parameters, 𝑝, 𝑑, and 𝑞, to 

represent the orders of the autoregressive, differencing, and moving average terms respectively. 

The model is as follows: 
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yt = c + ∑ αn

p

n=1

yt−n + ∑ θn

q

n=1

ϵt−n + ϵt (4.1) 

where 𝑦𝑡 and ϵ𝑡 represent the output variable and forecast error at instant 𝑡. α and θ represent the 

linear coefficients in the model. 

 

The Seasonal ARIMA with eXogenous variables (SARIMAX) model is an extension of the 

ARIMA model to include seasonal behavior and exogenous variables. Both these characteristics 

are relevant for ESR time series data due to inherent daily and yearly trends in resource profiles. 

Moreover, operation of ESRs is heavily dependent on exogenous parameters like time of day, 

electricity prices, weather parameters, etc. 

 

The general mathematical formulation of SARIMAX(p,d,q)(P,D,Q,s) is given by: 

yt = c + ∑ αn

p

n=1

yt−n + ∑ θn

q

n=1

ϵt−n + ∑ βn

r

n=1

xnt
+ ∑ θn

P

n=1

yt−sn + ∑ ηn

Q

n=1

ϵt−sn + ϵt (4.2) 

 

where 𝑦 represents the output variable, 𝑥 represents the exogenous variables, ϵ represents the 

white-noise in the model, 𝑐 represents the constant term. Also, 𝑃, 𝐷, 𝑄 represent the 𝑝, 𝑑, 𝑞 

counterparts respectively of the seasonal model. 

4.2.2 XGBoost 

Extreme Gradient Boosting (XGBoost) is a supervised machine learning based on decision trees 

[76]. It offers both classification and regression capabilities, thereby, making it suitable for the 

lookahead assessment of battery SOC levels. Technically, XGBoost builds an ensemble of weak 

learners (typically, decision trees), where each successive model utilizes errors from previous 

iterations to improve the ensemble model. 

yî = ϕ(𝐱𝐢) = ∑ fk(𝐱𝐢)

K

k=1

,   fk ∈ ℱ (4.3) 

 

where yî is the predicted value, 𝑥𝑖 is the input vector, 𝑓𝑘 is the 𝑘-th regression tree from the space 

of functions ℱ, and 𝐾 is the number of boosting rounds. The model is trained by minimizing a 

regularized objective function: 

ℒ(ϕ) = ∑ l(yi, yî)

n

i=1

+ ∑ Ω(fk)

K

k=1

(4.4) 

where Ω(𝑓) = γ𝑇 +
1

2
λ||𝑤||

2
, 𝑙 is a differentiable convex loss function, 𝑇 is the number of leaves 

in a tree, and 𝑤 is the vector of leaf weights. 

 

Unlike linear models like ARIMA or SARIMAX, XGBoost does not rely on linear relationships. 

This makes it particularly useful for capturing non-linear relationships and complex dynamics 

between exogenous features and output variables. 
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4.2.3 LSTM-based Models 

As discussed in Section 4.1.2, Long Short-Term Memory (LSTM) frameworks show immense 

potential in learning sequential patterns and long-term dependencies [77]. Structurally, it consists 

of three gates: forget gate, input gate, and output gate. 

 

 

Figure 4.2 Structure of an LSTM cell [77] 

As the name suggests, the forget gate determines whether to keep the current value of the memory 

or to forget it. Intuitively, the input gate determines how much of the input node’s value should be 

added to the current cell internal state. Lastly, the output gate determines whether the memory cell 

should influence the output at the current time step. The mathematical process is represented 

below: 

𝐹𝑡 = σ(𝑥𝑡𝑊𝑥𝑓 + ℎ𝑡−1𝑊ℎ𝑓 + 𝑏𝑓) (4.5) 

 
𝐼𝑡 = σ(𝑥𝑡𝑊𝑥𝑖 + ℎ𝑡−1𝑊ℎ𝑖 + 𝑏𝑖) (4.6) 

 
𝑂𝑡 = σ(𝑥𝑡𝑊𝑥𝑜 + ℎ𝑡−1𝑊ℎ𝑜 + 𝑏𝑜) (4.7) 

 

where 𝐹𝑡, 𝐼𝑡, and 𝑂𝑡 represents the forget, input, and output state in the LSTM cell. The 𝑊’s and 

𝑏’s represent the appropriate weight and bias parameters. 

4.3 Case Study: Aggregator with only ESR Resources 

An aggregator system with multiple ESR resources has been considered in this study. Without loss 

of generality, a utility-scale aggregator with 700 Tesla Powerwalls of 13.5 kWh and 5.8 kW each. 

Hence, the rated power and energy of the aggregation is 4.06 MW and 9.45 MWh respectively. 

 

To note, a MacBook Pro with an M2 chip and 16 GB unified memory was utilized for 

implementing and executing the proposed case study. 
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4.3.1 Dataset Generation and Preprocessing 

Methodologies from existing works like [39] were utilized to emulate an ESR aggregator 

participating in wholesale markets. A sequential framework was implemented to generate bidding 

decisions in the ERCOT day-ahead and real-time markets. Using this framework, one year (2018) 

of decision-making was implemented for the aggregator to create a dataset containing hourly 

battery level, charging power and discharging power. For the same time period, LMPs in the 

ERCOT region are also extracted. 

 

The extracted time series of hourly battery level, LMPs, and hour of day was utilized dataset for 

the SARIMAX model. This dataset was split in the 80:20 ratio to generate the training and testing 

dataset. 

 

On the other hand, XGBoost and LSTMs require input and output sequences for training and 

testing the models. Hence, a common approach, i.e. rolling horizon, is followed to convert the time 

series data into input features and output. Figure 4.3 depicts the time series to dataset conversion 

process. The lengths of past horizon for SOC levels and future horizon for prices is set to as 3 

hours and 24 hours respectively. Since the forecasting timeframe is 12 hours, the future horizon is 

set accordingly to 12 hours. 

 

 

Figure 4.3 Rolling horizon approach to create the dataset from time series data 

4.3.2 Model Training 

All the models were trained and assessed using the scikit-learn library in Python [78]. Standard 

error metrics like mean absolute error (MAE) and root mean square error (RMSE) is utilized during 

the training process.  

𝑀𝐴𝐸 =
1

𝑁
∑|𝑦𝑖 − 𝑦̂(𝑥𝑖)|

𝑁

𝑖=1

(4.5) 

 

𝑀𝐴𝐸 = √
1

𝑁
∑(𝑦𝑖 − 𝑦̂(𝑥𝑖))

2
𝑁

𝑖=1

(4.6) 
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where 𝑁 represents the number of samples, 𝑦𝑖 represents the actual value, and 𝑦̂(𝑥_𝑖) represents 

the predicted value from the model. 

4.3.2.1 SARIMAX 

Before training the SARIMAX model, a key step is the determination of the parameters 𝑝, 𝑑, 𝑞, 

𝑃, 𝐷, 𝑄, and 𝑠. The first step is to check the stationarity of the time series using the Augmented 

Dickey-Fuller (ADF) Test. First, The first differencing terms are calculated. Then, from partial 

autocorrelation (PACF) and autocorrelation (ACF) plots depicted in Figure 4.4, it can be observed 

that there is a seasonal trend with a period of 24 (i.e., 𝑠 = 24). Also, it can be observed that lag 1 

terms in both PACF and ACF plots are significant. Hence, 𝑝 = 𝑞 = 1. Similarly, by observing the 

ACF and PACF plots at lags equal to 24 and 48, P = Q = 1. 

 

 

Figure 4.4 PACF and ACF plots for the SOC level time series 

To affirm the model parameters, a grid search algorithm with (1,1,1)(1,1,1,24) as the base 

parameter combination is implemented. It is assumed that all parameters except 𝑠 can change by 

1 unit. The models are compared using Akaike Information Criterion (AIC) and Bayesian 

Information Criterion (BIC) statistical measures. On implementation, the base parameter resulted 

in the lowest AIC and BIC values. Hence, SARIMAX(1,1,1)(1,1,1,24)  model was chosen for 

further analysis. 

4.3.2.2 XGBoost 

An open-source hyperparameter optimization framework, Optuna, is utilized to determine the 

number of estimators, depth, and learning rate of the XGBoost model [79]. For every trial 

consisting of a set of hyperparameters, the training set was used to train the model, followed by 

assessing the RMSE on the testing set. 

 



 

45 

 

An Optuna study of 200 trials with the parameters summarized in Table 4.1 was executed to 

determine the hyperparameters in the XGBoost model. The least error metric was observed for the 

estimator, depth, and learning rate values of 650, 5, and 0.05 respectively.  

 

Table 4.1 Range and nature of sampling process for the Optuna study 

 Minimum Maximum Sampling Nature 

Number of estimators 10 10000 Logarithm 

Max depth 3 10 Linear 

Learning rate 10-3 0.5 Logarithm 

 

4.3.2.3 LSTM-based model 

The LSTM model considered in this work consists of various encoders to extract useful 

information from input features, followed by a decoder network and a dense network to predict 

the future SOC levels of the battery. The final architecture (depicted in Figure 4.5) and 

hyperparameters were determined through an analysis of hit-and-trial cases and Optuna studies. 

 

Figure 4.5 LSTM model architecture 

Table 4.2 presents a sample of tested hyperparameters combinations consisting of various number 

of states, dropout rates and batch sizes, and the resultant error metric on the validation set. It can 

be observed that trial number 8 resulted in the least value of the error metric. Henceforth, further 
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analysis presented on LSTM models was conducted using the hyperparameters obtained in the best 

trial.  

 

Table 4.2 A sample of hyperparameter combinations tested using Optuna for LSTM model 

tuning 

Trial 

number 

Number of states Dropout rate Batch 

size 

RMSE on 

validation 

set 
SOC 

encoder 

Price 

encoder 

Decoder SOC 

encoder 

Price 

encoder 

Decoder 

1 64 64 64 0.2 0.2 0.2 64 1.3403 

2 64 8 32 0.1 0.3 0.2 16 2.1284 

3 32 8 8 0.05 0.05 0 256 1.8919 

4 16 8 64 0 0.3 0.05 16 2.1799 

5 32 8 8 0 0.3 0.05 128 3.0875 

6 32 8 16 0.3 0.2 0.05 16 1.8622 

7 8 64 32 0.2 0.2 0.3 64 1.2337 

8 8 64 64 0.2 0.2 0.3 64 1.1533 

9 8 64 64 0.3 0.1 0.3 32 1.4283 

10 16 32 64 0.05 0 0.1 64 1.9630 

 

The training process with the obtained hyperparameters are depicted in Figure 4.6. It can be 

observed that the validation loss reduces until about 650 epochs and then plateaus. On the other 

hand, the training loss decreases as number of epochs increase. Since the validation loss does not 

decrease further, the training is concluded, and the parameters of the best model is saved. An 

interesting observation is that the validation loss is lower than the training loss during the process. 

This is possible due to the inclusion of dropout hyperparameters in the model. This implies the 

training process does not consider the LSTM complete model together at any stage and calculates 

the training loss based on the reduced model. In contrast, the validation loss calculation does utilize 

the complete model and thereby, results in a better prediction. 

 

 

Figure 4.6 Training and validation losses during LSTM model training 
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4.3.3 Performance Comparison 

Section 4.3.3.1 presents a preliminary comparison of the three trained models by depicting the 

prediction trajectories for a single test sample. In the remaining sections, the complete testing 

dataset is utilized to compare the performance of the models. 

4.3.3.1 Depiction of prediction trajectories 

Figure 4.7 depicts the forecasts of the trained models on a common test sample. As observed, all 

three models adequately capture the future SOC level pattern, especially, until 4-hour lookahead. 

After four hours, the SARIMAX prediction deviates the most from the actual sample, followed by 

the prediction from the XGBoost model. The prediction LSTM model most closely aligns the 

future SOC level time series information. 

 

Figure 4.7 Comparison of predictions from different models for a common test sample 

4.3.3.2 Analysis of continuous parameters 

As mentioned earlier, the performance is assessed using standard metrics like root mean square 

error (RMSE) and mean absolute error (MAE) for continuous parameters. For categorical 

parameters, accuracy and confusion matrices are utilized. 

 

Figure 4.8 depicts the MAE and RMSE metrics for the three developed models. It can be 

SARIMAX performs the worst among the three models. Interestingly, XGBoost and LSTMs have 

similar error metrics for the one-hour lookahead prediction. However, after the first hour, LSTM 

performs better. An interesting observation is that the error metrics depict a plateau-like shape. 

The SARIMAX, XGBoost, and LSTM models’ error stagnate after a lookahead horizon of 8 hours, 

4 hours, and 2 hours respectively.  
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Figure 4.8 Error metrics for the three models across the forecasting horizon 

Overall, the error metrics for the XGBoost and LSTM models are reasonable considering that the 

ESRs considered in this case study have a high charge/discharge rating compared to the energy 

rating. Mathematically, the battery is capable of charging or discharging by 5.8/13.5 *100 = 

42.96% of its SOC level in an hour. 

4.3.3.3 Analysis of categorical predictions 

In certain applications of situational awareness frameworks, the objective is not to quantify future 

risks with high precision, but rather them into predefined levels to support quick and timely 

decision making. In this section, the models are analyzed and compared based on their ability to 

predict the appropriate SOC range instead of a specific SOC level. Three SOC ranges: low, 

medium, and high are considered based on the expected depletion of the battery. If the expected 

depletion is less than a certain threshold (for example: 30% in this analysis), the ESR will likely 

not have sufficient energy for obliging with its generation requirements in the market. On the other 

side, if the expected SOC level is more than a predefined threshold (for example: 70%), the ESR 

will likely be limited in charging. 

 

The categorical predictions are envisioned to provide system operators with a quick illustration of 

the capabilities of the ESRs in the electric network a few hours in advance so that operators can 

make suitable downstream decisions associated to reserve procurement and resource dispatch. 

 

Table 4.3 summarizes the classification accuracies of the three models across the key timeframes: 

1-hour, 3-hours, 6-hours, and 12-hours. Two general trends can be observed from the table. First, 

for all models, the accuracies decrease with increase in lookahead time frames. Overall, LSTMs 

significantly outperforms the other models and SARIMAX does not produce acceptable results.  
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Table 4.3 Comparison of various models based on classification accuracies across various 

timeframes 

 1-hour 

lookahead 

3-hours 

lookahead 

6-hours 

lookahead 

12-hours 

lookahead 

SARIMAX 84.17% 69.94% 59.90% 49.45% 

XGBoost 91.34% 83.50% 80.61% 80.84% 

LSTM 92.67% 90.21% 90.27% 88.34% 

 

 

 

 

 Figure 4.9, Figure 4.10, and Figure 4.11 expand the classification accuracies of the SARIMAX, 

XGBoost, and LSTM models respectively using confusion matrices. The number on the diagonal 

elements represent the cases where the prediction matched the true labels. As expected, it can be 

observed that the LSTM model performs the best, followed by the XGBoost model. Also, it can 

be observed that as the lookahead timeframe increases, the predictions worsen, and the confusion 

matrices become less sparse.  
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 Figure 4.9 Performance of the SARIMAX model for category prediction across various time 

stages 

 
 

 

Figure 4.10 Performance of the XGBoost model for category prediction across various time 

stages 
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Figure 4.11 Performance of the LSTM model for category prediction across various time stages 

4.3.3.4 Computational comparison 

To better understand the computational burden associated to each of the proposed frameworks, the 

training time and inference time (i.e., the time required to compute a prediction) to generate a 

forecast is reported. From Table 4.4, it can be observed that the LSTM is computationally most 

burdensome. This is expected since LSTMs have the highest number of trainable parameters in its 

framework. However, for practical applications, all three models can be implemented since the 

models are trained through offline studies. During online/real-time operations, the models can be 

utilized for prediction since the inference time is close or less than 1 milliseconds. 

 

Table 4.4 Computational time requirements for each framework 

Model Training time Inference time 

SARIMAX 117.72 secs < 1 ms 

XGBoost 11.38 secs < 1 ms 

LSTM 55.2 mins ~ 1 ms 

4.4 Conclusion 

In this chapter, an intra-day lookahead framework has been proposed to predict future energy 

availability of electric storage resources (ESRs). The main motivation of this framework is to 

provide situational awareness of the ESRs to system operators and ensure reliability in the electric 

grid. 
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Three popular time series prediction models, namely, seasonal ARIMA with exogenous variables 

(SARIMAX), extreme gradient boosting (XGBoost), and long short-term memory (LSTM), were 

explored. The models were compared using standard error metrics including mean absolute error 

and root mean square error. It was found that the LSTM model results in lowest errors, followed 

by XGBoost. This was expected since LSTM models are known to recognize complex patterns 

from time series data.  

 

The state-of-charge (SOC) prediction analysis was extended to categorical predictions of low, 

medium, and high categories to provide system operators a quick depiction of the ESRs. The 

models were assessed using accuracy scores and confusion matrices. Similar to the continuous 

time series analysis, LSTMs outperformed the other models here as well. 

 

However, the main downside of LSTMs is the black box nature of the model, hence, limiting 

access to relevant insights associated to individual features. Another downside from a realistic 

implementation was the computational requirement in training and storing the model. While the 

training time of about one hour is within acceptable limits, additional analysis is required while 

scaling to a network of ESRs. 
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5. Summary 

From the rise of sustainable sources of energy and upcoming technologies like electric storage, 

electric vehicles, and demand-side management, it is evident that the modern electric grid is 

undergoing a transition. The characteristics associated to the newer resources present operational 

challenges to multiple stakeholders in the process. This chapter summarizes the key learnings and 

insights derived the various approaches associated to DER participation in wholesale energy 

markets. Overall, chapters 2 and 3 addressed the challenges associated to aggregator decision-

making. Two modeling frameworks, namely, Markov Decision Processes and Optimization using 

Mixed-Integer Linear Programming, are explored. On the other hand, chapter 4 presented an intra-

day tool to assess future capabilities of energy storage resources. 

 

In the approach using Markov Decision Processes, the problem is formulated using appropriate 

state variables, action variables, and transition probabilities. Two algorithms, dynamic 

programming and Q-learning, were implemented to analyze the associated intricacies. As 

expected, dynamic programming resulted in optimal decisions, but the computational time 

requirements became intractable for larger systems. On the other hand, Q-learning was observed 

to be relatively scalable and produced a decision with an average optimality gap of 97%. 

 

In Chapter 3, a sequential decision-making framework is presented for an aggregator or Virtual 

Power Plant participating in both day-ahead and real-time energy markets. The risk preference of 

aggregators, and future uncertainty of solar and load resources is modeled in a mixed-integer linear 

programming framework to determine market bidding and battery management decisions. It was 

observed that the proposed framework appropriately handled the resource uncertainties using 

storage resources to fulfill the market obligations. A detailed analysis has been conducted to 

understand the effect of aggregator risk preferences, effect of various forecasting timeframes, and 

computational bottlenecks in the process.  

 

Chapter 4 presented a situational assessment framework to assess electric storage resources (ESR) 

during the intra-day stages (i.e., ranging from 1 hour to 12 hours lookahead). Motivated by existing 

tools in industry to assess future profiles of renewables and quantify reserve procurement criteria, 

the proposed framework also aims to assist system operators to ensure reliability in the electric 

grid. To quantify/predict future battery state-of-charge (SOC) levels, time series prediction models 

have been applied on historical market prices and aggregator data. Three models, namely, seasonal 

ARIMA with exogenous variables (SARIMAX), extreme gradient boosting (XGBoost), and long 

short-term memory (LSTM), have been explored. The models were trained and analyzed for an 

aggregator following the decision-making presented in Chapter 3. Multiple insights about the 

merits and demerits of the three models have been derived and presented. In summary, it was 

SARIMAX was not suitable due to its limitation of failing to recognize/model complex patterns 

from the time series data. On the other hand, the LSTM model outperformed the other models 

based on various standard error metrics.  
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1 

1. Unified Mode Selection Framework for DER Scheduling Applications

Considering Unbalanced Distribution Systems

1.1 Introduction 

The modern-day distribution system is constantly evolving due to the increasing push behind the 

adoption of renewable energy resources. Installation of residential PV rooftop units are leading the 

wave in this drive behind the adoption. According to [1], as shown in Figure 1.1, the United States 

observed a growth in the installation of small-scale solar capacity from 7.3 GW in 2014 to 39.5 

GW in 2022. This growth is due to several social and economic factors, including the conscious 

decision to reduce the impact on the environment by utilizing more sustainable forms of energy. 

Figure 1.1  Installed Small-Scale PV Capacity in the US between the Years 2014-2022 [1] 

From a financial standpoint, [2] presents an economic analysis of residential rooftop PV 

installation in the state of Texas for a generic system. Comprehensively considering factors such 

as, but not limited to the Net Present Value (NPV) and the Payback Period (PP), a Profitability 

Index (PI) of 1.31 was projected, which implies that investing in such a system is a prudent and a 

profitable venture. Coupled with the present-day incentives from the government and the net 

metering policies of utilities across the United States, this growth is inevitable. The accelerated 

growth is also having a severe impact on the distribution system operation due to several issues. 

High amounts of penetration present a challenging phenomenon, known as “Reverse power flow”, 

where the excess power generated flows back through the substation, to the power grid. This 

phenomenon occurs during discrete time periods over the course of 24 hours, where the PV active 

power generated exceeds the residential load demand in the distribution feeder. 

Due to this phenomenon, bus voltages at the end nodes of the feeder are usually higher than bus 

voltages, situated closer to the substation. Excess power flow could also cause thermal line limit 

violation issues in the feeders due to high amounts of current being fed back to the grid. During 

seasons such as spring, low demand and high solar irradiance are observed.  Owing to nominal 

ambient temperatures, residential cooling loads are reduced, which account for a significant 

portion of residential loads during the daytime. Linking these factors together, distribution feeders 

experience severe overvoltage issues. According to ANSI C84.1-1995, voltage magnitude within 

the feeder are to be maintained between 0.95 pu and 1.05 pu. Excessive overvoltage issues can 
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cause severe problems including insulation damage to equipment connected to the feeder, and 

reduction in the lifetime of the equipment. Higher no-load losses in transformers are also observed 

considering how magnetizing currents are higher at higher voltages [3]. 

The growth of renewable resources has also positively impacted the increasing adoption of EVs. 

Residential customers install charging resources within their own homes for ease of access. 

Characterized by high power inverter-based energy storage and drive trains, the charging process 

of EVs also accounts for a significant portion of residential demand. As the charging time itself is 

a consumer choice, accurately predicting changes in demand is a difficult task. At secondary 

sections, feeders majorly consist of single-phase lines which implies specific neighborhoods have 

a specific phase connection. Affluent neighborhoods would tend to adopt EVs at a much higher 

rate due to high price points. This dynamic causes an imbalance in the amount of EV loads being 

charged in a specific phase, causing voltage unbalance in the primary sections of the feeder. 

Voltage unbalance is also caused due to other reasons, but primarily due to unbalanced loading 

conditions on a specific phase. Three-phase equipment connected to the primary sections including 

power distribution equipment are less efficient due to increased negative-sequence voltages 

causing overheating. These thermal issues also cause lifetime reductions for the equipment causing 

monetary loss to the utility and the consumers within the feeder [3].  

High penetration levels of PV units also cause protection scheme malfunction and protection 

“desensitization” due to the reverse power flow phenomenon [4]. A rapid imbalance in adoption 

of PV units within the feeder also creates potential scenarios for miscoordination among protection 

schemes [5]. With the active power transfer potentially being bi-directional at the substation with 

the increasing penetration, solutions such as increased short circuit capacity, harmonic mitigation 

and grid islanding protection are required [6]. Reference [6] also mentions the potential rise in 

flicker and stress issues on distribution transformers which effectively increases the likelihood of 

failure in these equipment. Conventional issues such as overvoltage and voltage unbalance were 

typically solved using legacy VAr support devices such as On Load Tap Changers (OLTCs), 

switched capacitor banks, and voltage regulators. But the introduction of Inverter Based Resources 

(IBRs) has introduced a new challenge which is to be handled. Inverters operate at time scales 

different from conventional rotating machines (due to the high frequency switching nature). 

Considering the highly intermittent nature of PV resources, the coupled phenomenon causes 

dynamic fast voltage fluctuations in the grid, that adversely affect the loads connected within the 

distribution feeder. 

Considering the above factors, the operation of the modern distribution system has evolved beyond 

the existing control and operational infrastructure and strategy. Coupled with new developments 

on maximizing resources, a significant overhaul of the primitive infrastructure and strategy is 

required. 

1.1.1 Background and Motivation 

Based on FERC order 2222 [7], DER aggregators are encouraged to participate in the wholesale 

market, based on Independent System Operators (ISOs) proposed coordination and participation 

rules. This order enables maximizing the potential of the excess power generated by DERs in the 

distribution system. However, in the pursuit of fulfilling aggregator bids, distribution system 

operational limits should not be violated. Reference [8] simulated 10% increments of system PV 
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penetration, to show that the number of voltage violation and unbalance occurrences in half-hourly 

time steps, exponentially increased with increase in penetration. Inverters shutting off due to 

voltage issues also caused severe monetary loss, as cheaper retail price resources were lost. 

Typically, voltage issues were handled by legacy VAr support devices such as OLTCs, switched 

capacitor banks and voltage regulators. These devices do not serve as an effective solution due to 

multiple reasons. Reference [9] describes how intermittent PV output and fast control actions of 

inverters cause voltage fluctuations to occur rapidly, that traditional OLTCs and switched 

capacitors cannot regulate these fluctuations. Lowering the set-point of OLTCs at the substation 

could help with meeting voltage limits but might not ensure this thought the feeder [9]. In a study 

conducted in [10], the fast voltage fluctuations caused excessive OLTC operations, which can 

reduce the lifetime of distribution equipment, and cause increased maintenance costs. With the 

introduction of the IEEE 1547-2018 standards [11], DERs are allowed to provide reactive power 

support for voltage regulation issues in distribution feeders. Due to the fast control actions of SIs, 

fast voltage fluctuations are effectively handled. The standards specify four distinct reactive power 

operational modes including constant power factor mode, constant reactive power mode, voltage-

reactive power mode (Volt-VAr) and active power-reactive power mode (Watt-VAr), of which the 

latter two are popular operational modes (Table 1.1). Apart from this, a voltage-active power (Volt-

Watt) mode of operation is also specified, which is meant to be enabled along with any one of the 

reactive power operational modes. The inclusion of these modes under standard operation depend 

upon the category of standard. Category A corresponds to minimum performance capabilities for 

voltage regulation attained by current DERs [11]. Category B corresponds to all the capabilities 

included in category A and supplemental requirements where DER penetrations are higher [11]. 

Table 1.1  Reactive and Active Power Operational Modes Following IEEE 1547-2018 [11] 

DER Category Category A Category B 

Reactive Power Operational Mode 

Constant Power Factor Mode Mandatory Mandatory 

Constant Reactive Power Mode Mandatory Mandatory 

Voltage-Reactive Power Mode Mandatory Mandatory 

Active Power-Reactive Power Mode Not required Mandatory 

Active Power Operational Mode 

Voltage-Active Power Mode Not required Mandatory 

The proper utilization of these reactive power capabilities can improve voltage issues at local 

buses. To maximize the effect of sparsely populated smart inverters, a robust optimal power flow 

model is required. Modeling the distribution system is a difficult task considering the high R/X 

ratio. An effective model considers the unbalanced nature of distribution systems as well as the 

single phase and three phase lines, the mutual impedance, and the shunt admittances. Including all 

these features increases model complexity and excluding them affects accuracy. Finally, 

considering all the above-mentioned factors, a DER scheduling tool must also be computationally 

efficient. 
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1.1.2 Contributions 

Taking into account the above-mentioned issues, the goals and contributions of this work 

include: 

• Formulation of a piece-wise Watt-VAr operational mode, compliant to the IEEE 1547-

2018 standards, for smart inverters, capable of injecting reactive power to the feeder as a 

function of active power output. 

• Inducting the Watt-VAr curve into a robust DOPF (Distribution Optimal Power Flow) to 

create a DER scheduling tool capable of dispatching individual inverters in the feeder.  

• Developing a model which co-optimizes the Watt-VAr operational curve according to the 

IEEE 1547-2018 standards, based on system operational conditions to schedule the optimal 

amount of active and reactive power. 

• Formulation and induction of the Volt-Watt operational mode, compliant to the IEEE 1547-

2018 standard, into a robust DOPF to create a DER scheduling tool. 

• Presenting different approaches to minimize voltage unbalance in a distribution feeder 

within the optimization framework, including a constraint-based approach and an 

objective-based approach. 

• Formulation and development of a UMS (Unified Mode Selection) operational framework, 

capable of optimally selecting the operational mode, within the DER scheduling tool. 

• Formulating additional constraints to develop a Co-optimized UMS operational framework 

capable of optimally selecting the operational mode and zone, within the DER scheduling 

tool. 

1.2 Literature Survey 

1.2.1 Issues Faced by the Modern Distribution System 

Due to the accelerated adoption of roof-top residential PV units, several power quality issues have 

risen, including voltage issues such as voltage unbalance and voltage violation. Historically, 

voltage regulation devices such as OLTCs, switched capacitors and voltage regulators efficiently 

mitigated these issues. Due to the highly intermittent nature of PV units and the fast control actions 

of SIs, the power grid is subject to excess fast voltage fluctuations. Reference [9] describes how 

the rapid nature of the fluctuations cannot be efficiently mitigated by legacy VAr devices such as 

OLTCs and switched capacitors. Tap changes are performed over set time scales which are orders 

of magnitude larger than that of voltage fluctuations. Apart from the speed of operations, legacy 

VAr devices are inhibited by the frequency of corrective operations. In a study conducted in [10], 

a co-simulation of transmission and distribution system under DER penetration was performed, 

which exhibited excessive operations of OLTCs to handle the issue of intermittency. Reference 

[10] also mentions the ineffectiveness of OLTCs in terms of its sparse nature to handle voltage 

issues. The fast control actions of SIs also have the possibility of causing equipment malfunction 

among legacy VAr devices [4]. Continuous operation of these devices in high voltages also affects 

insulation strength and causes lifetime reduction [3]. Coupled with the cost of maintenance and 

replacement, a comprehensive solution is required to augment the operation of legacy VAr devices. 

Reference [8] describes how increasing penetration of PV units in low voltage distribution systems 

is causing increasing voltage violation issues. Based on a simulation performed on a pi-modeled 



 

5 

 

balanced circuit with shunt admittance, a linear increase in penetration caused an exponential 

increase in the overvoltage instances observed. As mentioned in [3], continuous operation in 

abnormal voltages causes insulation degradation and equipment to be replaced more often. 

Intermittency of PV also causes undervoltage scenarios which reduce the efficiency of the 

equipment as increased losses are observed due to more current being drawn [3]. Voltage 

unbalance is also another issue faced due to an imbalance in penetration levels among different 

phases and the increasing adoption of EVs. The work presented in [12], describes how distribution 

feeders experience severe unbalance due to EVs, especially at the secondary sections. A test 

conducted on the effect of charging and discharging operations on a generic radial distribution 

feeder, showed that the system voltage unbalance exceeded 2% in 34% of the testing scenarios 

[12]. Another cause of the problem might be due to the large single-phase laterals, due to heavily 

loaded phases [3]. 

The main effects of voltage unbalance are observed in loads and distribution feeder equipment 

connected to the primary sections of the feeder which are majorly three phase. Any three-phase 

equipment in operation requires a nominal supply voltage, without which equipment efficiency 

and lifetime is affected. Extended operations in unbalanced conditions causes thermal issues and 

lifetime reduction in motor loads connected to the feeder [4]. This reduction can be attributed to 

increasing current unbalance and magnitude in a single phase which increases losses in the winding 

[13]. Significant torque oscillations are also observed due to amplified harmonics in the current 

and voltage [13].There are several solutions mentioned among literature in solving the issue of 

voltage unbalance. Historically, as the root cause of voltage unbalance was due to  imbalance in 

loading conditions, load reduction was performed by equally redistributing the loads [3]. The 

single-phase laterals connected to heavy loads were connected to different phases to redistribute 

the load. Reference [3] also describes how loads were transferred to another circuit through 

reconnection to solve this issue. Due to the rapid nature of the EV charging and discharging 

process, load imbalance is more frequent with a greater magnitude of change [12]. Therefore, 

reconnection to solve the issue of voltage unbalance is not a practical solution. References [14] 

and [15] present strategies in limiting voltage unbalance caused by increasing charging operations 

of EVs with charging management. Reference [14] mentions two approaches to solving the 

unbalance issue. The first approach involves optimal phase switching of the EV charger 

connections to balance load in the feeder. Even with the presence of automated switches with 

control, the sparse nature of this equipment makes this solution impractical. The second approach 

involves active power charging and reactive power discharging from the inverters within the EVs 

[14]. Reactive power discharge can help alleviate voltage issues, but also impede charging capacity 

due to inverter apparent power limits. The solution as presented in [15], involves limiting 

unbalance by controlling the EV charging rate as a function of voltage unbalance and a fixed active 

power set-point. Both the above-mentioned solutions from [14] and [15] involve charging rate 

curtailment which impedes consumer experience. Therefore, these solutions may not be practical. 

1.2.2 Distribution System Modeling 

Considering the above-mentioned facts and the objective of FERC order 2222 [7], a 

comprehensive solution is to be developed. This solution should be capable of mitigating voltage 

issues within the distribution feeder, without impeding consumer experience, while still 

maximizing the potential of roof-top PV units as directed by [7]. The appropriate solution as 
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enabled by the IEEE 1547-2018 standards [11] would be a scheduling mechanism which takes 

network conditions into account and optimally dispatches SIs in the feeder. Such a mechanism 

involves complex components, including a robust distribution system model,  accurate 

development of SI reactive power capability according to the IEEE 1547 standards [11], and a 

computationally efficient formulation. Traditionally, distribution systems have been a passive 

fragment of the bulk power system with transmission system modeling and dispatch taking 

precedence. With the increasing active nature of distribution systems, modeling and dispatch are 

being more vigorously investigated. Transmission systems consist of low R/X ratio and balanced 

circuits, which enable them to have a simpler model by utilizing assumptions [3]. These 

assumptions also include the strong coupling between voltage-reactive power and angle-active 

power. The same assumptions cannot be applied to distribution systems due to several reasons. 

Distribution systems generally have high R/X ratios which implies the resistive nature of the circuit 

dominates the reactive nature. This fact reverses the strong coupling effect, where distribution 

systems have a strong coupling phenomenon between voltage-active power and angle-reactive 

power [3]. Apart from this effect, distribution systems cannot be assumed to be balanced systems. 

This is due to characteristics such as the multiphase (distribution systems consist of three phase 

lines, single phase laterals) and the untransposed nature. The mutual impedance and shunt 

admittance cannot be ignored due to the fact that lines are not transposed. References [8], [16], 

[17], [18], [19], [20], [21], [22] all present VAr control strategies for feeders with high PV 

penetration based on balanced distribution system models. There are a few drawbacks with regard 

to utilizing a balanced distribution system model. One such drawback is the reduction in dispatch 

accuracy, which is caused by the inability to capture the virtual paths between the phases. This 

affects the accuracy of current estimation in a specific phase. Moreover, a significant portion of 

the rooftop PV units installed are single phase units, which implies a more comprehensive model 

is required to dispatch such units. Issues such as voltage unbalance cannot be mitigated without 

having a multi-phase representation of the distribution system. Therefore, modeling the 

distribution system accurately is a significant requirement. 

A substantial portion of a dispatch mechanism involves a robust DOPF (Distribution Optimal 

Power Flow) model which is capable of efficiently computing dispatch metrics and also modeling 

the distribution system accurately. As the distribution power flow model is inherently non-linear, 

it is pertinent to balance solution accuracy and solution quality. The literature reviewed in this 

section, present distinct formulations to represent such a tool, including Mixed Integer Non-Linear 

Programming (MINLP) models, Mixed Integer Second Order Cone Programming (MISOCP) 

models, and Mixed Integer Linear Programming (MILP) models. These models are solved using 

commercial solvers specified for LP, MILP and NLP. References [22], [23], [24], [25], and [26] 

all present either NLP or MINLP based DOPF models which rely on a nonlinear power flow 

model. In all instances, generic solver were used to solve these problems, with the test systems 

being limited to 123 bus systems. The interior point method, or variations of it were used to solve 

these models, which traverses the interior portions of the feasible region which aids in large scale 

problems, but this property is specific to problem types.  

Reference [27] benchmarks different formulations for a DOPF application using commercial 

solvers and well-known distribution system models. The main observation of this study points to 

the fact that NLP models are hindered by the issue of scalability, with large test cases not 

converging. From this observation, it is concluded that for the DOPF application, two issues plague 
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NLP models, including the issues of model scalability and solution quality (due to the solver 

converging to local optimal solutions) [27]. Therefore, ensuring model convexity can aid in the 

quality of solution obtained. Due to the increasing robustness of MILP solvers in recent times, 

mixed integer convex models are more popular as they solve the issue of solution quality and 

exhibit good scalability. Convex relaxations provide good alternatives to non-convex models due 

to solution guarantees. References [16], [17], [18], and [19], present convex relaxations to the non-

linear non-convex DOPF models using techniques such as Second Order Cone Programming 

(SOCP) and Semi Definite Programming (SDP). Convex relaxations work by fitting the non-

convex regions of the feasible space with a convex estimator. One main drawback of these 

relaxation techniques is that they lead to expanded feasible regions. This expansion leads to a 

possibility where the converged solution might not be a feasible to the original problem, leading 

to “inexactness” [28]. 

Linear formulations of power flow in distribution systems often involve an approximation 

technique which effectively transforms the non-linear non-convex portion of the formulation into 

linear versions. Taylor series approximation, McCormick linearization, polyhedral linearization 

are a few examples of approximation techniques. References [29] and [30] present DOPF models 

based on polyhedral linearization. This linearization involves the calculation of derivatives to form 

a tight convex hull at specific points to form a piecewise approximation. Techniques such as 

polyhedral linearization often involve a large number of linear constraints to approximate the true 

feasible region which might make them computationally expensive [31]. References [21], [29], 

[30], and [32] present linearized DOPF formulations such as LinDistFlow and LinDist3Flow 

which make assumptions on system conditions to approximate the non-linearities and complexities 

in the model. As mentioned in [32] which presents a multiphase unbalanced formulation of the 

LinDistFlow model, terms associated with the loss are neglected, and ratio of voltage phasors are 

considered to be constant. Apart from the reduction in accuracy due to the ignoring of losses, the 

assumption regarding the ratio of voltage phasors to be constant, affects the model from being used 

in voltage balancing applications [32]. 

1.2.3 Volt-VAr and Volt-Watt Operational Mode in Literature 

According to the IEEE 1547-2018 standards, SIs are allowed to provide VAr support according to 

four distinct modes of operations. Volt-VAr and Watt-VAr operational modes are two popular 

solutions widely discussed among literature. References [18], [24], [25], [26], [29], [30], and [33] 

model reactive power operational modes controlled by bus voltages. Both [29] and [30] present an 

unbalanced DOPF based on the LinDist3Flow model, where the constraints related to smart 

inverters are linearized with polyhedral linearization. Reference [29] formulates Volt-Watt and 

Volt-VAr curves utilizing the lambda method with the objective of minimizing net load curve. The 

set-points of the Volt-Watt curve chosen exceed the range of limits as prescribed by the IEEE 

1547-2018 standards. This issue leads to real time unavailability of scheduled reactive power as 

the SI follows the curve according to the IEEE 1547-2018 standards. A two-stage solution is 

presented in [30], where the first stage is a centralized DOPF optimization process where active 

power dispatch and LTC status is decided. A fixed Volt-VAr curve is modeled with a combination 

of the Big-M method and Bilinear constraints. The second stage presents an adaptive delta Volt-

VAr curve where the slope is modified using a controller. The work presented in [33], describes a 

two-stage implementation, where the Volt-VAr curve is accurately modeled according to the IEEE 
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1547-2018 standards, within an unbalanced DOPF in the first stage. From the active power 

dispatch obtained in the first stage, the second stage models the Volt-Watt curve according to the 

IEEE 1547-2018 standards and obtains the voltages, active power, and reactive power values. As 

Volt-Watt operates beyond 1.05 pu, modeling the curve within a framework with the objective of 

limiting the voltage violation below 1.05 pu is retroactive. 

Reference [18] presents a DOPF based on a balanced BFM (Branch Flow Model) which is relaxed 

using SOCP. The piecewise Volt-VAr curve according to the IEEE 1547-2018 standards, is 

modeled using bilinear terms which is relaxed using different linearization techniques such as 

Taylor series, McCormick relaxation, quadratic relaxation, and piecewise quadratic relaxation. 

The objective of the tool was to minimize system loss. As mentioned previously, SOCP leads to 

expanded feasible regions, where the solution obtained may not be feasible to the original problem 

[28].References [24], [25] and [26] present unbalanced DOPFs based on an NLP formulation. Both 

[24] and [25] perform the same task of performing mode selection on 4 modes including Volt-

Watt, Volt-VAr (P-priority), and Volt-VAr (Q-Priority). The main drawback of this approach is 

that the mode selection includes Volt-Watt, which is an active power curtailment operational mode 

which works on top of the other modes listed above [11]. Considering the overall objective of DER 

scheduling to maximize PV utilization, Volt-VAr should by default be operated with P-priority.  

Apart from this, the oversized inverters have rated reactive power ratings of 0.6 pu, which, even 

considering the oversizing factor, according to the IEEE 1547-2018 standards, should not exceed 

0.55 pu. Reference [26] presents a nonlinear DOPF formulation which models a similar set of 

control modes as mentioned above with the exception of the action of mode selection. This system 

is solved using Particle Swarm Optimization (PSO) which is a meta-heuristic algorithm, affected 

by slow convergence and solution quality [34]. One common observation among [24], [25] and 

[26] is the fact that the test systems never exceeded a 123-bus system. This further explains the 

issue of solution quality and scalability for DOPF applications using MINLP and NLP 

formulations [27]. 

1.2.4 Watt-VAr Operational Mode in Literature 

High R/X ratio of distribution systems imply a greater sensitivity of voltage to active power 

change. Utilizing this property, active power generation curtailment strategy can serve as a good 

solution to mitigate voltage issues across distribution feeders. The adverse effect of utilizing this 

strategy is the cost penalty associated with the increased cost of operation. This penalty is due to 

the reduction in the utilization of cheap renewable resources. The literature survey presented in 

this section covers [16], [19], [21], [22], [35],  and [36] which present an active power-reactive 

power operational scheme for VAr dispatch. References [35] and [36] present active power-

reactive power operational schemes, with modified slope factors computed based on the voltage 

difference and the reactive power injected, with respect to a threshold. This implementation is 

performed system wide using voltage sensitivity matrices, based on a power flow model. The 

usage of voltage sensitivity matrices imply that the solution obtained yields a feasible solution but 

does not guarantee an optimal solution. Apart from this, a power flow model is used, instead of an 

optimal power flow model which suggests that active power dispatch is not controlled. Reference 

[21] presents a LinDistFlow model based OPF assuming a balanced distribution system. The Watt-

VAr curve is formulated using a set of bilinear constraints according to the IEEE 1547-2018 

standard, which are linearized using McCormick relaxation. A mixed integer formulation is 
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presented where optimal setting selection is also performed. Due to the balanced representation of 

the distribution system model, the formulation possibly suffers from accuracy issues. 

Reference [16] and [19] present balanced DOPF models based on convex relaxations. The work 

presented in [16] involves a balanced DistFlow model which is relaxed using SOCP. A two-stage 

solution is proposed with a centralized optimization process (Day-Ahead) for dispatch points in 

the feeder considering the objective of minimizing losses and voltage violations. A secondary stage 

(hourly time step) is presented for local VAr control using Convolution Neural Networks (CNNs). 

The dispatch of OLTCs and capacitor banks are considered in the primary stage. The assumption 

of a balanced system also adds to the inability to model voltage unbalance mitigation. The 

formulation presented in [19], considers a pi-model, which includes the complete representation 

of circuit including shunt admittances, relaxed utilizing SDP. However, the assumption of a 

balanced system affects the ability to consider the effect of mutual impedance and admittances 

within the formulation. This assumption affects the solution accuracy. Moreover, both [16] and 

[19] model the Watt-VAr curves in an approach which is not compliant to the IEEE 1547-2018 

standard [11]. 

Reference [22] presents an NLP based probabilistic approach of hosting high PV penetration, 

considering the stochastic nature of PVs and the loads. With the assumption of a balanced 

distribution system, the work minimizes the total voltage deviation and the PV power output for a 

33-bus distribution system. Optimal PV placement is also performed within this formulation. Apart 

from the assumption of balanced system, the Watt-VAr mode of operation does not contain a piece-

wise curve as prescribed by the IEEE 1547-2018 standard, with the reactive power only 

constrained by capacity and a function of active power. 

1.2.5 Operational Mode Selection in Literature 

Mode selection has not been widely presented in literature considering the complexities involved 

in modeling such a framework. To the best of the author’s knowledge, [24] and [25] (which is an 

extension of [24]) are the only two works, to present a mode selection framework, wherein 

different reactive power operational modes are modeled. As mentioned previously, both the works 

contain an MINLP based unbalanced distribution system model where four different operation 

modes such as Volt-Watt, Volt-VAr (P-Priority), Volt-VAr (Q-Priority) and constant power factor 

mode are modeled and whose set-points are optimized. This two-stage implementation is tested on 

an IEEE 123 bus system with the objective of minimizing total voltage deviation. The piece-wise 

curves are modeled using Heavyside functions. 

The rated reactive power limits for inverters are calculated on the basis of an oversizing factor of 

1.25 pu, to be 0.6 pu [24]-[25]. According to the IEEE 1547-2018 standards [11], the rated value 

of reactive power dispatch cannot be more than 44% of rated apparent power limits, which imply 

that the reactive power limits considered should not exceed 0.55 pu. Apart from this, Volt-Watt, 

which is an active power reactive power capability mode, according to the standard [11], is to be 

enabled in conjunction with one of the reactive power capability modes. Having a mode selection 

framework optimally selecting between Volt-Watt and the other three modes is counterintuitive 

considering the nature of the operational modes. In the case of minimizing an objective function 

which involves active power curtailment of PVs, operational costs and so on, active power from 

PVs should be prioritized, as presented in this thesis. So, the Volt-VAr mode of operation 
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inherently assumes active power priority (P-Priority) even though it is not comprehensively 

specified by the standards. The largest test system utilized in [24] and [25] is the IEEE 123 bus 

system. Scalability is one issue that can potentially affect this approach due to the MINLP 

formulation [27]. 

1.3 Active Power-Reactive Power Operational Mode 

1.3.1 Watt VAr Mode 

According to the IEEE 1547-2018 standards, Watt-VAr operational mode involves the control of 

reactive power dispatch as a function of active power dispatch of the inverter. The participation 

of DERs in any specified reactive power operational mode for voltage regulation requires the 

approval of the area Electric Power System (EPS) operator [11]. The specified characteristic is a 

piecewise linear active power-reactive power function. Figure 1.1 exhibits the Watt-VAr curve 

as specified by the IEEE 1547-2018 standard. The characteristic curve has 7 different zones of 

operation including 6 operating set-points for both active power and reactive power. As defined 

by the default values of the curve settings, each zone represents reactive power dispatch values to 

be followed as a linear function of active power dispatch. 

 

 

Figure 1.2  The Watt-VAr Piecewise Linear Function According to the IEEE 1547-2018 

Standard [11] 

Zone 1 represents the zone of operation, where beyond active power set-point 𝑃3,𝜑
′𝑝𝑣𝑣

, the inverter 

injects constant reactive power into the grid, as defined by 𝑄3,𝜑
′𝑝𝑣𝑣

. Zone 2 represents the zone of 

operation, where between 𝑃3,𝜑
′𝑝𝑣𝑣

 and 𝑃2,𝜑
′𝑝𝑣𝑣

, the inverter injects reactive power according to a linear 

relationship with the active power dispatch as defined by the slope between (𝑃3,𝜑
′𝑝𝑣𝑣 , 𝑄3,𝜑

′𝑝𝑣𝑣) and 

(𝑃2,𝜑
′𝑝𝑣𝑣

, 𝑄2,𝜑
′𝑝𝑣𝑣

). Zone 3 represents the zone of operation, where between 𝑃2,𝜑
′𝑝𝑣𝑣

 and 𝑃1,𝜑
′𝑝𝑣𝑣

, the 

inverter injects reactive power according to a linear relationship with the active power dispatch as 

defined by the slope between (𝑃2,𝜑
′𝑝𝑣𝑣, 𝑄2,𝜑

′𝑝𝑣𝑣) and (𝑃1,𝜑
′𝑝𝑣𝑣 , 𝑄1,𝜑

′𝑝𝑣𝑣). Zone 4 represents the zone of 
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operation, where between 𝑃1,𝜑
′𝑝𝑣𝑣

 and 𝑃1,𝜑
𝑝𝑣𝑣

, the inverter injects or absorbs reactive power according 

to a linear relationship with the active power dispatch as defined by the slope between 

(𝑃1,𝜑
′𝑝𝑣𝑣 , 𝑄1,𝜑

′𝑝𝑣𝑣) and (𝑃1,𝜑
𝑝𝑣𝑣 , 𝑄1,𝜑

𝑝𝑣𝑣). Zone 4 is usually modeled as a dead zone, by considering the 

values of (𝑃1,𝜑
′𝑝𝑣𝑣, 𝑄1,𝜑

′𝑝𝑣𝑣) and (𝑃1,𝜑
𝑝𝑣𝑣, 𝑄1,𝜑

𝑝𝑣𝑣) such that, reactive power is neither injected nor absorbed 

by the SI. 

Zone 5 represents the zone of operation, where between 𝑃1,𝜑
𝑝𝑣𝑣

 and 𝑃2,𝜑
𝑝𝑣𝑣

, the inverter absorbs 

reactive power according to a linear relationship with the active power dispatch as defined by the 

slope between (𝑃1,𝜑
𝑝𝑣𝑣
, 𝑄1,𝜑

𝑝𝑣𝑣
) and (𝑃2,𝜑

𝑝𝑣𝑣
, 𝑄2,𝜑

𝑝𝑣𝑣
). Zone 6 represents the zone of operation, where 

between 𝑃2,𝜑
𝑝𝑣𝑣

 and 𝑃3,𝜑
𝑝𝑣𝑣

, the inverter absorbs reactive power according to a linear relationship with 

the active power dispatch as defined by the slope between (𝑃2,𝜑
𝑝𝑣𝑣, 𝑄2,𝜑

𝑝𝑣𝑣) and (𝑃3,𝜑
𝑝𝑣𝑣, 𝑄3,𝜑

𝑝𝑣𝑣). Zone 7 

represents the zone of operation, where beyond 𝑃3,𝜑
𝑝𝑣𝑣

, the inverter absorbs reactive power 

according to the reactive power set-point 𝑄3,𝜑
𝑝𝑣𝑣

. The IEEE 1547-2018 standard has enabled SIs to 

modify these set-points within an allowable range which are to be immediately implemented by 

the DER operator [11]. Table 1.2 and Table 1.3 describes the default settings utilized and the 

allowable range of modifications for the set-points as described by the IEEE 1547-2018 standard. 

𝑃𝑓,𝜑
′𝑚𝑎𝑥,𝑝𝑣𝑣

 and 𝑃𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 correspond to the respective rated active power absorption and injection 

limit for each Inverter 𝑓 at Phase 𝜑. Active power absorption is enabled only when the inverter is 

interfaced to a Battery Energy Storage (BES) device, and therefore 𝑃𝑓,𝜑
′𝑚𝑎𝑥,𝑝𝑣𝑣

 is constrained by the 

device capacity. 

Table 1.2  Active Power Set-Points for the Watt-VAr Operational Mode Curve Following the 

IEEE 1547-2018 Standard [11] 

Active Power 

Set-Points 

Default Settings Modification Range 

Minimum Maximum 

𝑃3,𝜑
′𝑝𝑣𝑣

 100 % 𝑃𝑓,𝜑
′𝑚𝑎𝑥,𝑝𝑣𝑣

 𝑃𝑓,𝜑
′𝑚𝑎𝑥,𝑝𝑣𝑣

 𝑃2,𝜑
′𝑝𝑣𝑣

+10% 𝑃𝑓,𝜑
′𝑚𝑎𝑥,𝑝𝑣𝑣

 

𝑃2,𝜑
′𝑝𝑣𝑣

 40 % 𝑃𝑓,𝜑
′𝑚𝑎𝑥,𝑝𝑣𝑣

 80% 𝑃𝑓,𝜑
′𝑚𝑎𝑥,𝑝𝑣𝑣

 40% 𝑃𝑓,𝜑
′𝑚𝑎𝑥,𝑝𝑣𝑣

 

𝑃1,𝜑
′𝑝𝑣𝑣

 20 % 𝑃𝑓,𝜑
′𝑚𝑎𝑥,𝑝𝑣𝑣

 𝑃2,𝜑
′𝑝𝑣𝑣

-10% 𝑃𝑓,𝜑
′𝑚𝑎𝑥,𝑝𝑣𝑣

 0 

𝑃1,𝜑
𝑝𝑣𝑣

 20 % 𝑃𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 0 𝑃2,𝜑
𝑝𝑣𝑣

-10% 𝑃𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 

𝑃2,𝜑
𝑝𝑣𝑣

 40 % 𝑃𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 40% 𝑃𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 80% 𝑃𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 

𝑃3,𝜑
𝑝𝑣𝑣

 100 % 𝑃𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 𝑃2,𝜑
𝑝𝑣𝑣

+10% 𝑃𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 𝑃𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 

Table 1.3  Reactive Power Set-Points for the Watt-VAr Operational Mode Curve Following the 

IEEE 1547-2018 Standard [11] 

Reactive Power 

Set-Points 

Default Settings Modification Range 

Minimum Maximum 

𝑄3,𝜑
′𝑝𝑣𝑣

 100 % 𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 -𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 +𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 

𝑄2,𝜑
′𝑝𝑣𝑣

 100 % 𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 -𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 +𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 

𝑄1,𝜑
′𝑝𝑣𝑣

 0 % 𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 -𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 +𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 

𝑄1,𝜑
𝑝𝑣𝑣

 0 % -𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 -𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 +𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣
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𝑄2,𝜑
𝑝𝑣𝑣

 100 % -𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 -𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 +𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 

𝑄3,𝜑
𝑝𝑣𝑣

 100 % -𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 -𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 +𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 

 

𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 corresponds to the rated reactive power capacity which is constrained at 44% of the rate 

apparent power limits according to the IEEE 1547-2018 standard [11]. According to the standard, 

each reactive power set-point can be modified from the rated reactive power absorption limit to 

the rate reactive power injection limit. Considering an oversizing factor for the inverter, changes 

the 44% limit based on the factor itself according to (1.1). 

𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣(𝑝. 𝑢. ) = 𝑆𝑓,𝜑

𝑚𝑎𝑥,𝑝𝑣𝑣(𝑝. 𝑢. )  × 𝑂𝑣𝑒𝑟𝑠𝑖𝑧𝑖𝑛𝑔 𝐹𝑎𝑐𝑡𝑜𝑟 ×  0.44 (1.1) 

As shown in Figure 1.1, the left half of the plane, where the inverter absorbs active power, is only 

active when a BES device is interfaced with the inverter. As the set-points are modifiable, it is not 

necessary that reactive power can only be injected when active power is being absorbed. 

 

1.3.2 Problem Formulation 

To study the effectiveness of the Watt-VAr mode in mitigating voltage issues and maximizing the 

potential of SIs within distribution feeders, a robust DOPF model is required. The DOPF model 

should be capable of creating an accurate representation of the distribution system, considering all 

the complexities to efficiently schedule the SIs. The IVACOPF [37][38], is one such model, which 

accurately models the unbalanced distribution system. Considering a pi-modeled unbalanced 

distribution system with the mutual impedance and shunt admittance effect, the model is a 

comprehensive representation of the distribution system, leading to increased accuracy for DOPF 

applications. Considering Node 𝑖 and Node 𝑗, the voltage drop across the two nodes connected by 

Line ℓ at Phase 𝜑 is given by (1.2). 

𝑉𝑖
𝜑
− 𝑉𝑗

𝜑
= ∑ 𝑍ℓ

𝜑,𝜑′
𝐼ℓ
𝜑′

𝜑′∈𝜙 −
1

2
∑ 𝑍ℓ

𝜑,𝜑′
(∑ 𝑦ℓ

𝜑′,𝜑′′
𝑉𝑖
𝜑′′

𝜑′′∈𝜙 )𝜑′∈𝜙 , ∀𝜑 ∈ 𝜙, ℓ ∈ 𝐾 (1.2)  

Equation (1.2) can also be reformulated to represent the current flowing through a Line ℓ, between 

Nodes 𝑖 and  𝑗, at Phase 𝜑, as shown in (1.3). 

𝐼ℓ
𝜑
= (𝑍ℓ

𝜑,𝜑
)
−1
[𝑉𝑖

𝜑
− 𝑉𝑗

𝜑
−∑ 𝑍ℓ

𝜑,𝜑′
𝐼ℓ
𝜑′

𝜑′∈𝜙,𝜑′≠𝜑 +
1

2
∑ 𝑍ℓ

𝜑,𝜑′
(∑ 𝑦ℓ

𝜑′,𝜑′′
𝑉𝑖
𝜑′′

𝜑′′∈𝜙 )𝜑′∈𝜙 ] , ∀𝜑 ∈

𝜙, ℓ ∈ 𝐾  (1.3)  

Equations (1.2) and (1.3) represent how the current flowing through a line across two nodes or the 

voltage drop across the two nodes, not just depend on the voltage and currents of that phase 𝜑 , 

but also the other two phases 𝜑′ and 𝜑′′, in an unbalanced distribution system. Both (1.2) and (1.3) 

are both linear and completely capture the characteristics of the unbalanced distribution system. 

Equation (1.3) can be resolved into the real and imaginary parts of the current across Line ℓ, in 

rectangular coordinates as shown in (1.4) and (1.5). 
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𝐼ℓ
𝑟,𝜑

= (𝑅ℓ
𝜑,𝜑
)
−1
[𝑉𝑖

𝑟,𝜑
− 𝑉𝑗

𝑟,𝜑
− ∑ 𝑅ℓ

𝜑,𝜑′
𝐼ℓ
𝑟,𝜑′

𝜑′∈𝜙,𝜑′≠𝜑 +∑ 𝑋ℓ
𝜑,𝜑′

(𝐼ℓ
𝑖𝑚,𝜑′

−𝜑′∈𝜙,𝜑′≠𝜑

1

2
∑ 𝑦ℓ

𝜑′,𝜑′′
𝑉𝑖
𝑟,𝜑′′

𝜑′′∈𝜙 ) −
1

2
∑ 𝑅ℓ

𝜑,𝜑′
(∑ 𝑦ℓ

𝜑′,𝜑′′
𝑉𝑖
𝑖𝑚,𝜑′′

𝜑′′∈𝜙 )𝜑′∈𝜙 ] , ∀𝜑 ∈ 𝜙, ℓ ∈ 𝐾 (1.4)  

𝐼ℓ
𝑖𝑚,𝜑

= (𝑅ℓ
𝜑,𝜑
)
−1
[𝑉𝑖

𝑖𝑚,𝜑
− 𝑉𝑗

𝑖𝑚,𝜑
− ∑ 𝑅ℓ

𝜑,𝜑′
𝐼ℓ
𝑖𝑚,𝜑′

𝜑′∈𝜙,𝜑′≠𝜑 −∑ 𝑋ℓ
𝜑,𝜑′

(𝐼ℓ
𝑟,𝜑′

+𝜑′∈𝜙,𝜑′≠𝜑

1

2
∑ 𝑦ℓ

𝜑′,𝜑′′
𝑉𝑖
𝑖𝑚,𝜑′′

𝜑′′∈𝜙 ) +
1

2
∑ 𝑅ℓ

𝜑,𝜑′
(∑ 𝑦ℓ

𝜑′,𝜑′′
𝑉𝑖
𝑟,𝜑′′

𝜑′′∈𝜙 )𝜑′∈𝜙 ] , ∀𝜑 ∈ 𝜙, ℓ ∈ 𝐾 (1.5) 

Considering Node 𝑖, the set of all lines connected to it is Set ℎ(𝑖). According to the Kirchoff 

Current Laws (KCL), the net injection at Node 𝑖 is given by the sum of all current flowing in and 

out of the node as shown in (1.6) and (1.7), represented in rectangular coordinates. 

𝐼𝑖
𝑟,𝜑

= ∑ 𝐼𝑙
𝑟,𝜑

ℓ∈ℎ(𝑖) , ∀𝜑 ∈ 𝜙, 𝑖 ∈ 𝑃  (1.6) 

𝐼𝑖
𝑖𝑚,𝜑

= ∑ 𝐼𝑙
𝑖𝑚,𝜑

ℓ∈ℎ(𝑖) , ∀𝜑 ∈ 𝜙, 𝑖 ∈ 𝑃  (1.7) 

The power balance constraints are also formulated based on rectangular coordinates, giving rise to 

active power balance and reactive power balance constraints as shown in (1.8) and (1.9) 

respectively. The set of all buses which correspond to the substation is given by the Set 𝑠(𝑖). The 

set of all capacitor banks connected to a Node 𝑖, is given by the Set 𝑘(𝑖). The set of all the demand 

buses is given by the Set 𝑑(𝑖). The set of all PVs with controller enabled is given by 𝐹1(𝑖). The set 

of PVs with controllers not enabled operation at unity power factor is given by 𝐹2(𝑖). The set of 

all transformers connected to a Node 𝑖 is given by Set 𝑜(𝑖). 

∑ 𝑃𝑠,𝜑
𝐵

∀𝑠(𝑖) + ∑ 𝑃𝑓,𝜑
𝑝𝑣𝑣

∀𝑓∈𝐹1(𝑖) + ∑ 𝑃𝑒,𝜑
𝑝𝑣

∀𝑒∈𝐹2(𝑖) − ∑ 𝐷𝑖,𝜑
𝑃

∀𝑑∈𝑑(𝑖) −∑ 𝐿𝑜,𝜑
𝑇

∀𝑜∈𝑜(𝑖) = 𝑃𝑖,𝜑 (1.8) 

∑ 𝑄𝑠,𝜑
𝐵

∀𝑠(𝑖) +∑ 𝑄𝑓,𝜑
𝑝𝑣𝑣

∀𝑓∈𝐹1(𝑖) −∑ 𝐷𝑖,𝜑
𝑄

∀𝑑∈𝑑(𝑖) − ∑ 𝑄𝑘,𝜑
𝐶

∀𝑘∈𝑘(𝑖) = 𝑄𝑖,𝜑 (1.9) 

Equations (1.8) and (1.9) are linear. However, the net active power and reactive power 

injection/absorption at a given Node 𝑖, as shown in (1.10) and (1.11) are non-convex and nonlinear. 

𝑃𝑖,𝜑 = 𝑉𝑖
𝑟,𝜑
𝐼𝑖
𝑟,𝜑
+ 𝑉𝑖

𝑖𝑚,𝜑
𝐼𝑖
𝑖𝑚,𝜑

, ∀𝜑 ∈ 𝜙, 𝑖 ∈ 𝑃  (1.10) 

𝑄𝑖,𝜑 = 𝑉𝑖
𝑖𝑚,𝜑

𝐼𝑖
𝑟,𝜑
+ 𝑉𝑖

𝑟,𝜑
𝐼𝑖
𝑖𝑚,𝜑

, ∀𝜑 ∈ 𝜙, 𝑖 ∈ 𝑃 (1.11) 

To preserve model convexity and improve accuracy, (1.10) and (1.11) are reformulated with 

linearized constraints using first order Taylor’s series approximation. This model is then iteratively 

solved, wherein the Taylor’s series parameters, indicated by the superscript (𝑡), are updated each 

iteration with the previous iteration’s solution. This iterative process improves accuracy without 

increasing computational complexity. The reformulated constraints are presented in (1.12) and 

(1.13). 

𝑃𝑖,𝜑 = 𝑉𝑖
𝑟,𝜑(𝑡)

𝐼𝑖
𝑟,𝜑
+ 𝑉𝑖

𝑖𝑚,𝜑(𝑡)
𝐼𝑖
𝑖𝑚,𝜑

+ 𝑉𝑖
𝑟,𝜑
𝐼𝑖
𝑟,𝜑(𝑡)

+ 𝑉𝑖
𝑖𝑚,𝜑

𝐼𝑖
𝑖𝑚,𝜑(𝑡)

 − 𝑉𝑖
𝑟,𝜑(𝑡)

𝐼𝑖
𝑟,𝜑(𝑡)

−

𝑉𝑖
𝑖𝑚,𝜑(𝑡)

𝐼𝑖
𝑖𝑚,𝜑(𝑡)

, ∀𝜑 ∈ 𝜙, 𝑖 ∈ 𝑃   (1.12) 
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𝑄𝑖,𝜑 = 𝑉𝑖
𝑖𝑚,𝜑(𝑡)

𝐼𝑖
𝑟,𝜑
− 𝑉𝑖

𝑟,𝜑(𝑡)
𝐼𝑖
𝑖𝑚,𝜑

+ 𝑉𝑖
𝑖𝑚,𝜑

𝐼𝑖
𝑟,𝜑(𝑡)

− 𝑉𝑖
𝑟,𝜑
𝐼𝑖
𝑖𝑚,𝜑(𝑡)

− 𝑉𝑖
𝑖𝑚,𝜑(𝑡)

𝐼𝑖
𝑟,𝜑(𝑡)

+

𝑉𝑖
𝑟,𝜑(𝑡)

𝐼𝑖
𝑖𝑚,𝜑(𝑡)

, ∀𝜑 ∈ 𝜙, 𝑖 ∈ 𝑃   (1.13) 

One of the main goals of the DER scheduling tool is to mitigate voltage violations across the 

distribution feeders with reactive power support from SIs. Having mentioned the objective, the 

voltage at all the buses across the distribution feeder is constrained to the ANSI standard specified 

limits. The voltage magnitude is calculated as shown in (1.14). 

𝑉𝑖
𝜑
= √𝑉𝑖

𝑟,𝜑2
+ 𝑉𝑖

𝑖𝑚,𝜑22

, ∀𝜑 ∈ 𝜙, 𝑖 ∈ 𝑃  (1.14) 

Equation (1.14) is also a non-linear, non-convex constraint as it is represented in rectangular 

coordinates and is reformulated linearly using Taylor’s series approximation as shown in (1.15). 

𝑉𝑖
𝜑
=

𝑉𝑖
𝑟,𝜑(𝑡)

𝑉𝑖
𝑟,𝜑

√𝑉𝑖
𝑟,𝜑2(𝑡)

+𝑉𝑖
𝑖𝑚,𝜑2(𝑡)2

+ 
𝑉𝑖
𝑖𝑚,𝜑(𝑡)

𝑉𝑖
𝑖𝑚,𝜑

√𝑉𝑖
𝑟,𝜑2(𝑡)

+𝑉𝑖
𝑖𝑚,𝜑2(𝑡)2

   (1.15) 

The voltage magnitude at each Node 𝑖 at Phase 𝜑, is limited to the ANSI standard specified limit 

as shown in (1.16). 

0.95 ≤ 𝑉𝑖
𝜑
≤ 1.05, ∀𝜑 ∈ 𝜙, 𝑖 ∈ 𝑃   (1.16) 

Lines cannot operate beyond a certain rated current value due to excessive thermal issues. The 

thermal line limit rating is constrained by (1.17). The constraint is convex as the function space is 

convex (a filled circle). These types of constraints can be handled by any generic solver. 

𝐼𝑖
𝑟,𝜑2

+ 𝐼𝑖
𝑖𝑚,𝜑2

≤ 𝐼ℓ
𝑚𝑎𝑥,𝜑2

, ∀𝜑 ∈ 𝜙, ℓ ∈ 𝐾  (1.17) 

The capacitor banks are limited by rate reactive power injection or absorption capacities which 

cannot be exceeded. These limitations are formulated as (1.18). 

𝑄𝑘,𝜑
𝐶 ≤ 𝑄𝑘,𝜑

𝐶,𝑚𝑎𝑥 , ∀𝜑 ∈ 𝜙, 𝑘 ∈ 𝑘(𝑖)  (1.18) 

Apart from the network constraints, Inverters interfaced with PV units are also constrained by 

apparent power ratings. SIs with PV controllers not enabled, inject available active power 

generation at unity power factor, with neither reactive power injection nor absorption as shown in 

(1.19). 

𝑃𝑒,𝜑
𝑝𝑣 = 𝑃𝑒,𝜑

𝑝𝑣,𝑎𝑣, ∀𝜑 ∈ 𝜙, 𝑒 ∈ 𝐹2   (1.19) 

SIs enabled with PV controllers, have the ability to inject or absorb reactive power. The inverter 

apparent power injection or absorption is constrained by (1.20). 

𝑃𝑓,𝜑
𝑝𝑣𝑣2 +𝑄𝑓,𝜑

𝑝𝑣𝑣2 ≤ 𝑆𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥2 , ∀𝜑 ∈ 𝜙, 𝑓 ∈ 𝐹1 (1.20) 
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With PV controllers enabled, active power curtailment is also enabled which implies that active 

power injection is constrained by (1.21). 

𝑃𝑓,𝜑
𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑

𝑝𝑣𝑣,𝑎𝑣, ∀𝜑 ∈ 𝜙, 𝑓 ∈ 𝐹1  (1.21) 

Reactive power limits as specified by the IEEE 1547-2018 standard [11], is used to constrain 

reactive power injection or absorption as shown in (1.22). 

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥, ∀𝜑 ∈ 𝜙, 𝑓 ∈ 𝐹1 (1.22) 

As mentioned previously, the Watt-VAr curve is a piece-wise linear function, based on discrete 

set-points and clear operational bounds which are modifiable within an allowable range [11]. The 

default settings as mentioned above in Tables 1.2 and 1.3, are utilized to create a curve capable of 

dispatching reactive power with fixed operational bounds. Figure 1.1 represents the piece-wise 

function which is shown in (1.23). 

𝑄𝑓,𝜑
𝑝𝑣𝑣 =

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥                         , 𝑃𝑓,𝜑

𝑝𝑣𝑣 < 𝑃3,𝜑
′𝑝𝑣𝑣

𝑄2,𝜑
′𝑝𝑣𝑣 +

(𝑃2,𝜑
′𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣

)(𝑄3,𝜑
′𝑝𝑣𝑣

−𝑄2,𝜑
′𝑝𝑣𝑣

)

𝑃2,𝜑
′𝑝𝑣𝑣

−𝑃3,𝜑
′𝑝𝑣𝑣 , 𝑃3,𝜑

′𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣 < 𝑃2,𝜑

′𝑝𝑣𝑣

𝑄1,𝜑
′𝑝𝑣𝑣 +

(𝑃1,𝜑
′𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣

)(𝑄2,𝜑
′𝑝𝑣𝑣

−𝑄1,𝜑
′𝑝𝑣𝑣

)

𝑃1,𝜑
′𝑝𝑣𝑣

−𝑃2,𝜑
′𝑝𝑣𝑣 , 𝑃2,𝜑

′𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣 < 𝑃1,𝜑

′𝑝𝑣𝑣

𝑄1,𝜑
𝑝𝑣𝑣 +

(𝑃1,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣

)(𝑄1,𝜑
′𝑝𝑣𝑣

−𝑄1,𝜑
𝑝𝑣𝑣

)

𝑃1,𝜑
𝑝𝑣𝑣

−𝑃1,𝜑
′𝑝𝑣𝑣 , 𝑃1,𝜑

′𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣 < 𝑃1,𝜑

𝑝𝑣𝑣

𝑄2,𝜑
𝑝𝑣𝑣

+
(𝑃2,𝜑

𝑝𝑣𝑣
−𝑃𝑓,𝜑

𝑝𝑣𝑣
)(𝑄1,𝜑

𝑝𝑣𝑣
−𝑄2,𝜑

𝑝𝑣𝑣
)

𝑃2,𝜑
𝑝𝑣𝑣

−𝑃1,𝜑
𝑝𝑣𝑣 , 𝑃1,𝜑

𝑝𝑣𝑣
≤ 𝑃𝑓,𝜑

𝑝𝑣𝑣
< 𝑃2,𝜑

𝑝𝑣𝑣

𝑄3,𝜑
𝑝𝑣𝑣 +

(𝑃3,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣

)(𝑄2,𝜑
𝑝𝑣𝑣

−𝑄3,𝜑
𝑝𝑣𝑣

)

𝑃3,𝜑
𝑝𝑣𝑣

−𝑃2,𝜑
𝑝𝑣𝑣 , 𝑃2,𝜑

𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣 < 𝑃3,𝜑

𝑝𝑣𝑣

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥                  , 𝑃𝑓,𝜑

𝑝𝑣𝑣 ≥ 𝑃3,𝜑
𝑝𝑣𝑣

 (1.23) 

The above described piece-wise function is formulated in a mixed-integer linear fashion using the 

Big-M method. Each piecewise section represents a zone of operation, wherein the reactive power 

dispatch in Zones 2-6 depend on the respective slopes of the linear sections. Zone 1, where the 

reactive power is injected with respect to set-point 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

, operates beyond set-point 𝑃3,𝜑
′𝑝𝑣𝑣

. The 

aforementioned zone is formulated as shown in (1.24) and (1.25). 

𝑀1𝑢1,𝑓,𝜑
𝑝𝑞 + 𝑃3,𝜑

′𝑝𝑣𝑣 ≥ 𝑃𝑓,𝜑
𝑝𝑣𝑣

  (1.24) 

−𝑀1𝑢1,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑀1𝑢1,𝑓,𝜑

𝑝𝑞
  (1.25) 

The zone is activated or selected, when the binary variable associated with the zone of operation, 

𝑢1,𝑓,𝜑
𝑝𝑞

, is set to zero, which tightens the constraint bounds, thereby “enabling” that specific 

constraint. Zone 2 where the reactive power is injected with respect to the slope of the linear section 
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as shown in (1.26), operates between the set-points 𝑃3,𝜑
′𝑝𝑣𝑣

 and 𝑃2,𝜑
′𝑝𝑣𝑣

. The aforementioned zone is 

formulated as shown in (1.27) and (1.28). 

𝑆𝑙𝑜𝑝𝑒𝑧𝑜𝑛𝑒 2 =
𝑄3,𝜑
′𝑝𝑣𝑣

−𝑄2,𝜑
′𝑝𝑣𝑣

𝑃3,𝜑
′𝑝𝑣𝑣

−𝑃2,𝜑
′𝑝𝑣𝑣  (1.26) 

−𝑀1𝑢2,𝑓,𝜑
𝑝𝑞 + 𝑃3,𝜑

′𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣 ≤ 𝑀1𝑢2,𝑓,𝜑

𝑝𝑞 + 𝑃2,𝜑
′𝑝𝑣𝑣

 (1.27) 

−𝑀1𝑢2,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄2,𝜑
′𝑝𝑣𝑣 +

(𝑃2,𝜑
′𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣

)(𝑄3,𝜑
′𝑝𝑣𝑣

−𝑄2,𝜑
′𝑝𝑣𝑣

)

𝑃2,𝜑
′𝑝𝑣𝑣

−𝑃3,𝜑
′𝑝𝑣𝑣 ≤ 𝑀1𝑢2,𝑓,𝜑

𝑝𝑞
 (1.28) 

The zone is activated, when the binary variable associated with the zone of operation, 𝑢2,𝑓,𝜑
𝑝𝑞

, is set 

to zero. Zone 3 where the reactive power is injected with respect to the slope of the linear section 

as shown in (1.29), operates between the set-points 𝑃2,𝜑
′𝑝𝑣𝑣

 and 𝑃1,𝜑
′𝑝𝑣𝑣

. The aforementioned zone is 

formulated as shown in (1.30) and (1.31). 

𝑆𝑙𝑜𝑝𝑒𝑧𝑜𝑛𝑒 3 =
𝑄2,𝜑
′𝑝𝑣𝑣

−𝑄1,𝜑
′𝑝𝑣𝑣

𝑃2,𝜑
′𝑝𝑣𝑣

−𝑃1,𝜑
′𝑝𝑣𝑣  (1.29) 

−𝑀1𝑢3,𝑓,𝜑
𝑝𝑞 + 𝑃2,𝜑

′𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣 ≤ 𝑀1𝑢3,𝑓,𝜑

𝑝𝑞 + 𝑃1,𝜑
′𝑝𝑣𝑣

 (1.30) 

−𝑀1𝑢3,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄1,𝜑
′𝑝𝑣𝑣 −

(𝑃1,𝜑
′𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣

)(𝑄2,𝜑
′𝑝𝑣𝑣

−𝑄1,𝜑
′𝑝𝑣𝑣

)

𝑃1,𝜑
′𝑝𝑣𝑣

−𝑃2,𝜑
′𝑝𝑣𝑣 ≤ 𝑀1𝑢3,𝑓,𝜑

𝑝𝑞
 (1.31) 

 

The zone is activated, when the binary variable associated with the zone of operation, 𝑢3,𝑓,𝜑
𝑝𝑞

, is set 

to zero. Zone 4 is generally, and in this case, modeled as a dead zone where the inverter neither 

injects nor absorbs reactive power. Therefore, the general constraint is formulated as shown in 

(1.32) and (1.33), but the set points,  𝑄1,𝜑
′𝑝𝑣𝑣

 and 𝑄1,𝜑
𝑝𝑣𝑣

 are set to zero.  

−𝑀1𝑢4,𝑓,𝜑
𝑝𝑞 + 𝑃1,𝜑

′𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣 ≤ 𝑀1𝑢4,𝑓,𝜑

𝑝𝑞 + 𝑃1,𝜑
𝑝𝑣𝑣

 (1.32) 

−𝑀1𝑢4,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄1,𝜑
𝑝𝑣𝑣 −

(𝑃1,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣

)(𝑄1,𝜑
′𝑝𝑣𝑣

−𝑄1,𝜑
𝑝𝑣𝑣

)

𝑃1,𝜑
𝑝𝑣𝑣

−𝑃1,𝜑
′𝑝𝑣𝑣 ≤ 𝑀1𝑢4,𝑓,𝜑

𝑝𝑞
 (1.33) 

The dead zone is activated, when the binary variable associated with the zone of operation, 𝑢4,𝑓,𝜑
𝑝𝑞

, 

is set to zero. Zone 5 is the zone of operation, where reactive power is absorbed with respect to the 

slope of the linear section as shown (1.34). This zone operates between the set-points 𝑃1,𝜑
𝑝𝑣𝑣

 and 

𝑃2,𝜑
𝑝𝑣𝑣

, and is formulated as shown in (1.35) and (1.36). 

𝑆𝑙𝑜𝑝𝑒𝑧𝑜𝑛𝑒 5 =
𝑄1,𝜑
𝑝𝑣𝑣

−𝑄2,𝜑
𝑝𝑣𝑣

𝑃1,𝜑
𝑝𝑣𝑣

−𝑃2,𝜑
𝑝𝑣𝑣   (1.34) 

−𝑀1𝑢5,𝑓,𝜑
𝑝𝑞 + 𝑃1,𝜑

𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣 ≤ 𝑀1𝑢5,𝑓,𝜑

𝑝𝑞 + 𝑃2,𝜑
𝑝𝑣𝑣

 (1.35) 
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−𝑀1𝑢5,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄2,𝜑
𝑝𝑣𝑣 −

(𝑃2,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣

)(𝑄1,𝜑
𝑝𝑣𝑣

−𝑄2,𝜑
𝑝𝑣𝑣

)

𝑃2,𝜑
𝑝𝑣𝑣

−𝑃1,𝜑
𝑝𝑣𝑣 ≤ 𝑀1𝑢5,𝑓,𝜑

𝑝𝑞
 (1.36) 

The zone is activated, when the binary variable associated with the zone of operation, 𝑢5,𝑓,𝜑
𝑝𝑞

, is 

set to zero. Zone 6 is the zone of operation, where reactive power is absorbed with respect to the 

slope of the linear section as shown (1.37). This zone operates between the set-points 𝑃2,𝜑
𝑝𝑣𝑣

 and 

𝑃3,𝜑
𝑝𝑣𝑣

, and is formulated as shown in (1.38) and (1.39). 

𝑆𝑙𝑜𝑝𝑒𝑧𝑜𝑛𝑒 6 =
𝑄2,𝜑
𝑝𝑣𝑣

−𝑄3,𝜑
𝑝𝑣𝑣

𝑃2,𝜑
𝑝𝑣𝑣

−𝑃3,𝜑
𝑝𝑣𝑣    (1.37) 

−𝑀1𝑢6,𝑓,𝜑
𝑝𝑞 + 𝑃2,𝜑

𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣 ≤ 𝑀1𝑢6,𝑓,𝜑

𝑝𝑞 + 𝑃3,𝜑
𝑝𝑣𝑣

 (1.38)  

−𝑀1𝑢6,𝑓,𝜑
𝑝𝑞

≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣

− 𝑄3,𝜑
𝑝𝑣𝑣

−
(𝑃3,𝜑

𝑝𝑣𝑣
−𝑃𝑓,𝜑

𝑝𝑣𝑣
)(𝑄2,𝜑

𝑝𝑣𝑣
−𝑄3,𝜑

𝑝𝑣𝑣
)

𝑃3,𝜑
𝑝𝑣𝑣

−𝑃2,𝜑
𝑝𝑣𝑣 ≤ 𝑀1𝑢6,𝑓,𝜑

𝑝𝑞
 (1.39) 

The zone is activated, when the binary variable associated with the zone of operation, 𝑢6,𝑓,𝜑
𝑝𝑞

, is set 

to zero. Zone 7, where the reactive power is absorbed with respect to set-point −𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

, operates 

beyond set-point 𝑃3,𝜑
𝑝𝑣𝑣

. The aforementioned zone is formulated as shown in (1.40) and (1.41). 

−𝑀1𝑢7,𝑓,𝜑
𝑝𝑞 + 𝑃3,𝜑

𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣

   (1.40) 

−𝑀1𝑢7,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 + 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑀1𝑢7,𝑓,𝜑

𝑝𝑞
  (1.41) 

This zone is activated, when the binary variable associated with the zone of operation, 𝑢7,𝑓,𝜑
𝑝𝑞

, is 

set to zero. Equations (1.24) - (1.41) represent the distinct piecewise sections of the curve and are 

bound together by (1.42). Equation (1.42) is a mutual exclusivity constraint, which ensures that 

only one zone of operation is chosen at any given time step within the DER scheduling tool. 

𝑢1,𝑓,𝜑
𝑝𝑞

+ 𝑢2,𝑓,𝜑
𝑝𝑞

+ 𝑢3,𝑓,𝜑
𝑝𝑞

+ 𝑢4,𝑓,𝜑
𝑝𝑞

+ 𝑢5,𝑓,𝜑
𝑝𝑞

+ 𝑢6,𝑓,𝜑
𝑝𝑞

+ 𝑢7,𝑓,𝜑
𝑝𝑞

≤ 6,∀𝑓 ∈ 𝐹1 (1.42) 

Co-optimizing the set-points in the Watt-VAr scheme, yields flexibility to the DER operator, as 

optimal curves are designed for each individual SI, to mitigate voltage issues feeder-wide, while 

still maximizing the potential of the excess PV generation in reducing operational cost. Given fixed 

set-points, (1.28), (1.31), (1.33), (1.36), and (1.39), are mixed-integer and linear. Co-optimizing 

the set-points, converts the aforementioned constraints into non-linear, non-convex constraints. 

Therefore, they are linearly approximated using Taylor’s series approximation, as mentioned in 

(1.43)-(1.47). The rest of the equations remain the same due to their convexity being preserved. 

Terms specified with the superscript (𝑡), correspond to a Taylor’s series parameter which are 

updated every iteration with the previous iteration’s solution. Equation (1.28) is approximated and 

linear formulated as shown in (1.43), where 𝑢2,𝑓,𝜑
𝑝𝑞

 corresponds to the binary variable, associated 

with the operation of zone two. 
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−𝑀1𝑢2,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄2,𝜑
′𝑝𝑣𝑣(𝑡) −

(𝑄3,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄2,𝜑
′𝑝𝑣𝑣(𝑡)

)( 𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃3,𝜑
′𝑝𝑣𝑣(𝑡)

−

( 𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃3,𝜑
′𝑝𝑣𝑣(𝑡)

)(𝑄2,𝜑
′𝑝𝑣𝑣

−𝑄2,𝜑
′𝑝𝑣𝑣(𝑡)

)

 𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃3,𝜑
′𝑝𝑣𝑣(𝑡)

−
(𝑄3,𝜑

′𝑝𝑣𝑣(𝑡)
−𝑄2,𝜑

′𝑝𝑣𝑣(𝑡)
)( 𝑃𝑓,𝜑

𝑝𝑣𝑣(𝑡)
−𝑃3,𝜑

′𝑝𝑣𝑣(𝑡)
)(𝑃2,𝜑

′𝑝𝑣𝑣
−𝑃2,𝜑

′𝑝𝑣𝑣(𝑡)
)

 (𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃3,𝜑
′𝑝𝑣𝑣(𝑡)

)
2 −

(𝑄3,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄2,𝜑
′𝑝𝑣𝑣(𝑡)

)( 𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃3,𝜑
′𝑝𝑣𝑣

−𝑃3,𝜑
′𝑝𝑣𝑣(𝑡)

)

 (𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃3,𝜑
′𝑝𝑣𝑣(𝑡)

)
2 +

( 𝑄3,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄2,𝜑
′𝑝𝑣𝑣(𝑡)

)(𝑃𝑓,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃3,𝜑
′𝑝𝑣𝑣(𝑡)

≤ 𝑀1𝑢2,𝑓,𝜑
𝑝𝑞

 

  (1.43) 

Equation (1.31) is approximated and linear formulated as shown in (1.44), where 𝑢3,𝑓,𝜑
𝑝𝑞

 

corresponds to the binary variable, associated with the operation of Zone 3. 

−𝑀1𝑢3,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄1,𝜑
′𝑝𝑣𝑣(𝑡) −

(𝑄2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

)( 𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−

( 𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

)(𝑄1,𝜑
′𝑝𝑣𝑣

−𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

)

 𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−
(𝑄2,𝜑

′𝑝𝑣𝑣(𝑡)
−𝑄1,𝜑

′𝑝𝑣𝑣(𝑡)
)( 𝑃𝑓,𝜑

𝑝𝑣𝑣(𝑡)
−𝑃2,𝜑

′𝑝𝑣𝑣(𝑡)
)(𝑃1,𝜑

′𝑝𝑣𝑣
−𝑃1,𝜑

′𝑝𝑣𝑣(𝑡)
)

 (𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

)
2 −

(𝑄2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

)( 𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃2,𝜑
′𝑝𝑣𝑣

−𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

)

 (𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

)
2 +

( 𝑄2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

)(𝑃𝑓,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

≤ 𝑀1𝑢3,𝑓,𝜑
𝑝𝑞

 

  (1.44) 

Equation (1.33) is approximated and linear formulated as shown in (1.45), where 𝑢4,𝑓,𝜑
𝑝𝑞

 

corresponds to the binary variable, associated with the operation of Zone 4. 

−𝑀1𝑢4,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄1,𝜑
𝑝𝑣𝑣(𝑡) −

(𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−
( 𝑃𝑓,𝜑

𝑝𝑣𝑣(𝑡)
−𝑃1,𝜑

′𝑝𝑣𝑣(𝑡)
)(𝑄1,𝜑

𝑝𝑣𝑣
−𝑄1,𝜑

𝑝𝑣𝑣(𝑡)
)

 𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−

(𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

)(𝑃1,𝜑
𝑝𝑣𝑣

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

)

 (𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

)
2 −

(𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃1,𝜑
′𝑝𝑣𝑣

−𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

)

 (𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

)
2 +

( 𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃𝑓,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

≤ 𝑀1𝑢4,𝑓,𝜑
𝑝𝑞

  (1.45) 

Equation (1.36) is approximated and linear formulated as shown in (1.46), where 𝑢5,𝑓,𝜑
𝑝𝑞

 

corresponds to the binary variable, associated with the operation of Zone 5. 
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−𝑀1𝑢5,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄2,𝜑
𝑝𝑣𝑣(𝑡) −

(𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−
( 𝑃𝑓,𝜑

𝑝𝑣𝑣(𝑡)
−𝑃1,𝜑

𝑝𝑣𝑣(𝑡)
)(𝑄2,𝜑

𝑝𝑣𝑣
−𝑄2,𝜑

𝑝𝑣𝑣(𝑡)
)

 𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−

(𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃2,𝜑
𝑝𝑣𝑣

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

)

 (𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

)
2 −

(𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃1,𝜑
𝑝𝑣𝑣

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

)

 (𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

)
2 +

( 𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃𝑓,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

≤ 𝑀1𝑢5,𝑓,𝜑
𝑝𝑞

  (1.46) 

Equation (1.39) is approximated and linear formulated as shown in (1.47), where 𝑢6,𝑓,𝜑
𝑝𝑞

 

corresponds to the binary variable, associated with the operation of Zone 6. 

−𝑀1𝑢6,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄3,𝜑
𝑝𝑣𝑣(𝑡) −

(𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄3,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−
( 𝑃𝑓,𝜑

𝑝𝑣𝑣(𝑡)
−𝑃2,𝜑

𝑝𝑣𝑣(𝑡)
)(𝑄3,𝜑

𝑝𝑣𝑣
−𝑄3,𝜑

𝑝𝑣𝑣(𝑡)
)

 𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−

(𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄3,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃3,𝜑
𝑝𝑣𝑣

−𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

)

 (𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

)
2 −

(𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄3,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃2,𝜑
𝑝𝑣𝑣

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

)

 (𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

)
2 +

( 𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄3,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃𝑓,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

≤ 𝑀1𝑢6,𝑓,𝜑
𝑝𝑞

  (1.47) 

The Taylor’s series parameters for all the set-points in the first iteration are initialized with the 

respective default-set-points. The variable set-points are optimized within the permissible ranges 

as specified by the IEEE 1547-2018 standard [11]. Accordingly, these ranges are formulated as 

constraints in a linear fashion. Equations (1.48) – (1.53), present the constraints indicating the 

permissible limits for the active power set-points. 

𝑃𝑓,𝜑
′𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑃3,𝜑

′𝑝𝑣𝑣 ≤ 𝑃2,𝜑
′𝑝𝑣𝑣 + 0.1 × 𝑃𝑓,𝜑

′𝑝𝑣𝑣,𝑚𝑎𝑥
 (1.48) 

0.8 × 𝑃𝑓,𝜑
′𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑃2,𝜑

′𝑝𝑣𝑣 ≤ 0.4 × 𝑃𝑓,𝜑
′𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.49) 

𝑃2,𝜑
′𝑝𝑣𝑣 − 0.1 × 𝑃𝑓,𝜑

′𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑃1,𝜑
′𝑝𝑣𝑣 < 0  (1.50) 

0 < 𝑃1,𝜑
𝑝𝑣𝑣 ≤ 𝑃2,𝜑

𝑝𝑣𝑣 − 0.1 × 𝑃𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.51) 

0.4 × 𝑃𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

≤ 𝑃2,𝜑
𝑝𝑣𝑣

≤ 0.8 × 𝑃𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.52) 

𝑃2,𝜑
𝑝𝑣𝑣 + 0.1 × 𝑃𝑓,𝜑

𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑃3,𝜑
𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑

𝑝𝑣𝑣,𝑚𝑎𝑥
  (1.53) 

Equations (1.54) – (1.59), present the constraints indicating the permissible limits for the reactive 

power set-points as specified by the IEEE 1547-2018 standard [11]. 

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

≤ 𝑄3,𝜑
′𝑝𝑣𝑣

≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.54) 
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−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑄2,𝜑

′𝑝𝑣𝑣 ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.55) 

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑄1,𝜑

′𝑝𝑣𝑣 ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.56) 

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑄1,𝜑

𝑝𝑣𝑣 ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.57) 

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑄2,𝜑

𝑝𝑣𝑣 ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.58) 

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑄3,𝜑

𝑝𝑣𝑣 ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.59) 

Equation (1.60) is also presented in the formulation to change the rated reactive power set-point 

to lower limits if system conditions are nominal, without any reactive power injection or 

absorption. The Taylor’s series parameters for rated reactive power, −𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥(𝑡)

 are initialized 

with the 44% apparent power rating and are down-rated in the above scenario mentioned in each 

iteration until an optimal set-point is reached. 

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥(𝑡) ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥(𝑡)

  (1.60) 

DER scheduling tools are utilized for a host of applications including minimizing voltage issues 

within the distribution feeder, operational cost, active power generation curtailment from PV and, 

maximizing profit, PV power utilization, etc. For the purposes of this work, managing voltage 

issues distribution feeder wide and minimizing the cost of operation from the standpoint of 

purchasing power from the substation are considered. Since satisfying the ANSI standards for the 

voltage violation issues are acceptable, mitigation is achieved through formulating constraints. 

Therefore, the main objective of the work presented here, is to minimize the operational cost as 

defined by purchasing power from the substation, as opposed to utilizing the cheaper renewable 

resources, i.e., roof-top PV units within the distribution feeder. As such, (1.61) presents the 

objective function utilized in this section. 

min
𝑉𝑖
𝑟,𝜑
,𝑉𝑖
𝑖𝑚,𝜑

,𝐼𝑖
𝑟,𝜑
,𝐼𝑖
𝑖𝑚,𝜑

𝐼ℓ
𝑟,𝜑
,𝐼ℓ
𝑖𝑚,𝜑

,𝑃𝑓,𝜑
𝑝𝑣𝑣

,𝑄𝑓,𝜑
𝑝𝑣𝑣

 

∑ (
∑ 𝜋𝑠,𝜑

𝐵 𝑃𝑠,𝜑
𝐵

∀𝑠(𝑖) + ∑ 𝜋𝑓,𝜑
𝑝𝑣𝑣𝑃𝑓,𝜑

𝑝𝑣𝑣
∀𝑓∈𝐹1(𝑖)

+∑ 𝜋𝑒,𝜑
𝑝𝑣 𝑃𝑒,𝜑

𝑝𝑣
∀𝑒∈𝐹2(𝑖)

)𝜑∈𝜙   (1.61)  

1.3.3 Results and Analysis 

Two DER scheduling models are presented and analyzed including the Watt-VAr (default settings) 

and Watt-VAr (co-optimized settings). The first section presents the description of the test system. 

The second section presents the results obtained using a DER scheduling model with Watt-VAr 

(default settings), compared against a prior work [39], where a DER scheduling model is presented 

with Volt-VAr (default settings). The third section presents the results obtained using a DER 

scheduling model with Watt-VAr (co-optimized settings) and compares it with the results obtained 

in the previous sections. 

a) Test System 
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The test system utilized is a large distribution feeder from a utility in Arizona which serves 

residential prosumers and has one of the largest PV penetration levels among the utility’s active 

feeders. The distribution feeder is 9 km long, with both primary and secondary sections presented 

to create a comprehensive model. The service voltage is rated at 12.5 kV, with an installed roof-

top PV capacity of 3800 kW. The optimization is performed on a snapshot of the distribution 

feeder, where it experienced severe over-voltage conditions on March 15, 2019. This typically 

occurs during spring, where the active power generation potential is high for PV resources and the 

residential cooling load is low due to nominal ambient temperatures. An instantaneous PV 

penetration level of 232% was observed with 3.625 MW of active power injected, with respect to 

only 1.563 MW of active power demand. The extensive model used to perform the simulation 

serves as an evidence to the scalability of the model proposed in the below sections. The model 

includes 8095 buses, 7943 lines and 742 PV units, out of which varying amounts of PV units are 

equipped with controllers to observe the effects of sparsity. More information about this feeder is 

presented in [40]. 

b) Watt-VAr: Default Settings 

This subsection presents the DER scheduling model, which includes a Watt-VAr operational mode 

(default settings), to optimally dispatch active power and reactive power within the distribution 

feeder, to mitigate voltage issues throughout the system. The results are compared against a 

previous work which involves modeling a similar DER scheduling tool, with a Volt-VAr 

operational mode (default settings). The optimization is performed over three iterations, for the 

linearization error to converge and is performed on different sets of PV controllers including 110, 

85, 75 and 70 controllers. 

 

Figure 1.3  Voltage Profile with respect to Distance from Substation in the Primary Sections of 

the Distribution Feeder prior to VAr Optimization. 

Figure 1.3 presents the voltage profile in the primary sections of the feeder with respect to the 

distance from the substation in kilometers prior to being optimized by the DER scheduling tool. 

Voltages at the secondary sections were higher than what was observed in the primary sections, 

with the highest voltage leading up to 1.06 pu. Due to no PV controllers being enabled in this 

snapshot, the SIs continued to inject available active power at unity power factor in an uncontrolled 

fashion, leading to severe over voltage situations. The DER Scheduling tool presented in this 

section, has the ability to absorb reactive power due to the Watt-VAr operational mode, as 

specified by the IEEE 1547-2018 standard [11]. After optimal dispatch of reactive power and 
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active power are performed, the voltage at the primary sections of the feeder are limited to below 

the prescribed ANSI standards as shown in Figure 1.4. Phase B and Phase C, which had 

significantly elevated voltage levels due to increased concentrations of PV units in the distribution 

feeder, in Figure 1.3, exhibit a drastic change in Figure 1.4 due to reactive power absorption. 

 

Figure 1.4  Voltage Profile with respect to Distance from Substation in the Primary Sections of 

the Distribution Feeder Post VAr Optimization. 

 

Figure 1.5  Reactive Power Absorption among PVs with 110 Controllers Enabled 

Considering a popular operational mode such as Volt-VAr, the performance of the Watt-VAr 

operational mode is compared against it. Figure 1.5 exhibits the reactive power absorbed by Volt-

VAr and Watt-VAr for the same system conditions and for the same number of PV controllers 

(110). The thin region of Volt-VAr reactive power dispatch points clearly lie below the reactive 

power dispatch points of Watt-VAr. At the same time, it is clearly observed that Watt-VAr 

operational mode, in a majority of instances, absorbs the rated reactive power. This absorption 

metric is clearly reflected in the reduction in over-voltage conditions as shown in Figure 1.6 for 

local bus voltages. Figure 1.7 also clearly reflects how the DER scheduling tool dispatches reactive 

power and active power among SIs, to resolve voltage issues not only in the local buses, but also 

distribution feeder wide.  
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Figure 1.6  Local Bus Voltages at SIs with PV controllers Enabled 

 

Figure 1.7  Distribution Feeder-Wide Voltage Profile 

Assuming the fact that the inverter is not at its rated apparent power limit, absorbing reactive power 

reduces local bus voltage, which enables the inverter to inject more active power, without violating 

ANSI standards. The effect of reactive power absorption is observed in the active power injection 

metrics as shown in Figure 1.8, where at instances where Volt-VAr operational mode cannot inject 

the maximum active power available, Watt-VAr successfully does so. This effect is due to the fact 

that Volt-VAr operational mode does not absorb enough reactive power at specific buses as shown 

in Figure 1.5, which increases bus voltages to a greater extent. The curtailment of active power at 

these specific buses aids in mitigating the over-voltage issue due to the high R/X ratio of 

distribution systems, which cause a greater sensitivity of bus voltages to active power than reactive 

power. 
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Figure 1.8  Active Power Injection among SIs Enabled with PV Controllers 

Reactive power absorption aids in the increased injection of active power. The curtailment 

observed in the above Figure 1.8, with the Volt-VAr operational mode, causes increased cost of 

operation due to reduced utilization of cheap PV resources. But at the same time over-absorption 

of reactive power can be an issue pertaining to Watt-VAr mode of operation. Figure 1.9 exhibits 

the reactive power dispatch in pu with respect to bus voltage. Even with instances observed with 

lower bus voltages, increased reactive power absorption is observed, which is not the case with 

Volt-VAr. This observation is mainly due to the fact that reactive power absorption is a function 

of active power injection and not bus voltage with respect to Watt-VAr operational mode. This is 

not the case with Volt-VAr operational mode as it is constrained as a function of bus voltage, 

which regulates reactive power absorption. 

 

Figure 1.9  Reactive Power Dispatch of SIs with respect to Local Bus Voltages 

Apart from the power quality issues observed with low power factors, over-absorption of reactive 

power can also lead to high bus voltage deviations as the reactive power absorbed at a bus is 

injected at another bus, which causes a concentrated “rise” and “dip” in bus voltages among 

different sections of the feeder. This phenomenon is observed when analyzing the difference in 

bus voltages for the same system conditions among DER scheduling tools equipped with Watt-

VAr operational mode and Volt-VAr operational mode as shown in Figure 1.10. Figure 1.10 

clearly shows concentrated regions of positive and negative voltage delta, which implies that Watt-
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VAr operational mode is successful in reducing bus voltages to a greater extent than Volt-VAr 

operational mode in certain buses, while Volt-VAr is successful in reducing the voltage in other 

buses. 

 

Figure 1.10  System-Wide Bus Voltage Difference among DER Scheduling tools equipped with 

Volt-VAr and Watt-VAr operational modes 

Active power curtailment is still a big factor considering the cost implications associated with it. 

Along with the test of sparsity, an elevated substation voltage is also simulated to test the ability 

of the operational modes to prevent curtailment and mitigate voltage issues. For a distribution 

feeder with reverse power flow back to the substation from the end nodes of the feeder, voltage at 

the end nodes are considerably higher than the substation voltage. Increasing the substation voltage 

causes a ripple effect where the entire feeder experiences an increase in voltage. Tables 1.4, 1.5 

and 1.6 present the different metrics for different sets of PV controllers enabled and different 

substation voltages. At every scenario and sparsity level, Watt-VAr operational mode performs 

better than Volt-VAr operational mode. The test of sparsity proves that with a reduction in the 

number of PV controllers enabled, Watt-VAr operational mode better mitigates the over-voltage 

by reducing the amount of curtailment, while still maintaining bus voltages within the ANSI 

standards. With the increased substation voltage, and the bus voltage, Watt-VAr operational mode 

still manages to absorb sufficient reactive power, even though active power curtailment is 

increased, which affects the absorption capability due to active power dependence. This effectively 

concludes that Watt-VAr operational mode performs better under tested conditions. 

Table 1.4  SI Output Metrics over Different Sets of PV Controllers for Substation Phase 1 

Voltage at 1.035 pu 

Substation Phase 1 Voltage (pu) 1.035 

No. of PV Controllers 110 85 75 70 

Active Power (kW) Volt-VAr 707.6 589.0 534.3 506.8 

Watt-VAr 707.6 589.0 534.3 506.8 

Reactive Power (kVAr) Volt-VAr -334.5 -282.0 -257.1 -244.5 

Watt-VAr -563.0 -468.8 -426.1 -404.2 

Curtailment (kW) Volt-VAr 0 0 0 0 

Watt-VAr 0 0 0 0 
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Table 1.5  SI Output Metrics over Different Sets of PV Controllers for Substation Phase 1 

Voltage at 1.039 pu 

Substation Phase 1 Voltage (pu) 1.039 

No. of PV Controllers 110 85 75 70 

Active Power (kW) Volt-VAr 707.6 516.8 329.4 280.3 

Watt-VAr 707.6 556.7 412.4 364.6 

Reactive Power (kVAr) Volt-VAr -387.4 -314.3 -265.8 -249.8 

Watt-VAr -563.0 -468.8 -426.1 -404.2 

Curtailment (kW) Volt-VAr 0 72.7 204.9 226.4 

Watt-VAr 0 32.3 121.8 142.2 

Table 1.6  SI Output Metrics over Different Sets of PV Controllers for Substation Phase 1 

Voltage at 1.040 pu 

Substation Phase 1 Voltage (pu) 1.040 

No. of PV Controllers 110 85 75 70 

Active Power (kW) Volt-VAr 706.3 478.9 236.2 175.6 

Watt-VAr 707.6 531.3 345.9 282.3 

Reactive Power (kVAr) Volt-VAr -391.3 -313.4 -260.3 -242.8 

Watt-VAr -563.0 -468.8 -426.1 -404.2 

Curtailment (kW) Volt-VAr 1.3 110.1 298.1 331.2 

Watt-VAr 0 57.6 188.4 224.5 

c) Watt-VAr: Co-Optimized Settings 

The flexibility offered by reactive power operational modes, with default settings, not only reduced 

active power curtailment due to overvoltage situations, but also mitigated overvoltage violations 

with reactive power support. This flexibility is further extended in this section by co-optimizing 

the set-points of the Watt-VAr operational mode to observe if the potential for operational 

efficiency can be maximized. As such the results of this section are compared against the metrics, 

as posted by Watt-VAr operational mode with default settings, to observe the gains obtained by 

enhancing flexibility. Figure 1.11 presents the voltage profile with respect to distance from 

substation in primary sections of the distribution feeder, post VAr optimization. Compared to 

Figure 1.3, a drastic improvement in the voltage profile is observed. 
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Figure 1.11  Voltage Profile with respect to Distance from Substation in the Primary Sections of 

the Distribution Feeder Post VAr Optimization. 

Phases B and C show elevated levels of voltage in the primary sections of the feeder due to high 

concentrations of PV units in the secondary sections. The secondary sections face higher voltages 

than primary sections due to the reverse power flow phenomenon. Figure 1.11 exhibits how 

providing VAr support mitigates the overvoltage violation issues faced in phases B and C of the 

distribution feeder. Reactive power dispatch is observed in Watt-VAr operational mode with 

default settings, where due to high instantaneous PV penetration levels, high amounts of reactive 

power were absorbed. Figure 1.12 exhibits the reactive power dispatch levels of PV SIs for a case 

of 70 controllers enabled. Dispatch points observed in Figure 1.12 exhibit the case where, due to 

reduced number of controllers, reactive power absorption capability is reduced. Considering such 

a case, active power curtailment is the only option, in scenario where reactive power support alone 

cannot reduce the voltages within the ANSI standards. Active power curtailment is therefore 

utilized to limit the voltages to within the ANSI standards. 

 

Figure 1.12  Reactive Power Dispatch among SIs Equipped with 70 PV Controllers 

Considering the Watt-VAr operational mode with default settings, when active power injection is 

set at zero, the reactive power absorption is also set to zero, due to the way that the curve is 

designed. Coupling these factors together, the SIs cannot provide reactive power support without 

injecting active power which affects the distribution feeder operation. Therefore, a solution is 
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required, whereby curtailing active power to zero does not affect the SI’s ability to provide VAr 

support for the distribution feeder. This flexibility is observed in the Watt-VAr operational mode 

with co-optimized settings where even when the active power injection is zero, reactive power is 

still being absorbed. In this scenario, curves are optimized in such a way that active power injection 

is maximized, and voltage conditions distribution feeder wide are maintained at nominal operating 

point. Figure 1.13 exhibits the local voltages at buses where SIs are located with PV controllers 

enabled. Both operational modes present a good reduction in bus voltages, well within the nominal 

values. 

 

Figure 1.13  Local Bus Voltages of SIs with PV controllers Enabled. 

 

Figure 1.14  System Wide Voltage Profile 

Apart from local bus voltage, the DER scheduling tool also dispatched reactive power and active 

power in such a way that voltage violation issues, distribution feeder-wide are mitigated as shown 

in Figure 1.14. A huge difference is not observed in the voltage profile between Watt-VAr 

operational mode with default settings and co-optimized settings. This non-observation is due to 
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the fact that over-voltage mitigation is constrained within the scheduling tool framework and is 

not incentivized within the model. Rather, operational cost reduction or active power curtailment 

reduction is incentivized. The difference is therefore observed within the active power dispatch 

(which directly indicates active power curtailment) as shown in Figure 1.15. Figure 1.15 presents 

the clear observation that at a majority of the dispatch points, Watt-VAr operational mode with 

co-optimized settings performs very well compared to other operational modes. 

 

Figure 1.15  Active Power Dispatch among SIs with 70 PV Controllers Enabled 

Apart from this observation, Watt-VAr operational mode with default settings also has a thin 

region of reduced active power dispatch from the actual power generation potential. This reduction 

is primarily due to the over-absorption of reactive power which infringes on the ability to inject 

active power.  

 

Figure 1.16  Reactive Power Dispatch of SIs with respect to Local Bus Voltage 

The issue of reactive power over-absorption is discussed within the chapter, where Watt-VAr 

operational mode absorbs maximum possible reactive power at high instantaneous PV penetration 

levels. This over-absorption not only leads to power factor issues, but also causes voltage 

variations within different sections of the same distribution feeder. As shown in Figure 1.15 and 

Figure 1.16, Watt-VAr operational mode with co-optimized settings, has the ability to dispatch the 
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optimal amount of reactive power to mitigate voltage issues locally and feeder-wide, while still 

maximizing active power injection. 

Table 1.7  SI Output Metrics over Different Sets of PV Controllers for Watt-VAr Operational 

Mode with Co-optimized Settings with respect to Default Settings 

No. of PV Controllers 110 85 75 70 

Active Power (kW) Default 707.6 521.8 324.7 266.9 

Optimal 707.6 532.3 372.9 325.4 

Reactive Power (kVAr) Default -412.8 -343.8 -288.6 -272.4 

Optimal -339.1 -301.5 -262.9 -258.8 

Curtailment (kW) Default 0 67.2 209.6 239.8 

Optimal 0 56.7 161.4 181.4 

Figure 1.16 also exhibits the concentration of high reactive power absorption for any give voltage 

conditions in Watt-VAr operational mode with default settings versus having a more spread 

distribution, indicating an optimal reactive power dispatch strategy which is also reflected by the 

curtailment metrics as presented in Table 1.7. Table 1.7 clearly exhibits the performance gains 

obtained with the increasing flexibility offered by Watt-VAr operational mode with co-optimized 

settings, wherein it performs significantly better than default settings at every instance. At every 

instance, over-absorption of reactive power is reduced in Watt-VAr operational mode with co-

optimized settings, without affecting active power dispatch. This factor serves as an important 

solution for the effects of excessive reactive power injection or absorption within the distribution 

feeder. Another important observation from Table 1.7 is the effect of sparsity. As the number of 

PV controllers enabled with SIs reduce within the distribution feeder, the ability to control bus 

voltage reduces and active power curtailment increases. The gap between the curtailment metrics 

between the two methods also increases which indicates that Watt-VAr operational mode with co-

optimized settings handles the effect of sparsity better. This factor indicates that the same 

performance of default settings can be replicated with lower number of PV controllers with co-

optimized settings which is a significant improvement. Figures 1.17, 1.18 and 1.19 show examples 

of different co-optimized settings for different buses equipped with SIs and PV controllers, with 

respect to the default settings. 

 

Figure 1.17  Watt-VAr Operational Mode Curves for SI on Bus 2519 
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Figure 1.18  Watt-VAr Operational Mode Curves for SI on Bus 2624 

 

Figure 1.19  Watt-VAr Operational Mode Curves for SI on Bus 6435 

1.4 Voltage-Active Power Operational Mode 

1.4.1 Volt-Watt Mode 

According to the IEEE 1547-2018 standards, Volt-Watt operational mode involves the control of 

active power dispatch as a function of local bus voltage of the SI. The participation of DERs in 

active power operational mode with any specified reactive power operational mode for voltage 

regulation requires the approval of the area EPS (Electric Power System) operator [11]. The 

specified characteristic is a piece-wise linear voltage-active power function. Figure 4.1 exhibits 

the Volt-Watt curve as specified by the IEEE 1547-2018 standard. The characteristic curve has 2 

different zones of operation including two operating set-points for both voltage and active power. 

As defined by the default values of the curve settings, each zone represents active power dispatch 

values to be followed as a linear function of local bus voltage. Zone 1 represents the zone of 

operation, where for all nominal local bus voltages below the set-point 𝑉1,𝜑
𝑝𝑣𝑣,𝑣𝑤

, the SI injects 

maximum available active power into the grid, as defined by 𝑃𝑓,𝜑
𝑝𝑣𝑣,𝑎𝑣

. Zone 2 represents the zone 
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of operation between 𝑉1,𝜑
𝑝𝑣𝑣,𝑣𝑤

 and 𝑉2,𝜑
𝑝𝑣𝑣,𝑣𝑤

, where the SI curtails active power according to a linear 

relationship with the local bus voltage as defined by the slope between (𝑉1,𝜑
𝑝𝑣𝑣,𝑣𝑤 , 𝑃𝑓,𝜑

𝑝𝑣𝑣,𝑎𝑣) and 

(𝑉2,𝜑
𝑝𝑣𝑣,𝑣𝑤

, 0). 

 

Figure 1.20  The Volt-Watt Piecewise Linear Function According to the IEEE 1547-2018 

Standard [11] 

The IEEE 1547-2018 standard has enabled SIs to modify these set-points within an allowable 

range which are to be immediately implemented by the DER operator [11]. Table 1.8 and Table 

1.9 describes the default settings utilized and the allowable range of modifications for the set-

points as described by the IEEE 1547-2018 standard. 𝑃𝑓,𝜑
𝑝𝑣𝑣,𝑎𝑣

corresponds to the maximum 

available active power generation for each SI 𝑓 at Phase 𝜑. SIs with BES device, capable of 

absorbing active power, can continue to absorb active power, after curtailing active power 

generation to zero until the rated absorption limit is reached. 

Table 1.8  Voltage Set-points for the Volt-Watt Operational Mode Curve Following the IEEE 

1547-2018 Standard [11] 

Voltage Set-Points Default Settings Modification Range 

Minimum Maximum 

𝑉1,𝜑
𝑝𝑣𝑣,𝑣𝑤

 1.05 pu 1.05 pu 1.09 pu 

𝑉2,𝜑
𝑝𝑣𝑣,𝑣𝑤

 1.10 pu 𝑉1,𝜑
𝑝𝑣𝑣,𝑣𝑤

+ 0.01 pu 1.10 

Table 1.9  Active Power Set-points for the Volt-Watt Operational Mode Curve Following the 

IEEE 1547-2018 Standard [11] 

Active Power  

Set-Points 

Default Settings Modification Range 

Minimum Maximum 

𝑃1,𝜑
𝑝𝑣𝑣,𝑣𝑤

 𝑃𝑓,𝜑
𝑝𝑣𝑣,𝑎𝑣

 𝑃𝑓,𝜑
𝑝𝑣𝑣,𝑎𝑣

 𝑃𝑓,𝜑
𝑝𝑣𝑣,𝑎𝑣
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𝑃2,𝜑
𝑝𝑣𝑣,𝑣𝑤

 0 Rated Active Power 

Absorption 

Capability 

𝑃𝑓,𝜑
𝑝𝑣𝑣,𝑎𝑣

 

1.4.2 Problem Formulation 

The DER scheduling tool presented in this section is formulated with a robust DOPF formulation 

and enabled along with the Watt-VAr operational mode as mentioned in Section 1.3. As such, the 

formulation as presented in (1.2)-(1.42) still apply with the notable exception of (1.16), (1.21) and 

(1.61). Considering the role of Volt-Watt operational mode in shaping the curtailment of active 

power generation with respect to local bus voltages in the system, the over-voltage mitigation 

constraints are relaxed to form a much larger continuous operating region according to the IEEE 

1547-2018 standards as shown in (1.62). 

0.88 ≤ 𝑉𝑖
𝜑
≤ 1.10, ∀ 𝜑 ∈ 𝜙, 𝑖 ∈ 𝑃  (1.62)  

Considering the effect of active power generation curtailment on local bus voltage, the objective 

is reformulated to minimize the voltage violation issues, without strictly constraining it to the 

ANSI standard. As such the upper and lower limit voltage deviation is estimated as shown in 

(1.63). 

0.95 − 𝑉𝑖
Δ,𝜑,𝑙𝑜𝑤𝑒𝑟

≤ 𝑉𝑖
𝜑
≤ 1.05 + 𝑉𝑖

Δ,𝜑,𝑢𝑝𝑝𝑒𝑟
 , ∀ 𝜑 ∈ 𝜙, 𝑖 ∈ 𝑃 (1.63) 

𝑉𝑖
Δ,𝜑,𝑙𝑜𝑤𝑒𝑟

 and 𝑉𝑖
Δ,𝜑,𝑢𝑝𝑝𝑒𝑟

 correspond to the respective deviations from the lower and upper limits 

for voltages according to the ANSI standard. The deviation variables are constrained to be positive 

real values. The net system voltage deviation is summed across the system and is minimized as 

the objective function as shown in (1.64). 

min
𝑉𝑖
𝑟,𝜑
,𝑉𝑖
𝑖𝑚,𝜑

,𝐼𝑖
𝑟,𝜑
,𝐼𝑖
𝑖𝑚,𝜑

𝐼ℓ
𝑟,𝜑
,𝐼ℓ
𝑖𝑚,𝜑

,𝑃𝑓,𝜑
𝑝𝑣𝑣

,𝑄𝑓,𝜑
𝑝𝑣𝑣

 

∑ (∑ 𝑉𝑖
Δ,𝜑,𝑢𝑝𝑝𝑒𝑟

∀𝑖 + ∑ 𝑉𝑖
Δ,𝜑,𝑙𝑜𝑤𝑒𝑟

∀𝑖 )𝜑∈𝜙   (1.64) 

Equation (1.65) presents the linear piecewise function of the Volt-Watt operational mode 

according to the IEEE 1547-2018 standard [11]. 

𝑃𝑓,𝜑
𝑝𝑣𝑣 = {

𝑃𝑓,𝜑
𝑝𝑣𝑣,𝑎𝑣                                                                    , 𝑉𝑓,𝜑

𝑚𝑖𝑛 ≤ 𝑉𝑖
𝜑
≤ 𝑉1,𝜑

𝑝𝑣𝑣,𝑣𝑤

𝑃2,𝜑
𝑝𝑣𝑣,𝑣𝑤 +

(𝑉𝑖
𝜑
−𝑉2,𝜑

𝑝𝑣𝑣,𝑣𝑤
)(𝑃2,𝜑

𝑝𝑣𝑣,𝑣𝑤
−𝑃1,𝜑

𝑝𝑣𝑣,𝑣𝑤
)

𝑉2,𝜑
𝑝𝑣𝑣,𝑣𝑤

−𝑉1,𝜑
𝑝𝑣𝑣,𝑣𝑤                 , 𝑉1,𝜑

𝑝𝑣𝑣,𝑣𝑤 < 𝑉𝑖
𝜑
≤ 𝑉2,𝜑

𝑝𝑣𝑣,𝑣𝑤
 (1.65) 

Equation (1.65) can be formulated into MILP constraints using the Big-M method as shown in 

(1.66)-(1.70). Zone 1 where the SI injects available active power can be represented as shown in 

(1.66) and (1.67). 

𝑉𝑖
𝜑
≤ 𝑀1𝑢1,𝑓,𝜑

𝑣𝑤 + 𝑉1,𝜑
𝑝𝑣𝑣,𝑣𝑤

  (1.66) 
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−𝑀1𝑢1,𝑓,𝜑
𝑣𝑤 ≤ 𝑃𝑓,𝜑

𝑝𝑣𝑣 − 𝑃𝑓,𝜑
𝑝𝑣𝑣,𝑎𝑣 ≤ 𝑀1𝑢1,𝑓,𝜑

𝑣𝑤   (1.67) 

𝑢1,𝑓,𝜑
𝑣𝑤 , is the binary variable associated with the selection of Zone 1 when it is set to zero. Zone 2, 

where the SI curtails active power according to a linear relationship to local bus voltage can be 

represented as shown in (1.68) and (1.69). 

−𝑀1𝑢2,𝑓,𝜑
𝑣𝑤 + 𝑉1,𝜑

𝑝𝑣𝑣,𝑣𝑤 ≤ 𝑉𝑖
𝜑
≤ 𝑀1𝑢2,𝑓,𝜑

𝑣𝑤 + 𝑉2,𝜑
𝑝𝑣𝑣,𝑣𝑤

 (1.68) 

−𝑀1𝑢2,𝑓,𝜑
𝑣𝑤 ≤ 𝑃𝑓,𝜑

𝑝𝑣𝑣 − 𝑃2,𝜑
𝑝𝑣𝑣,𝑣𝑤 −

(𝑉𝑖
𝜑
−𝑉2,𝜑

𝑝𝑣𝑣,𝑣𝑤
)(𝑃2,𝜑

𝑝𝑣𝑣,𝑣𝑤
−𝑃1,𝜑

𝑝𝑣𝑣,𝑣𝑤
)

𝑉2,𝜑
𝑝𝑣𝑣,𝑣𝑤

−𝑉1,𝜑
𝑝𝑣𝑣,𝑣𝑤   ≤ 𝑀1𝑢2,𝑓,𝜑

𝑣𝑤  (1.69) 

𝑢2,𝑓,𝜑
𝑣𝑤 , is the binary variable associated with the selection of Zone 2 when it is set to zero. Equation 

(1.70) represents the mutual exclusivity constraint which prevents the selection of multiple 

operating zones at the same time. 

𝑢1,𝑓,𝜑
𝑣𝑤 + 𝑢2,𝑓,𝜑

𝑣𝑤 ≤ 1  (1.70) 

Apart from the above mentioned changes, (1.21) is also disregarded. Equation (1.21) enables active 

power generation curtailment at any system condition without considering local bus voltage which 

violates the IEEE 1547-2018 standards in case Volt-Watt operational mode is enabled. Essentially, 

Volt-Watt operational mode controls active power generation curtailment, but is not mandatory to 

be enabled, unlike reactive power operational modes. 

1.4.3 Results and Analysis 

The test system utilized for analyzing the performance of the DER scheduling framework, with 

the Volt-Watt operational mode, is the same as the one described in Section 1.3, with identical 

system conditions. Considering the excessive over-voltage conditions experienced by the 

distribution feeder due to high instantaneous PV penetration, a proper DER scheduling framework 

is required to mitigate over-voltage issues. As shown in Figure 1.21, the primary sections of the 

feeder experienced high voltages, with the secondary sections experiencing voltages higher than 

1.06 pu. Phases B and C especially experience over-voltages due to high levels of PV penetration. 

Considering the fact that active power is not curtailed at SIs where local bus voltages are nominal, 

reactive power compensation is still a valid strategy utilized within the framework, using the Watt-

VAr operational mode. The results are observed on a set of 70 PV controllers enabled, to analyze 

the performance of a framework with Volt-Watt operational mode enabled. 
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Figure 1.21  Voltage Profile with respect to Distance from Substation in the Primary Sections of 

the Distribution Feeder prior to VAr Optimization 

As shown in Figure 1.22, post VAr optimization, the voltage profile of primary sections exhibit a 

significant improvement. Phases B and C especially show a significant improvement in part due 

to the reactive power absorption capability provided by SIs in those phases. Table 1.10 presents 

the results of the VAr optimization. Even with the reactive power absorption capability, the SIs 

are unable to limit net voltage deviation in the distribution feeder to zero. Active power generation 

curtailment is required to complement reactive power absorption in this case to mitigate the over 

voltages. As shown in Figure 1.23, with respect to available active power generation potential, 

only a handful of SIs curtail active power, only beyond 1.05 pu. 

 

 

Figure 1.22  Voltage Profile with respect to Distance from Substation in the Primary Sections of 

the Distribution Feeder Post VAr Optimization considering Volt-Watt and Watt-VAr Operational 

Modes. 

Table 1.10  Active Power Generation Curtailment and Net Voltage Deviation Metrics Post 

Optimization 

Net Voltage 

Deviation (pu) 

Active Power 

Curtailment (kW) 

Active Power 

Injection (kW) 

Reactive Power 

Absorption (kVAr) 

0.16810475 0.1495 506.7 296.4 
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Figure 1.23  Active Power Dispatch as a Percentage of Active Power Available with respect to 

Local Bus Voltage 

To mitigate over-voltage issues feeder-wide, proper SI coordination is required with optimal active 

and reactive power dispatch. If active power dispatch is constrained by system operating 

conditions, the ability to mitigate over voltage issues system-wide is inhibited. Reactive power 

dispatch alone cannot contribute to mitigating voltage issues across the feeder. However sustained 

operations in over-voltage conditions result in severe economic losses considering nominal 

distribution equipment operating conditions. One important observation is the fact that primary 

sections of the distribution feeder exhibit a complete mitigation of over-voltage issues as shown 

in Figure 1.22, but secondary sections do not. Figure 1.24 exhibits the voltage deviations 

distribution feeder wide, with the non-zero deviations observed only in the secondary sections. 

 

Figure 1.24  Net Voltage Deviation Profile for the Distribution Feeder with the Volt-Watt 

Operational Mode Enabled 
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This inability to completely mitigate over-voltage deviations, implies that the Volt-Watt 

operational mode serves as a passive curtailment measure only for voltages beyond 1.05 pu, and 

does not actively curtail active power to preserve distribution system operational integrity. 

1.5 Unified Mode Selection Framework 

In this section, the effect of optimally selecting the operational mode and settings for SIs, while 

concurrently dispatching them to mitigate distribution feeder power quality issues and maximizing 

distribution feeder hosting capacity is observed. According to the IEEE 1547-2018 standard [11], 

four distinct reactive power operational modes are allowed with clearly defined curve 

characteristics. Among them, Watt-VAr and Volt-VAr operational modes are popular choices for 

mitigating voltage violation issues at local buses. Both Watt-VAr and Volt-VAr operational modes 

have different abilities which make them well suited for different distribution system operation 

scenarios. The UMS (Unified Mode Selection) framework with default settings, presented in this 

section, optimally identifies the ideal reactive power operational mode for each SI to mitigate 

issues distribution feeder wide and maximize PV utilization. The section also presents an extension 

of the UMS framework, where each operational mode curve is concurrently optimized to further 

extend the flexibility offered by considering default curve characteristics. The DER scheduling 

tool presented based on the UMS framework optimally selects the operational mode and settings 

for each individual inverter to mitigate voltage issues distribution feeder-wide and minimize the 

operational cost. Figure 1.25 presents a flow chart describing the operation of the DER scheduling 

tool based on the UMS framework with co-optimized settings. The section also presents two 

distinct formulations to minimize the Phase Voltage Unbalance Factor (PVUF) within the 

distribution feeder with the help of reactive power dispatch from the SIs including a constraint-

based and objective function-based approach. 
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Figure 1.25  DER Scheduling Process Flowchart 

1.5.1 Volt-VAr Mode 

According to the IEEE 1547-2018 standard, Volt-VAr operational Mode involves the control of 

reactive power dispatch as a function of voltage at the local bus where the SI is situated. The 

participation of DERs in any specified reactive power operational mode for voltage regulation 

requires the approval of the area EPS (Electric Power System) operator [11]. The specified 

characteristic is a piecewise linear voltage-reactive power function. Figure 1.26 exhibits the Volt-

VAr curve as specified by the IEEE 1547-2018 standard. The characteristic curve has 5 different 

zones of operation including 4 operating set-points for voltage and 2 operating set-points for 

reactive power. As defined by the default values of the curve settings, each zone represents reactive 

power dispatch values to be followed as a linear function of local bus voltage of the SI. 
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Figure 1.26  The Volt-VAr Piecewise Linear Function According to the IEEE 1547-2018 

Standard 

Zone 1 represents the zone of operation, where beyond the voltage set point 𝑉1,𝜑
𝑝𝑣𝑣

, the SI injects 

constant reactive power (maximum reactive power injection capability) as defined by 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

. 

Zone 2 represents the zone of operation, where between the voltage set points 𝑉1,𝜑
𝑝𝑣𝑣

 and 𝑉2,𝜑
𝑝𝑣𝑣

, the 

SI injects reactive power according to a linear relationship with the voltage at the local bus as 

defined by the slope between (𝑉1,𝜑
𝑝𝑣𝑣, 𝑄𝑓,𝜑

𝑝𝑣𝑣,𝑚𝑎𝑥)  and (𝑉2,𝜑
𝑝𝑣𝑣, 0). Zone 3 is usually modeled as a dead 

zone, between the set-points (𝑉2,𝜑
𝑝𝑣𝑣, 0) and (𝑉3,𝜑

𝑝𝑣𝑣, 0), such that reactive power is neither injected 

nor absorbed by the SI. Zone 4 represents the zone of operation, where between the voltage set 

points 𝑉3,𝜑
𝑝𝑣𝑣

 and 𝑉4,𝜑
𝑝𝑣𝑣

, the SI absorbs reactive power according to a linear relationship with the 

voltage at the local bus as defined by the slope between (𝑉3,𝜑
𝑝𝑣𝑣 , 0) and (𝑉4,𝜑

𝑝𝑣𝑣 , −𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥). Zone 5 

represents the zone of operation, where beyond the voltage set point 𝑉4,𝜑
𝑝𝑣𝑣

, the SI absorbs constant 

reactive power (maximum reactive power absorption capability) as defined by −𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

. The 

IEEE 1547-2018 standard has enabled SIs to modify these set-points within an allowable range 

which are to be immediately implemented by the DER operator [11]. Table 1.11 and Table 1.12 

describes the default settings utilized and the allowable range of modifications for the set-points 

as described by the IEEE 1547-2018 standard. 

Table 1.11  Voltage Set-Points for the Volt-VAr operational mode curve Following the IEEE 

1547-2018 Standard [11] 

Voltage Set-

Points 

Default Settings Modification Range 

Minimum Maximum 

𝑉1,𝜑
𝑝𝑣𝑣

 0.94 pu. 0.82 pu. 𝑉2,𝜑
𝑝𝑣𝑣

 – 0.02 pu. 

𝑉2,𝜑
𝑝𝑣𝑣

 0.98 pu. 0.97 pu. 1.00 pu. 

𝑉3,𝜑
𝑝𝑣𝑣

 1.02 pu. 1.00 pu. 1.03 pu. 
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𝑉4,𝜑
𝑝𝑣𝑣

 1.06 pu. 𝑉3,𝜑
𝑝𝑣𝑣

 – 0.02 p.u. 1.18 pu. 

Table 1.12  Reactive Power Set-Points for the Volt-VAr operational mode curve Following the 

IEEE 1547-2018 Standard [11] 

Reactive Power 

Set-Points 

Default Settings Modification Range 

Minimum Maximum 

𝑄1,𝜑
𝑝𝑣𝑣

 100 % 𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 -𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 +𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 

𝑄2,𝜑
𝑝𝑣𝑣

 100 % −𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 -𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 +𝑄𝑓,𝜑
𝑚𝑎𝑥,𝑝𝑣𝑣

 

1.5.2 Problem Formulation 

The DER scheduling tool presented in this section involves the robust DOPF formulation, 

IVACOPF as presented in Section 1.3.2 and includes (1.2)-(1.22). Apart from this, the UMS 

framework with default settings and co-optimized settings as mentioned above, are formulated in 

the following subsections, along with the two distinct approaches for balancing voltages. 

a) Unified Mode Selection Framework: Default Settings 

Considering the fact the UMS framework optimally selects the operational mode and zone between 

the Watt-VAr and Volt-VAr operational modes, both are formulated based on discrete set-points 

and clear operational bounds. As such the two curves can be represented using piece-wise 

functions as shown in (1.23) and (1.71). 

𝑄𝑓,𝜑
𝑝𝑣𝑣 =

{
 
 
 
 

 
 
 
 
𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥                , 𝑉𝑓,𝜑

𝑚𝑖𝑛 ≤ 𝑉𝑖
𝜑
< 𝑉1,𝜑

𝑝𝑣𝑣

𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

(𝑉2,𝜑
𝑝𝑣𝑣

−𝑉𝑖
𝜑
)

𝑉2,𝜑
𝑝𝑣𝑣

−𝑉1,𝜑
𝑝𝑣𝑣 , 𝑉1,𝜑

𝑝𝑣𝑣
≤ 𝑉𝑖

𝜑
< 𝑉2,𝜑

𝑝𝑣𝑣

0                              , 𝑉2,𝜑
𝑝𝑣𝑣 ≤ 𝑉𝑖

𝜑
< 𝑉3,𝜑

𝑝𝑣𝑣

𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

(𝑉3,𝜑
𝑝𝑣𝑣

−𝑉𝑖
𝜑
)

𝑉4,𝜑
𝑝𝑣𝑣

−𝑉3,𝜑
𝑝𝑣𝑣 , 𝑉3,𝜑

𝑝𝑣𝑣 ≤ 𝑉𝑖
𝜑
< 𝑉4,𝜑

𝑝𝑣𝑣

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

             , 𝑉4,𝜑
𝑝𝑣𝑣

≤ 𝑉𝑖
𝜑
< 𝑉𝑓,𝜑

𝑚𝑎𝑥

 (1.71) 

Apart from the existing set of decision variables, mode selection is performed within the 

framework using the help of binary decision variables to select or enable one operational mode at 

a given time. 𝑢1,𝑓,𝜑 is the binary decision variable associated with selecting Volt-VAr operational 

mode, where the variable is assigned 1 when the mode is enabled. 𝑢2,𝑓,𝜑 is the binary decision 

variable associated with selecting Watt-VAr operational mode, where the variable is assigned 1 

when the mode is enabled. Collectively, the piece-wise curves along with the mode selection 

process are modeled in a mixed-integer linear fashion using the Big-M method. The Volt-VAr 

operational mode is accordingly formulated as shown in (1.72)-(1.82). Zone 1 is modeled as (1.72) 

and (1.73), in which the SI injects rated reactive power. 

𝑀1𝑢1,𝑓,𝜑
𝑞𝑣 +𝑀2(1 − 𝑢1,𝑓,𝜑) + 𝑉1,𝜑

𝑝𝑣𝑣 ≥ 𝑉𝑖
𝜑

  (1.72) 

−𝑀1𝑢1,𝑓,𝜑
𝑞𝑣 −𝑀2(1 − 𝑢1,𝑓,𝜑) ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑀1𝑢1,𝑓,𝜑

𝑞𝑣 +𝑀2(1 − 𝑢1,𝑓,𝜑) (1.73) 
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Zone 2 is modeled as (1.74) and (1.75) wherein the SI injects reactive power according to a linear 

relationship to the bus voltage. 

−𝑀1𝑢2,𝑓,𝜑
𝑞𝑣 −𝑀2(1 − 𝑢1,𝑓,𝜑) + 𝑉1,𝜑

𝑝𝑣𝑣 ≤ 𝑉𝑖
𝜑
≤ 𝑀1𝑢2,𝑓,𝜑

𝑞𝑣 +𝑀2(1 − 𝑢1,𝑓,𝜑) + 𝑉2,𝜑
𝑝𝑣𝑣

 (1.74) 

−𝑀1𝑢2,𝑓,𝜑
𝑞𝑣 −𝑀2(1 − 𝑢1,𝑓,𝜑) ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 −
𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

(𝑉2,𝜑
𝑝𝑣𝑣

−𝑉𝑖
𝜑
)

𝑉2,𝜑
𝑝𝑣𝑣

−𝑉1,𝜑
𝑝𝑣𝑣 ≤ 𝑀1𝑢2,𝑓,𝜑

𝑞𝑣 +𝑀2(1 − 𝑢1,𝑓,𝜑)  

  (1.75) 

Zone 3 is modeled as (1.76) and (1.77) wherein the SI neither injects nor absorbs reactive power. 

This zone is also referred to as the dead zone. 

−𝑀1𝑢3,𝑓,𝜑
𝑞𝑣 −𝑀2(1 − 𝑢1,𝑓,𝜑) + 𝑉2,𝜑

𝑝𝑣𝑣 ≤ 𝑉𝑖
𝜑
≤ 𝑀1𝑢3,𝑓,𝜑

𝑞𝑣 +𝑀2(1 − 𝑢1,𝑓,𝜑) + 𝑉3,𝜑
𝑝𝑣𝑣

 (1.76) 

−𝑀1𝑢3,𝑓,𝜑
𝑞𝑣

−𝑀2(1 − 𝑢1,𝑓,𝜑) ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣

≤ 𝑀1𝑢3,𝑓,𝜑
𝑞𝑣

+𝑀2(1 − 𝑢1,𝑓,𝜑) (1.77) 

Zone 4 is modeled as (1.78) and (1.79) wherein the SI absorbs reactive power according to a linear 

relation to the bus voltage. 

−𝑀1𝑢4,𝑓,𝜑
𝑞𝑣 −𝑀2(1 − 𝑢1,𝑓,𝜑) + 𝑉3,𝜑

𝑝𝑣𝑣 ≤ 𝑉𝑖
𝜑
≤ 𝑀1𝑢4,𝑓,𝜑

𝑞𝑣 +𝑀2(1 − 𝑢1,𝑓,𝜑) + 𝑉4,𝜑
𝑝𝑣𝑣

 (1.78) 

−𝑀1𝑢4,𝑓,𝜑
𝑞𝑣 −𝑀2(1 − 𝑢1,𝑓,𝜑) ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 −
𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

(𝑉3,𝜑
𝑝𝑣𝑣

−𝑉𝑖
𝜑
)

𝑉4,𝜑
𝑝𝑣𝑣

−𝑉3,𝜑
𝑝𝑣𝑣 ≤ 𝑀1𝑢4,𝑓,𝜑

𝑞𝑣 +𝑀2(1 − 𝑢1,𝑓,𝜑)  

  (1.79) 

Zone 5 is modeled as (1.80) and (1.81) wherein the SI absorbs rated reactive power according to 

the IEEE 1547-2018 standard [11]. 

−𝑀1𝑢5,𝑓,𝜑
𝑞𝑣 −𝑀2(1 − 𝑢1,𝑓,𝜑) + 𝑉4,𝜑

𝑝𝑣𝑣 ≤ 𝑉𝑖
𝜑

  (1.80) 

−𝑀1𝑢5,𝑓,𝜑
𝑞𝑣 −𝑀2(1 − 𝑢1,𝑓,𝜑) ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 +𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑀1𝑢5,𝑓,𝜑

𝑞𝑣 +𝑀2(1 − 𝑢1,𝑓,𝜑) (1.81) 

Equation (1.82) represents the mutual exclusivity constraint, which restricts selection of multiple 

zones of operation at the same time. 

𝑢1,𝑓,𝜑
𝑞𝑣 + 𝑢2,𝑓,𝜑

𝑞𝑣 + 𝑢3,𝑓,𝜑
𝑞𝑣 + 𝑢4,𝑓,𝜑

𝑞𝑣 + 𝑢5,𝑓,𝜑
𝑞𝑣 ≤ 4,∀𝑓 ∈ 𝐹1 (1.82) 

The Watt-VAr operational mode is accordingly formulated as shown in (1.83)-(1.97). Zone 1 is 

modeled as (1.83) and (1.84), in which the SI injects rated reactive power. 

𝑀1𝑢1,𝑓,𝜑
𝑝𝑞 +𝑀2(1 − 𝑢2,𝑓,𝜑) + 𝑃3,𝜑

′𝑝𝑣𝑣 ≥ 𝑃𝑓,𝜑
𝑝𝑣𝑣

  (1.83) 

−𝑀1𝑢1,𝑓,𝜑
𝑝𝑞

−𝑀2(1 − 𝑢2,𝑓,𝜑) ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

≤ 𝑀1𝑢1,𝑓,𝜑
𝑝𝑞

+𝑀2(1 − 𝑢2,𝑓,𝜑) (1.84) 

Zone 2 is modeled as (1.85) and (1.86), in which the SI injects reactive power according to a linear 

relationship to active power dispatch. 
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−𝑀1𝑢2,𝑓,𝜑
𝑝𝑞 −𝑀2(1 − 𝑢2,𝑓,𝜑) + 𝑃3,𝜑

′𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣 ≤ 𝑀1𝑢2,𝑓,𝜑

𝑝𝑞 +𝑀2(1 − 𝑢2,𝑓,𝜑) + 𝑃2,𝜑
′𝑝𝑣𝑣

  

  (1.85) 

−𝑀1𝑢2,𝑓,𝜑
𝑝𝑞 −𝑀2(1 − 𝑢2,𝑓,𝜑) ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄2,𝜑
′𝑝𝑣𝑣 +

(𝑃2,𝜑
′𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣

)(𝑄3,𝜑
′𝑝𝑣𝑣

−𝑄2,𝜑
′𝑝𝑣𝑣

)

𝑃2,𝜑
′𝑝𝑣𝑣

−𝑃3,𝜑
′𝑝𝑣𝑣 ≤ 𝑀1𝑢2,𝑓,𝜑

𝑝𝑞 +𝑀2(1 −

𝑢2,𝑓,𝜑)  (1.86) 

Zone 3 is modeled as (1.87) and (1.88), in which the SI injects reactive power according to a linear 

relationship to active power dispatch. 

−𝑀1𝑢3,𝑓,𝜑
𝑝𝑞 −𝑀2(1 − 𝑢2,𝑓,𝜑) + 𝑃2,𝜑

′𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣 ≤ 𝑀1𝑢3,𝑓,𝜑

𝑝𝑞 +𝑀2(1 − 𝑢2,𝑓,𝜑) + 𝑃1,𝜑
′𝑝𝑣𝑣

  

  (1.87) 

−𝑀1𝑢3,𝑓,𝜑
𝑝𝑞

−𝑀2(1 − 𝑢2,𝑓,𝜑) ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣

− 𝑄1,𝜑
′𝑝𝑣𝑣

−
(𝑃1,𝜑

′𝑝𝑣𝑣
−𝑃𝑓,𝜑

𝑝𝑣𝑣
)(𝑄2,𝜑

′𝑝𝑣𝑣
−𝑄1,𝜑

′𝑝𝑣𝑣
)

𝑃1,𝜑
′𝑝𝑣𝑣

−𝑃2,𝜑
′𝑝𝑣𝑣 ≤ 𝑀1𝑢3,𝑓,𝜑

𝑝𝑞
+𝑀2(1 −

𝑢2,𝑓,𝜑)  (1.88) 

Zone 4 is modeled as (1.89) and (1.90), in which the SI neither injects nor absorbs reactive power, 

referred to as a dead zone. 

−𝑀1𝑢4,𝑓,𝜑
𝑝𝑞 −𝑀2(1 − 𝑢2,𝑓,𝜑) + 𝑃1,𝜑

′𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣 ≤ 𝑀1𝑢4,𝑓,𝜑

𝑝𝑞 +𝑀2(1 − 𝑢2,𝑓,𝜑) + 𝑃1,𝜑
𝑝𝑣𝑣

  

  (1.89) 

−𝑀1𝑢4,𝑓,𝜑
𝑝𝑞 −𝑀2(1 − 𝑢2,𝑓,𝜑) ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄1,𝜑
𝑝𝑣𝑣 −

(𝑃1,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣

)(𝑄1,𝜑
′𝑝𝑣𝑣

−𝑄1,𝜑
𝑝𝑣𝑣

)

𝑃1,𝜑
𝑝𝑣𝑣

−𝑃1,𝜑
′𝑝𝑣𝑣 ≤ 𝑀1𝑢4,𝑓,𝜑

𝑝𝑞 +𝑀2(1 −

𝑢2,𝑓,𝜑)  (1.90) 

Zone 5 is modeled as (1.91) and (1.92), in which the SI absorbs reactive power according to a 

linear relationship to active power dispatch. 

−𝑀1𝑢5,𝑓,𝜑
𝑝𝑞

−𝑀2(1 − 𝑢2,𝑓,𝜑) + 𝑃1,𝜑
𝑝𝑣𝑣

≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣

≤ 𝑀1𝑢5,𝑓,𝜑
𝑝𝑞

+𝑀2(1 − 𝑢2,𝑓,𝜑) + 𝑃2,𝜑
𝑝𝑣𝑣

 (1.91) 

−𝑀1𝑢5,𝑓,𝜑
𝑝𝑞 −𝑀2(1 − 𝑢2,𝑓,𝜑) ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 −𝑄2,𝜑
𝑝𝑣𝑣 −

(𝑃2,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣

)(𝑄1,𝜑
𝑝𝑣𝑣

−𝑄2,𝜑
𝑝𝑣𝑣

)

𝑃2,𝜑
𝑝𝑣𝑣

−𝑃1,𝜑
𝑝𝑣𝑣 ≤ 𝑀1𝑢5,𝑓,𝜑

𝑝𝑞 +

𝑀2(1 − 𝑢2,𝑓,𝜑)  (1.92) 

Zone 6 is modeled as (1.93) and (1.94), in which the SI absorbs reactive power according to a 

linear relationship to active power dispatch. 

−𝑀1𝑢6,𝑓,𝜑
𝑝𝑞 −𝑀2(1 − 𝑢2,𝑓,𝜑) + 𝑃2,𝜑

𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣 ≤ 𝑀1𝑢6,𝑓,𝜑

𝑝𝑞 +𝑀2(1 − 𝑢2,𝑓,𝜑) + 𝑃3,𝜑
𝑝𝑣𝑣

 (1.93) 

−𝑀1𝑢6,𝑓,𝜑
𝑝𝑞 −𝑀2(1 − 𝑢2,𝑓,𝜑) ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 −𝑄3,𝜑
𝑝𝑣𝑣 −

(𝑃3,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣

)(𝑄2,𝜑
𝑝𝑣𝑣

−𝑄3,𝜑
𝑝𝑣𝑣

)

𝑃3,𝜑
𝑝𝑣𝑣

−𝑃2,𝜑
𝑝𝑣𝑣 ≤ 𝑀1𝑢6,𝑓,𝜑

𝑝𝑞 +

𝑀2(1 − 𝑢2,𝑓,𝜑)  (1.94) 
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Zone 7 is modeled as (1.95) and (1.96), in which the SI absorbs rated reactive power according to 

the IEEE 1547-2018 standard [11]. 

−𝑀1𝑢7,𝑓,𝜑
𝑝𝑞 −𝑀2(1 − 𝑢2,𝑓,𝜑) + 𝑃3,𝜑

𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑
𝑝𝑣𝑣

 (1.95) 

−𝑀1𝑢7,𝑓,𝜑
𝑝𝑞 −𝑀2(1 − 𝑢2,𝑓,𝜑) ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 +𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑀1𝑢7,𝑓,𝜑

𝑝𝑞 +𝑀2(1 − 𝑢2,𝑓,𝜑) (1.96) 

Equation (1.97) represents the mutual exclusivity constraint, which restricts selection of multiple 

zones of operation at the same time. 

𝑢1,𝑓,𝜑
𝑝𝑞 + 𝑢2,𝑓,𝜑

𝑝𝑞 + 𝑢3,𝑓,𝜑
𝑝𝑞 + 𝑢4,𝑓,𝜑

𝑝𝑞 + 𝑢5,𝑓,𝜑
𝑝𝑞 + 𝑢6,𝑓,𝜑

𝑝𝑞 + 𝑢7,𝑓,𝜑
𝑝𝑞 ≤ 6,∀𝑓 ∈ 𝐹1 (1.97) 

Equation (1.98) represents the mutual exclusivity constraint, which restricts the selection of 

multiple modes of operation at the same time. 

𝑢1,𝑓,𝜑 + 𝑢2,𝑓,𝜑 = 1, ∀𝑓 ∈ 𝐹1  (1.98) 

An alternative formulation is also presented where the operational modes are not explicitly 

modeled as decision variables. In this approach, the Big-M value 𝑀2 is set to zero, which disables 

the binary variable. Equations (1.72)-(1.96) are used with the exception of the mode selection term 

which is nullified by the 𝑀2 value and, (1.82), (1.97) and (1.98) are not considered. These 

constraints are replaced with (1.99) as shown below. 

𝑢1,𝑓,𝜑
𝑞𝑣 + 𝑢2,𝑓,𝜑

𝑞𝑣 + 𝑢3,𝑓,𝜑
𝑞𝑣 + 𝑢4,𝑓,𝜑

𝑞𝑣 + 𝑢5,𝑓,𝜑
𝑞𝑣 + 𝑢1,𝑓,𝜑

𝑝𝑞 + 𝑢2,𝑓,𝜑
𝑝𝑞 + 𝑢3,𝑓,𝜑

𝑝𝑞 + 𝑢4,𝑓,𝜑
𝑝𝑞 + 𝑢5,𝑓,𝜑

𝑝𝑞 + 𝑢6,𝑓,𝜑
𝑝𝑞 +

𝑢7,𝑓,𝜑
𝑝𝑞 ≤ 11,∀𝑓 ∈ 𝐹1  (1.99) 

The above-mentioned modified approach does not involve the binary decision variables to select 

the mode of operation, but rather arises intrinsically from the zone of operation selected and can 

theoretically reduce model complexity. The computational efficiency of the two mentioned 

methods are discussed in the results section. 

b) Unified Mode Selection Framework: Co-optimized Settings 

Optimally selecting the reactive power operational mode based on the characteristics of Volt-VAr 

and Watt-VAr operational mode helps improve distribution feeder operations. This improvement 

is due to the flexibility offered by choosing the right operational mode based on the need for 

reactive power and ideal functional inputs. The flexibility can be further extended by optimally 

selecting the settings for the chosen operational mode based on the IEEE 1547-2018 standard [11], 

by finding the exact margin of need. Given fixed set-points, (1.75), (1.79), (1.86), (1.88), (1.90), 

(1.92) and (1.94) are mixed-integer and linear. Co-optimizing the set-points, converts the 

aforementioned constraints into non-linear, non-convex constraints. Therefore, they are linearly 

approximated using Taylor’s series approximation, as mentioned in (1.95)-(1.101). The rest of the 

equations remain the same due to their convexity being preserved. Terms specified with the 

superscript (𝑡), correspond to a Taylor’s series parameter which are updated every iteration with 

the previous iteration’s solution. Equation (1.75) is approximated and linearly formulated as shown 

in (1.95), where 𝑢2,𝑓,𝜑
𝑞𝑣

 corresponds to the binary variable, associated with the operation of Zone 2 

within the Volt-VAr mode of operation. 
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−𝑀1𝑢2,𝑓,𝜑
𝑞𝑣 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 −
(𝑉2,𝜑

𝑝𝑣𝑣(𝑡)
−𝑉𝑖

𝜑(𝑡)
)𝑄𝑓,𝜑

𝑝𝑣𝑣,𝑚𝑎𝑥

𝑉2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑉1,𝜑
𝑝𝑣𝑣(𝑡)

+
𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥(𝑡)

𝑉𝑖
𝜑

𝑉2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑉1,𝜑
𝑝𝑣𝑣(𝑡)

−
𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥(𝑡)

(𝑉2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑉𝑖
𝜑(𝑡)

)𝑉1,𝜑
𝑝𝑣𝑣

(𝑉2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑉1,𝜑
𝑝𝑣𝑣(𝑡)

)
2 +

𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥(𝑡)

(𝑉1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑉𝑖
𝜑(𝑡)

)𝑉2,𝜑
𝑝𝑣𝑣

(𝑉2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑉1,𝜑
𝑝𝑣𝑣(𝑡)

)
2 ≤ 𝑀1𝑢2,𝑓,𝜑

𝑞𝑣
  (1.95) 

Equation (1.79) is approximated and linearly formulated as shown in (1.96), where 𝑢4,𝑓,𝜑
𝑞𝑣

 

corresponds to the binary variable, associated with the operation of Zone 4 within the Volt-VAr 

mode of operation. 

−𝑀1𝑢4,𝑓,𝜑
𝑞𝑣 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 −
(𝑉𝑖

𝜑(𝑡)
−𝑉3,𝜑

𝑝𝑣𝑣(𝑡)
)𝑄𝑓,𝜑

𝑝𝑣𝑣,𝑚𝑎𝑥

𝑉3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑉4,𝜑
𝑝𝑣𝑣(𝑡)

−
𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥(𝑡)

𝑉𝑖
𝜑

𝑉3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑉4,𝜑
𝑝𝑣𝑣(𝑡)

+
𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥(𝑡)

(𝑉𝑖
𝜑(𝑡)

−𝑉4,𝜑
𝑝𝑣𝑣(𝑡)

)𝑉3,𝜑
𝑝𝑣𝑣

(𝑉3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑉4,𝜑
𝑝𝑣𝑣(𝑡)

)
2 −

𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥(𝑡)

(𝑉𝑖
𝜑(𝑡)

−𝑉3,𝜑
𝑝𝑣𝑣(𝑡)

)𝑉4,𝜑
𝑝𝑣𝑣

(𝑉3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑉4,𝜑
𝑝𝑣𝑣(𝑡)

)
2 ≤ 𝑀1𝑢4,𝑓,𝜑

𝑞𝑣
  (1.96) 

Equation (1.86) is approximated and linearly formulated as shown in (1.97), where 𝑢2,𝑓,𝜑
𝑝𝑞

 

corresponds to the binary variable, associated with the operation of Zone 2 within the Watt-VAr 

mode of operation. 

−𝑀1𝑢2,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄2,𝜑
′𝑝𝑣𝑣(𝑡) −

(𝑄3,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄2,𝜑
′𝑝𝑣𝑣(𝑡)

)( 𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃3,𝜑
′𝑝𝑣𝑣(𝑡)

−

( 𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃3,𝜑
′𝑝𝑣𝑣(𝑡)

)(𝑄2,𝜑
′𝑝𝑣𝑣

−𝑄2,𝜑
′𝑝𝑣𝑣(𝑡)

)

 𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃3,𝜑
′𝑝𝑣𝑣(𝑡)

−
(𝑄3,𝜑

′𝑝𝑣𝑣(𝑡)
−𝑄2,𝜑

′𝑝𝑣𝑣(𝑡)
)( 𝑃𝑓,𝜑

𝑝𝑣𝑣(𝑡)
−𝑃3,𝜑

′𝑝𝑣𝑣(𝑡)
)(𝑃2,𝜑

′𝑝𝑣𝑣
−𝑃2,𝜑

′𝑝𝑣𝑣(𝑡)
)

 (𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃3,𝜑
′𝑝𝑣𝑣(𝑡)

)
2 −

(𝑄3,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄2,𝜑
′𝑝𝑣𝑣(𝑡)

)( 𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃3,𝜑
′𝑝𝑣𝑣

−𝑃3,𝜑
′𝑝𝑣𝑣(𝑡)

)

 (𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃3,𝜑
′𝑝𝑣𝑣(𝑡)

)
2 +

( 𝑄3,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄2,𝜑
′𝑝𝑣𝑣(𝑡)

)(𝑃𝑓,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃3,𝜑
′𝑝𝑣𝑣(𝑡)

≤ 𝑀1𝑢2,𝑓,𝜑
𝑝𝑞

 

  (1.97) 

Equation (1.88) is approximated and linearly formulated as shown in (1.98), where 𝑢3,𝑓,𝜑
𝑝𝑞

 

corresponds to the binary variable, associated with the operation of Zone 3 within the Watt-VAr 

mode of operation. 

−𝑀1𝑢3,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄1,𝜑
′𝑝𝑣𝑣(𝑡) −

(𝑄2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

)( 𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−

( 𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

)(𝑄1,𝜑
′𝑝𝑣𝑣

−𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

)

 𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

−
(𝑄2,𝜑

′𝑝𝑣𝑣(𝑡)
−𝑄1,𝜑

′𝑝𝑣𝑣(𝑡)
)( 𝑃𝑓,𝜑

𝑝𝑣𝑣(𝑡)
−𝑃2,𝜑

′𝑝𝑣𝑣(𝑡)
)(𝑃1,𝜑

′𝑝𝑣𝑣
−𝑃1,𝜑

′𝑝𝑣𝑣(𝑡)
)

 (𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

)
2 −
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(𝑄2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

)( 𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃2,𝜑
′𝑝𝑣𝑣

−𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

)

 (𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

)
2 +

( 𝑄2,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

)(𝑃𝑓,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
′𝑝𝑣𝑣(𝑡)

≤ 𝑀1𝑢3,𝑓,𝜑
𝑝𝑞

 

  (1.98) 

Equation (1.90) is approximated and linearly formulated as shown in (1.99), where 𝑢4,𝑓,𝜑
𝑝𝑞

 

corresponds to the binary variable, associated with the operation of Zone 4 within the Watt-VAr 

mode of operation. 

−𝑀1𝑢4,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄1,𝜑
𝑝𝑣𝑣(𝑡) −

(𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−
( 𝑃𝑓,𝜑

𝑝𝑣𝑣(𝑡)
−𝑃1,𝜑

′𝑝𝑣𝑣(𝑡)
)(𝑄1,𝜑

𝑝𝑣𝑣
−𝑄1,𝜑

𝑝𝑣𝑣(𝑡)
)

 𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

−

(𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

)(𝑃1,𝜑
𝑝𝑣𝑣

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

)

 (𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

)
2 −

(𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃1,𝜑
′𝑝𝑣𝑣

−𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

)

 (𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

)
2 +

( 𝑄1,𝜑
′𝑝𝑣𝑣(𝑡)

−𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃𝑓,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
′𝑝𝑣𝑣(𝑡)

≤ 𝑀1𝑢4,𝑓,𝜑
𝑝𝑞

  (1.99) 

Equation (1.92) is approximated and linearly formulated as shown in (1.100), where 𝑢5,𝑓,𝜑
𝑝𝑞

 

corresponds to the binary variable, associated with the operation of Zone 5 within the Watt-VAr 

mode of operation. 

−𝑀1𝑢5,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄2,𝜑
𝑝𝑣𝑣(𝑡) −

(𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−
( 𝑃𝑓,𝜑

𝑝𝑣𝑣(𝑡)
−𝑃1,𝜑

𝑝𝑣𝑣(𝑡)
)(𝑄2,𝜑

𝑝𝑣𝑣
−𝑄2,𝜑

𝑝𝑣𝑣(𝑡)
)

 𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

−

(𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃2,𝜑
𝑝𝑣𝑣

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

)

 (𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

)
2 −

(𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃1,𝜑
𝑝𝑣𝑣

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

)

 (𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

)
2 +

( 𝑄1,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃𝑓,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃1,𝜑
𝑝𝑣𝑣(𝑡)

≤ 𝑀1𝑢5,𝑓,𝜑
𝑝𝑞

  (1.100) 

Equation (1.94) is approximated and linearly formulated as shown in (1.101), where 𝑢6,𝑓,𝜑
𝑝𝑞

 

corresponds to the binary variable, associated with the operation of Zone 6 within the Watt-VAr 

mode of operation. 

−𝑀1𝑢6,𝑓,𝜑
𝑝𝑞 ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣 − 𝑄3,𝜑
𝑝𝑣𝑣(𝑡) −

(𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄3,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−
( 𝑃𝑓,𝜑

𝑝𝑣𝑣(𝑡)
−𝑃2,𝜑

𝑝𝑣𝑣(𝑡)
)(𝑄3,𝜑

𝑝𝑣𝑣
−𝑄3,𝜑

𝑝𝑣𝑣(𝑡)
)

 𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

−

(𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄3,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃3,𝜑
𝑝𝑣𝑣

−𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

)

 (𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

)
2 −

(𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄3,𝜑
𝑝𝑣𝑣(𝑡)

)( 𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃2,𝜑
𝑝𝑣𝑣

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

)

 (𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

)
2 +

( 𝑄2,𝜑
𝑝𝑣𝑣(𝑡)

−𝑄3,𝜑
𝑝𝑣𝑣(𝑡)

)(𝑃𝑓,𝜑
𝑝𝑣𝑣

−𝑃𝑓,𝜑
𝑝𝑣𝑣(𝑡)

)

 𝑃3,𝜑
𝑝𝑣𝑣(𝑡)

−𝑃2,𝜑
𝑝𝑣𝑣(𝑡)

≤ 𝑀1𝑢6,𝑓,𝜑
𝑝𝑞

  (1.101) 
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The Taylor’s series parameters for all the set-points in the first iteration are initialized with the 

respective default-set-points. The variable set-points are optimized within the permissible ranges 

as specified by the IEEE 1547-2018 standard [11]. Accordingly, these ranges are formulated as 

constraints in a linear fashion. Equations (1.102)-(1.105) represent the operational bounds which 

constrain the range within which voltage set-points of the Volt-VAr operational curve can be 

optimally selected. 

0.82 ≤ 𝑉1,𝜑
𝑝𝑣𝑣 ≤ 𝑉2,𝜑

𝑝𝑣𝑣 − 0.02  (1.102) 

0.97 ≤ 𝑉2,𝜑
𝑝𝑣𝑣 ≤ 1.00  (1.103) 

1.00 ≤ 𝑉3,𝜑
𝑝𝑣𝑣 ≤ 1.03  (1.104) 

𝑉3,𝜑
𝑝𝑣𝑣 + 0.02 ≤ 𝑉4,𝜑

𝑝𝑣𝑣 ≤ 1.18  (1.105) 

Equations (1.106) represent the operational bounds which constrain the range within which the 

reactive power limits for the Volt-VAr operational curve can be modified. The lowering of the set-

point is performed if system conditions are nominal, without any requirement for reactive power 

injection or absorption. The Taylor’s series parameters for rated reactive power, 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥(𝑡)

 are 

initialized with the 44% apparent power rating and are down-rated in the above scenario mentioned 

in each iteration until an optimal set-point is reached. 

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥(𝑡) ≤ 𝑄𝑓,𝜑

𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥(𝑡)

  (1.106) 

Equations (1.107)-(1.112) represent the operational bounds which constrain the range within 

which the active power set-points of the Watt-VAr operational curve can be optimally selected. 

𝑃𝑓,𝜑
′𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑃3,𝜑

′𝑝𝑣𝑣 ≤ 𝑃2,𝜑
′𝑝𝑣𝑣 + 0.1 × 𝑃𝑓,𝜑

′𝑝𝑣𝑣,𝑚𝑎𝑥
 (1.107) 

0.8 × 𝑃𝑓,𝜑
′𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑃2,𝜑

′𝑝𝑣𝑣 ≤ 0.4 × 𝑃𝑓,𝜑
′𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.108) 

𝑃2,𝜑
′𝑝𝑣𝑣 − 0.1 × 𝑃𝑓,𝜑

′𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑃1,𝜑
′𝑝𝑣𝑣 < 0  (1.109) 

0 < 𝑃1,𝜑
𝑝𝑣𝑣 ≤ 𝑃2,𝜑

𝑝𝑣𝑣 − 0.1 × 𝑃𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.110) 

0.4 × 𝑃𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑃2,𝜑

𝑝𝑣𝑣 ≤ 0.8 × 𝑃𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.111) 

𝑃2,𝜑
𝑝𝑣𝑣 + 0.1 × 𝑃𝑓,𝜑

𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑃3,𝜑
𝑝𝑣𝑣 ≤ 𝑃𝑓,𝜑

𝑝𝑣𝑣,𝑚𝑎𝑥
  (1.112) 

Equations (1.113)-(1.118) represent the operational bounds which constrain the range within 

which the reactive power set-points of the Watt-VAr operational curve can be optimally selected. 

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑄3,𝜑

′𝑝𝑣𝑣 ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.113) 
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−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑄2,𝜑

′𝑝𝑣𝑣 ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.114) 

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑄1,𝜑

′𝑝𝑣𝑣 ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.115) 

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑄1,𝜑

𝑝𝑣𝑣 ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.116) 

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑄2,𝜑

𝑝𝑣𝑣 ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.117) 

−𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥 ≤ 𝑄3,𝜑

𝑝𝑣𝑣 ≤ 𝑄𝑓,𝜑
𝑝𝑣𝑣,𝑚𝑎𝑥

  (1.118) 

c) Voltage Unbalance Mitigation 

Voltage unbalance is an increasing concern for distribution systems with high penetration of roof-

top PV and EVs. This subsection presents two distinct approaches to minimize the PVUF within 

the distribution feeder with optimal scheduling of SIs with VAr operational modes enabled. 

I. Unbalance Mitigation: Using Constraints 

According to the IEEE 141-1993 standard [41], PVUF across the three phase sections are to be 

limited to within 2% to protect three phase equipment within the distribution feeder. Consequently, 

within the DER scheduling framework, constraints are formulated as shown in (1.119)-(1.121), to 

limit the PVUF between any two given phases of a three phase bus to within 2%. 

𝑉𝑖
𝑎𝑣𝑔

=
∑ 𝑉𝑖

𝜑
∀𝜑∈𝜙

3
  (1.119) 

|𝑉𝑖
𝑎𝑣𝑔

− 𝑉𝑖
𝜑
| ≤ 𝑉𝑖

∆𝑚𝑎𝑥, ∀𝜑 ∈ 𝜙  (1.120) 

𝑉𝑖
∆𝑚𝑎𝑥 ≤ 0.02 × 𝑉𝑖

𝑎𝑣𝑔
  (1.121) 

Equation (1.121) strictly limits the PVUF between any phase to within 2% considering the 

objective of solely minimizing the cost of operation. Equation (1.120) contains an absolute 

difference and is reformulated in a linear fashion as shown in (1.122)-(1.123). 

𝑉𝑖
𝑎𝑣𝑔

− 𝑉𝑖
𝜑
≤ 𝑉𝑖

∆𝑚𝑎𝑥, ∀𝜑 ∈ 𝜙  (1.122) 

𝑉𝑖
𝜑
− 𝑉𝑖

𝑎𝑣𝑔
 ≤ 𝑉𝑖

∆𝑚𝑎𝑥, ∀𝜑 ∈ 𝜙  (1.123) 

 

II. Unbalance Mitigation: Using a term in the Objective Function 

Considering the active distribution network, extreme scenarios are presented where it would be 

impossible to limit the PVUF at all the buses to 2%. These scenarios could be due to high 

instantaneous PV penetration or due to simultaneous connection of multiple charging EVs on a 

single phase which severely increases loading in one phase. In such cases, setting a hard bound 

leads to the model being infeasible and an optimal solution not obtained. The approach presented 

in this section aims to mitigate voltage unbalance through collectively minimizing cost of 
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operation and voltage unbalance with the objective function as presented in (1.124). With the use 

of the aforementioned objective function, the one presented in (1.61) is disregarded. 

min
𝑉𝑖
𝑟,𝜑
,𝑉𝑖
𝑖𝑚,𝜑

,𝐼𝑖
𝑟,𝜑
,𝐼𝑖
𝑖𝑚,𝜑

𝐼ℓ
𝑟,𝜑
,𝐼ℓ
𝑖𝑚,𝜑

,𝑃𝑓,𝜑
𝑝𝑣𝑣

,𝑄𝑓,𝜑
𝑝𝑣𝑣

 

∑ (

∑ 𝜋𝑠,𝜑
𝐵 𝑃𝑠,𝜑

𝐵
∀𝑠(𝑖) +∑ 𝜋𝑓,𝜑

𝑝𝑣𝑣𝑃𝑓,𝜑
𝑝𝑣𝑣

∀𝑓∈𝐹1(𝑖)
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+𝑤𝑢𝑛𝑏𝑎𝑙𝑎𝑛𝑐𝑒 ∗ ∑ 𝑉𝑖
∆,𝜑

∀𝜑∈𝜙

)𝜑∈𝜙   (1.124) 

The two components of the objective function presented in (1.124), are opposite quantities in 

nature, i.e., actions taken to mitigate voltage unbalance involve active power curtailment and 

reactive power dispatch which affect the cost of operation in an inverse fashion. The significance 

placed on minimizing voltage unbalance within the distribution feeder as opposed to minimizing 

cost of operation is controlled by the value of the weight, 𝑤𝑢𝑛𝑏𝑎𝑙𝑎𝑛𝑐𝑒 . The absolute voltage 

deviation per phase, 𝑉𝑖
∆,𝜑

, is obtained as presented in (1.125) and (1.126). 

𝑉𝑖
𝑎𝑣𝑔

=
∑ 𝑉𝑖

𝜑
∀𝜑∈𝜙

3
  (1.125) 

|𝑉𝑖
𝑎𝑣𝑔

− 𝑉𝑖
𝜑
| ≤ 𝑉𝑖

∆,𝜑
, ∀𝜑 ∈ 𝜙  (1.126) 

Equation (1.126) is an absolute difference and is reformulated in a linear fashion as shown in 

(1.127) and (1.128). 

𝑉𝑖
𝑎𝑣𝑔

− 𝑉𝑖
𝜑
≤ 𝑉𝑖

∆,𝜑
, ∀𝜑 ∈ 𝜙  (1.127) 

𝑉𝑖
𝜑
− 𝑉𝑖

𝑎𝑣𝑔
 ≤ 𝑉𝑖

∆,𝜑
, ∀𝜑 ∈ 𝜙  (1.128) 

1.5.3 Results and Analysis 

Two DER scheduling models are presented and analyzed including the Mode Selection: Default 

settings (UMS-D) and Mode Selection: Co-optimized settings (UMS-C). The first subsection 

presents the description of the two different system conditions tested for the same test system. The 

second subsection presents the comparison of results obtained with using a DER scheduling tool 

with UMS-D, UMS-C, Watt-VAr (default settings) and Volt-VAr (default settings), to mitigate 

over-voltage issues within the distribution feeder. The third subsection presents the comparison of 

UMS-D and UMS-C in mitigating voltage unbalance issues within the distribution feeder. 

 

 

a) Test System 

I. Over-Voltage Scenario 

As discussed in Section 1.3.3 (a), the test system utilized is a large distribution feeder from a utility 

in Arizona which serves residential prosumers and has one of the largest PV penetration levels 

among the utility’s active feeders. The optimization is performed on a snapshot of the distribution 

feeder, where it experienced severe over-voltage conditions on March 15, 2019. This typically 

occurs during spring, where the active power generation potential is high for PV resources and the 
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residential cooling load is low due to nominal ambient temperatures. An instantaneous PV 

penetration level of 232% was observed with 3.625 MW of active power injected, with respect to 

only 1.563 MW of active power demand. The extensive model used to perform the simulation 

serves as an evidence to the scalability of the model proposed in the below sections. The model 

includes 8095 buses, 7943 lines and 742 PV units, out of which varying amounts of PV units are 

equipped with controllers to observe the effects of sparsity. The location of PV units is decided 

using an optimization model for optimal placement in a previous work [42]. The cost associated 

with purchase of substation power is obtained from [43] and the cost associated with the retail 

price of PV power is obtained from net metering policy as in [44]. More information about this 

feeder is presented in [40]. 

II. Voltage Unbalance Scenario 

The test system used for this scenario is the same as described in the previous subsection. The 

system conditions were manually modified to simulate the effect of high penetration of roof-top 

PV, corresponding to the growing rate of installation. This modification includes the addition of 

230 roof-top PV units, solely on secondary sections of Phase 2. The addition not only simulates 

the effect of increased penetration but also of increased adoption of EVs within the residential 

sectors. The increased penetration not only led to significant voltage violation, with voltages 

exceeding 1.08 pu in the secondary sections, but also voltage unbalance issues across the primary 

sections of the distribution feeder, causing PVUFs to exceed 2%. The additional PVs installed 

follow a PV insolation profile identical to existing PV units in close proximity within the secondary 

sections. The collective injection of the PV units was 5.221 MW, compared to 1.563 MW of load, 

leading to an instantaneous PV penetration of 334%. 

b) Over-Voltage Scenario 

This subsection presents the comparison of results obtained by using a DER scheduling tool with 

UMS-D, UMS-C, Watt-VAr (default settings) and Volt-VAr (default settings), to mitigate over-

voltage issues within the distribution feeder. The optimization is performed over three iterations, 

for the linearization error to converge and is performed on different sets of PV controllers including 

110, 85, 75, 70 controllers. Figure 1.27 exhibits the voltage profile of the primary sections of the 

distribution feeder with respect to the distance from the substation, before optimal reactive power 

dispatch is performed. Phases B and C show elevated levels of voltage, well above the ANSI limits 

in the primary sections due to the increased penetration of PV units and injection of available 

active power at unity power factor. The voltages in the secondary sections are higher due to the 

fact that active power flow is back to the substation from the end nodes of the distribution feeder. 

The highest voltages in the secondary sections of the distribution feeder exceeded 1.06 pu. 
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Figure 1.27  Voltage Profile with respect to Distance from Substation in the Primary Sections of 

the Distribution Feeder prior to VAr Optimization. 

The DER scheduling tools analyzed in the section have the ability to dispatch active and reactive 

power from individual SIs in the distribution feeder. Considering such a mechanism, overvoltage 

is limited to the ANSI limits within all the buses in distribution feeder, including the primary and 

secondary sections of the feeder as shown in Figure 1.28. The elevated voltage profiles for Phases 

B and C in the primary sections also show a significant improvement, considering the reactive 

power absorption capability. Reactive power injection and absorption capability yields flexibility 

to maximize the PV utilization without having to affect distribution system operation. As such, the 

performance of Watt-VAr operational mode and Volt-VAr operational mode with default settings 

were discussed in Section 1.3.3, with both modes having specific operational abilities. The main 

focus of the UMS framework as mentioned in this section is to maximize the capabilities of SIs, 

subject to system conditions, to gain the added flexibility of DERs. 

 

Figure 1.28  Voltage Profile with respect to Distance from Substation in the Primary Sections of 

the Distribution Feeder Post Optimization with UMS Framework 

Figure 1.29 exhibits the reactive power dispatch points of Watt-VAr and Volt-VAr operational 

modes with default settings as compared to UMS-D. As concluded in the earlier chapters, the 

inability of Volt-VAr operational mode with default settings, to absorb sufficient reactive power 

as exhibited by the thin yellow region in Figure 1.29, inhibits it from injecting more active power 

due to over-voltages. Watt-VAr operational mode over-absorbs reactive power in multiple 
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instances which infringes on the ability to inject more active power as the inverter apparent power 

limits are reached. UMS-D optimally chooses between the two operational mode with default 

settings, based on the reactive power needs and system conditions. As shown in the figure, 

generally, UMS-D absorbs maximum reactive power by choosing Watt-VAr wherever it is 

required. When the requirements for reactive power are lower Volt-VAr operational mode is 

chosen. 

 

Figure 1.29  Reactive Power Dispatch among SIs Equipped with 70 PV Controllers with UMS-D 

 

Figure 1.30  Reactive Power Dispatch among SIs Equipped with 70 PV Controllers with UMS-C 

UMS-C extends on the ability of UMS-D by optimally choosing the set-points according to the 

margin of need as shown in Figure 1.30. In the instances where reactive power absorption is less 

than the reactive power limits, reactive power requirements are lower. Therefor UMS-D chooses 

operational mode which supports lower reactive power absorption based on functional input. 

Based on voltage or active power input, the absorption can only be reduced to a certain extent by 

UMS-D due to high penetration of PV which causes high voltages and active power injection. The 

limitation mentioned previously does not affect UMS-C as settings are optimally chosen in such a 

way that high active power injection or voltage does not imply high reactive power absorption. 

The ability to modify reactive power absorption regardless of system conditions improve PV 

utilization as the reactive power absorption does not infringe on the ability to inject active power. 
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As shown in Figure 5.7, dispatching the optimal amount of reactive power not only maximizes 

active power injection but also maintains the local bus voltages well within the nominal range. 

 

Figure 1.31  Local Bus Voltages of SIs with PV controllers Enabled 

 

Figure 1.32  System Wide Voltage Profile 

Apart from local bus voltages, the DER scheduling tool also dispatched reactive power and active 

power in such a way that voltage violation issues, distribution feeder-wide are mitigated as shown 

in Figure 1.32. Due to over-voltage mitigation being constrained to limits and not incentivized to 

be reduced further at the expense of active power curtailment, the DER scheduling tool optimally 

maximizes PV utilization without affecting distribution system operation. The non-incentivized 

nature of over-voltage mitigation leads to the voltage profile not showing any significant changes. 

However, this effect is directly observed within the active power dispatch of SIs as shown in Figure 

1.33. Figure 1.33 exhibits the active power dispatch of SIs with UMS-D compared to the case with 

Volt-VAr or Watt-VAr operational mode with default settings. 
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Figure 1.33  Active Power Dispatch among SIs with 70 PV Controllers Enabled with UMS-D 

Considering the inability of Volt-VAr operational mode with default settings to absorb sufficient 

reactive power, active power curtailment is the only strategy to mitigate voltage violation issues. 

The active power curtailment is observed in Figure 1.33, where SIs with only Volt-VAr operational 

mode with default settings, causing a thin region of active power dispatch points at zero injection. 

The over-absorption tendency of SIs with only Watt-VAr operational mode with default settings, 

infringes on the ability to inject active power, thereby reducing the utilization of renewable 

resources. Compared to the two operational modes, UMS-D optimally chooses the operational 

mode for each SI based on reactive power needs and system conditions. Such optimal selection 

leads to greater flexibility as sections with close to nominal system conditions can continue to 

inject maximum active power available with reduced reactive power support using Volt-VAr 

operational mode and sections with excessive over-voltage conditions can continue to provide 

reactive power support based on Watt-VAr operational mode for greater reactive power absorption 

capability as shown in Figure 1.33. Almost at every instance, UMS-D performs better than having 

Watt-VAr or Volt-VAr operational mode with default settings. 

 

Figure 1.34  Active Power Dispatch among SIs with 70 PV Controllers Enabled with UMS-C 

Considering the greater flexibility offered by UMS-C, at every instance, the operational scheme 

performs equally or better than UMS-D as shown in Figure 1.34. Considering the exact instances 

where the UMS-C is strictly better than UMS-D, the reactive power absorption is reduced for 
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UMS-C compared to UMS-D. The underlying explanation for this reduction is due to the fact that 

reactive power requirement is lower for these instances, but due to the fixed nature of the curves 

in UMS-D, the scheme over absorbs reactive power and leads to more active power curtailment to 

facilitate this fact. UMS-C modifies the settings of the underlying operational modes to find the 

exact margin of need for reactive power and dispatches the exact amount, thereby preventing 

increased curtailment of active power. Table 1.13 exhibits the curtailment metrics pertaining to the 

different operational schemes. 

Table 1.13  SI Output Metrics over Different Sets of PV Controllers for Over-Voltage Scenario 

No. Of PV 

Controllers 

Volt-VAr 

(kW) 

Watt-VAr 

(kW) 

UMS (Default 

Settings) (kW) 

UMS (Co-

optimized 

Settings) (kW) 

𝑃𝐺𝑒𝑛
𝑃𝑉  𝑃𝐶𝑢𝑟𝑡𝑎𝑖𝑙

𝑃𝑉  𝑃𝐺𝑒𝑛
𝑃𝑉  𝑃𝐶𝑢𝑟𝑡𝑎𝑖𝑙

𝑃𝑉  𝑃𝐺𝑒𝑛
𝑃𝑉  𝑃𝐶𝑢𝑟𝑡𝑎𝑖𝑙

𝑃𝑉  𝑃𝐺𝑒𝑛
𝑃𝑉  𝑃𝐶𝑢𝑟𝑡𝑎𝑖𝑙

𝑃𝑉  

110 707.6 0 707.6 0 707.6 0 707.6 0 

85 481.6 107.4 521.8 67.2 533.4 55.6 538.5 50.5 

75 272.9 261.4 324.6 209.6 384.4 161.5 386.8 159.0 

70 223.2 283.6 266.9 239.8 324.9 181.9 327.6 179.1 

 

 

Figure 1.35  Reactive Power Dispatch of SIs with respect to Local Bus Voltages with UMS-D 

Considering the issue of reactive power over-absorption and reactive power under-absorption with 

Watt-VAr and Volt-VAr operational modes respectively, UMS-D optimally selects the operational 

mode based on reactive power need. The ability of Watt-VAr operational mode with default 

settings to over-absorb reactive power is shown in Figure 1.35, where for any given voltage 

condition, reactive power absorption is high. The ability of Volt-VAr operational mode with 

default settings to under-absorb reactive power is shown in Figure 1.35, where regardless of system 

conditions reactive power absorption is not high unless local bus voltage is high, which affects 

system wide over-voltage mitigation. The distribution of UMS-D with respect to reactive power 

dispatch is less concentrated indicating optimal reactive power dispatch. Nevertheless, UMS-D is 

still limited to choosing between the two operational modes with default settings and fixed 

characteristics which inhibit the ability to maximize active power injection. The distribution of 

UMS-C reactive power dispatch points as shown in Figure 1.36, is more spread compared to UMS-
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D. Non-incentivized over-voltage mitigation implies instances with reduced reactive power 

absorption as shown in Figure 1.36 for UMS-C, is solely to maximize active power injection. 

 

Figure 1.36  Reactive Power Dispatch of SIs with respect to Local Bus Voltages with UMS-D 

 

Figure 1.37  Co-optimized Volt-VAr Operational Mode Curve for Bus 4532 

 

Figure 1.38  Co-optimized Watt-VAr Operational Mode Curve for Bus 7212 
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Figures 1.37 and 1.38 exhibit the chosen operational modes for SIs along with the co-optimized 

settings, with respect to UMS-C. Figure 1.37 shows the optimized set-points for Bus 4532 with 

Volt-VAr operational mode being selected. Considering the requirement for high reactive power 

absorption, the set-point 𝑉4,𝜑
𝑝𝑣𝑣

 is modified from 1.06 pu to 1.04017 pu, to facilitate maximum 

reactive power absorption. Similarly, the Watt-VAr operational mode is selected and optimized 

for Bus 7212 as shown in Figure 1.38. 

c) Voltage Unbalance Scenario 

The results presented in this subsection compare the performance of the DER scheduling tool 

equipped with either the UMS-D or UMS-C operational schemes, to mitigate voltage unbalance 

issues through the distribution feeder. Two distinct approaches are presented to mitigate voltage 

unbalance in the above sections. The modified test system with the increased penetration in Phase 

2 is used to test the ability of the UMS framework to mitigate voltage unbalance issues. 

I. Unbalance Mitigation: Using Constraints 

In this subsection, voltage unbalance mitigation is accomplished by strictly limiting the PVUF 

profile to 2% according to the IEEE 141-1993 standard [41]. The UMS-D and the UMS-C 

operational schemes are compared on the basis of active power curtailment metrics, distribution 

feeder-wide, across different sets of PV controllers including 340, 330, 320, 310, and 300. 

 

Figure 1.39  Voltage Profile with respect to Distance from Substation in the Primary Sections of 

the Distribution Feeder before VAr Optimization 

Figure 1.39 presents the voltage profile with respect to substation distance before any reactive 

power operational mode is enabled within SIs. The modified test system simulates an increased 

penetration of roof-top PV in Phase B, which causes severe over-voltages. The primary sections 

of the distribution feeder experience voltages over 1.07 pu, in Phase B, with the secondary sections 

experiencing voltages higher than 1.08 pu. The increased adoption of EVs also threaten excessive 

voltage unbalance and under voltage issues, due to the instantaneous penetration of charging load 

caused by simultaneous charging of multiple EVs on a given phase. The ability of SIs to provide 

reactive power support and curtail active power can be utilized to mitigate voltage unbalance issues 

within the distribution feeder, without affecting consumer experience utilizing PV resources. 

Figure 1.40 presents the voltage profile of the distribution feeder with respect to substation distance 
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exhibiting significant improvement in not only Phase B, but also Phase A and C considering 

reactive power dispatch using the UMS framework. 

 

Figure 1.40  Voltage Profile with respect to Distance from Substation in the Primary Sections of 

the Distribution Feeder Post VAr Optimization using UMS-C 

The ability to maximize PV utilization depends on the ability to manage active and reactive power 

dispatch subject to distribution system operation. Considering this fact, the ability to absorb 

reactive power helps reduce voltage to a certain extent, beyond which active power curtailment 

has to be utilized. The ability to stretch this margin and reduce active power curtailment depends 

on the flexibility offered for the SIs to dispatch active power and reactive power, regardless of 

system conditions and fixed operating rules. UMS-C provides this flexibility over UMS-D, of 

deviating from fixed operating rules, to maximize utilization without violating operating standards. 

Table 1.14 presents the active power curtailment across the PV units with SIs within the 

distribution feeder, for UMS-C and UMS-D, subject to the fact that PVUF across the primary 

sections are maintained within the 2% limit. 

Table 1.14  Active Power Curtailment and Maximum PVUF across the Distribution Feeder 

No. of PV 

Controllers 

UMS (Default Settings) UMS (Co-optimized Settings) 

Curtailment 

(kW) 

Maximum 

Voltage 

Unbalance 

(%) 

Curtailment 

(kW) 

Maximum 

Voltage 

Unbalance 

(%) 

340 957.73 0.6032 916.85 0.5657 

330 1032.46 0.5515 972.97 0.5521 

320 1042.90 0.5445 994.30 0.5343 

310 1185.65 0.4434 1156.75 0.4345 

300 1333.30 0.3803 1308.10 0.3445 
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The results observed in Table 1.14 clearly exhibit the flexibility offered by optimally selecting the 

set-points, in dispatching the exact required amount of reactive power, to maximize the active 

power injection. The ability of UMS-C to provide this flexibility enables the operational scheme 

to provide a better PVUF and active power curtailment metric at every instance compared to UMS-

D. The results also infer the ability of UMS-C operational scheme to handle the effect of sparsity 

better, which implies less amount of SIs are required with PV controllers for nominal distribution 

system operation. One important observation is the fact that lower maximum PVUFs for the 

distribution feeder are observed as the active power curtailment increases. This observation is due 

to the fact that the distribution system bus voltages are more sensitive to active power changes, 

caused by the high R/X ratio. 

 

Figure 1.41  Phase Voltage Unbalance Factor Profile among Primary sections of the Distribution 

Feeder Pre and Post VAr-Optimization. 

The profile shown in Figure 1.41 clearly exhibit the ability of SIs with PV resources to mitigate 

voltage unbalance issues within the distribution feeder with reactive power support. Before VAr 

optimization, the unity power factor injection of SIs with available active power causes severe 

voltage unbalance, with PVUFs exceeding 2%. Post VAr optimization, the maximum PVUF 

within the distribution feeder is reduced to 0.6%. The PVUF profile of UMS-C operational scheme 

entirely lies below that of UMS-D operational scheme. Coupled with the fact that active power 

curtailment metrics are also better at each instance, the added flexibility of UMS-C operational 

provides significant gains compared to the UMS-D operational mode. The operational 

performance not only aids distribution system operation but also aids in the improvement of 

distribution system aggregated DER hosting capacity as shown in Figure 1.42. 
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Figure 1.42  Distribution Feeder Aggregated DER Hosting Capacity 

The improvement of hosting capacity of the distribution feeder significantly helps greater 

participation of DER aggregators in the wholesale markets, according to FERC order 2222. The 

greater flexibility offered by the UMS framework also improves the reliability of services provided 

by the DER aggregators, leading to greater awards from Transmission System Operators (TSOs). 

II. Unbalance Mitigation: Using a term in the Objective Function 

Considering the extreme scenarios, where PVUF cannot be constrained to 2% at all the primary 

sections of the distribution feeder, an alternative objective function is considered as in (1.124). 

Equation (1.124) considers a weight on minimizing the amount of unbalance in the system versus 

cost of operation. Table 1.15 presents the net PV curtailment metrics distribution feeder-wide, 

considering different weights to minimize the unbalance with respect to the UMS-D and UMS-C 

operational schemes. With the weight zero assigned to the balancing component of the objective 

function, UMS-C exhibits reduced curtailment compared to UMS-D, solely to mitigate over-

voltages. As the weight is increased, UMS-C performs better at each instance, until 70, where the 

active power curtailment metric considering UMS-C is seemingly worse compared to that obtained 

with UMS-D operational scheme. Both the operational schemes continue the trend of more active 

power curtailment to mitigate unbalance due to two possible reasons: 

• Active power curtailment proves for a sharper reduction in voltage due to the high R/X 

ratio for effective voltage unbalance mitigation. 

• The inability to absorb more reactive power due to SIs reaching their reactive power and 

apparent power limits, which implies further voltage reduction can be achieved only 

through active power curtailment. 
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Table 1.15  Active Power Curtailment considering Incremental Weights for Balancing System 

Voltage with respect to UMS-D and UMS-C Operational Schemes 

Weight 𝑤𝑢𝑛𝑏𝑎𝑙𝑎𝑛𝑐𝑒  UMS (Default Settings) 

Curtailment (kW) 

UMS (Co-optimized 

Settings) 

Curtailment (kW) 

0 955.90 914.35 

1 959.71 917.40 

10 1009.68 939.34 

20 1060.71 995.38 

25 1215.93 1102.68 

30 1308.51 1213.46 

40 1369.56 1329.81 

50 1489.45 1485.63 

70 1538.33 1645.90 

90 1574.50 1670.60 

100 1588.96 1714.55 

 

The weight, 70, from where UMS-D seemingly performs better than UMS-C operational scheme 

is due to the fact that above 70, the model intrinsically places a natural priority to mitigating voltage 

unbalance, compared to operational cost reduction. The analysis mentioned above is confirmed by 

Figure 1.43, where UMS-C operational scheme’s the curve representing system wide unbalance 

with respect to curtailment, entirely lies below that of UMS-D operational scheme indicating a 

better performance at each instance. This factor also indicates that for a specified amount of system 

voltage unbalance, UMS-C provides greater flexibility and consequently yields a reduced net 

curtailment metric compared to UMS-D. The pareto optimal solution can be obtained from the 

figure for obtaining the optimal weight for the objective function. 

 

Figure 1.43  System Wide Voltage Unbalance with respect to Net Active Power Curtailment 
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d) Computation Metrics 

As mentioned in Section 1.5.2, the alternative formulation for the UMS framework which does not 

involve modeling the operational mode explicitly as a decision variable, should reduce model 

complexity. This reduction is due to the reduced number of binary variables which effectively 

reduces the search space for MILP problems. An analytic comparison is shown in Table 1.16, 

where for the same exact model, the two approaches yield the same results. The same results are 

however presented with a 60.3% reduction in run-time, which implies model results do not change 

considering the mode of operation as a decision variable or not, however it does simplify the 

model. 

Table 1.16  Run-time and Objective Value Comparison for the Two Distinct UMS Framework 

Approaches 

Approach Run-Time 

(Seconds) 

Objective 

Function Value 

($) 

Active Power 

Curtailment 

(kW) 

Explicitly modeling mode of 

operation as a decision variable 

355.91 101.37 0.0 

Mode of operation arises 

intrinsically from zone of 

operation 

141.09 101.37 0.0 

The DER scheduling tools presented in this chapter are all performed over three iterations for the 

Taylor’s series approximation error to converge well into insignificant values as shown in Table 

1.17. The average computation time for such a large system is around 3.05 minutes, ensuring the 

scalability of such a model is effective. 

Table 1.17  Linearization Error Metrics for the IVACOPF 

No. of PV 

Controllers 

Linearization Error Metrics 

Active Power 

(kW) 

Reactive Power 

(kW) 

Computation Time 

(min) 

110 2.0e-03 2.0e-03 3.1 

85 1.6e-03 1.6e-03 3.0 

75 1.3e-04 1.3e-04 3.0 

70 6.1e-02 6.1e-02 3.1 
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2. Coordination of Transmission-Distribution Services and Enhancing 

Distribution System Flexibility  

2.1 Introduction 

2.1.1 Background and Motivation 

The penetration level of Distributed Energy Resources (DERs) is overgrowing due to their cost-

effective and environmental benefits. Generally, DERs placed in the Distribution System (DS), 

due to the minimum size requirement, are not allowed to participate in the wholesale market 

individually. However, as a potential approach, Distributed Energy Resources Aggregators 

(DERAs) that satisfy the minimum market size requirements can manage and/or own a number of 

DERs and participate in the wholesale market. FERC order No. 2222 requires ISOs to propose 

new operation and market rules for DERAs to participate in the wholesale markets, namely, 

capacity, energy, and ancillary services markets [7]. Essentially, this order attempts to encourage 

competition in the wholesale markets by removing barriers that prevent DERAs from market 

participation. Apart from this, there is a rising need for Distribution System Operators (DSOs), 

who have some functionalities over today’s Distribution Utility (DU) operators. It is pertinent to 

mention that the DSO is defined as “the entity responsible for planning and operational functions 

associated with a DS that is modernized for high levels of DERs”[45]. Depending on the 

regulations and market structures, the responsibilities of DSOs can range from only the safe 

operation of the DS, to aggregating and dispatching all DERs and DERAs within the DS to submit 

a single bid to the Day-Ahead (DA) wholesale market, and hosting retail electricity markets. The 

role of the DSO can reside with either the DU/transmission and distribution company/load serving 

entity or an independent entity. 

  

Figure 2.1  Direct DERA Participation Schemes in Wholesale Markets 

The ISOs are facing different operational challenges such as single-/multi-node aggregation of 

DERs, telemetry requirements, and deliverability of DERA services via DS. Among these 

challenges, proper coordination framework between the ISO, DERA, and DSO is regarded a 

prominent requirement as specified in the Notice of Proposed Rulemaking (NOPR) [7]. These 

frameworks should ensure that the DERA’s participation stays within DS limits to prevent 

violations and safety concerns. To this point, there are three possible scenarios of direct DERA 

participation in the market as shown in Figure 2.1. In the first scenario, a DERA may participate 

with full capacity without considering DS limits, which may result in violations of DS limits. 
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DERAs may participate with the “worst case hosting capacity” where the injection of a DER will 

never violate DS limits. This scenario leads to inefficient utilization of inexpensive resources and 

may even disqualify DERAs due to minimum size requirements.  

The best scenario would be to enable flexible interconnection, whereby, the injection potential of 

DERAs dynamically changes for each time interval, to accommodate DS constraints. To this 

extent, in this work, the concept of Operational Short-Term Nodal (OSTN) hosting capacity is 

developed which is time-varying and changes with DS operational conditions. One potential 

coordination framework is that ISO manages the wholesale market, incorporating DERAs without 

visibility over DS constraints. However, the actual amount of deliverable services to ISO by 

DERAs during any operating condition depends on the DS limits (e.g., voltage limits, thermal 

limits, and DS unbalance condition). This issue of not being able to respond to the ISO dispatch 

instructions without posing a major risk to the DS, was also raised by the commission in FERC 

order No. 2222 [7]. 

Apart from the DS limits, the actual amount of deployable products by DERAs during transmission 

system (TS)-level uncertain events is dependent on the available flexibility in the DS. Flexibility 

can come from various sources, i.e., VAr support from DERs Smart Inverters (SIs), legacy VAr 

devices, and DS reconfiguration. If managed correctly, these flexibilities can mitigate violations 

in the DS even if DERAs participate beyond pre-identified DS hosting capacity limits. Therefore, 

the need for creating an effective framework for the DSO to coordinate concerns or issues with the 

ISO before allowing DERA to participate in the organized wholesale electric market is raised [7]. 

It is essential to mention that an effective and practical coordination framework should 

preemptively and dynamically consider time-varying DS OSTN hosting capacity (due to changing 

DERA bids, DS conditions, and network topology).  

The proposed framework of this work achieves this goal without real-time ISO-DSO 

communication requirements. Thus, two questions to answer are: (i) how much can ISOs rely on 

DERAs to provide a certain amount of product considering the DS limits, and (ii) how can DS 

flexibility be utilized to increase the deployability of  DERA’s promised services to the ISOs. 

Based on the above discussion, one of the goals of this work is to create a coordination framework 

using statistical information of the DS to provide ISOs with a dynamic DS OSTN hosting capacity, 

which inherently limits total active power services (e.g., energy and reserve) by DERAs to the 

wholesale market. The limit presented per this coordination framework can capture voltage and 

thermal line limits in the feeders or substation, or the “deliverability” of power to the substation, 

while considering the flexibility offered by the distributed roof-top Photovoltaics (PV) SI units. 

2.1.2 Literature Survey 

Generally, DERs participation in the wholesale markets can be categorized into three subgroups. 

The first subgroup is DERs directly (without aggregation) participating in the wholesale markets  

(ideal) [46]. Apart from the minimum size requirement issue [47], a large number of DERs 

participating in the wholesale market can cause huge computational complexities for the ISOs’ 

market processes, e.g., DA SCUC, RTUC, and RTD [48].  

The second subgroup is associated with the DSOs being  fully responsible for aggregating and 

dispatching DERs within its DS region, either through a retail market or not [49], [50]. Generally, 
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in this subgroup, ISOs run the market engine for transmission level resources while the DSO 

submits a single aggregated bid to ISO for its respective DS, DER, and DERA participants. 

Although there is some literature work on the second subgroup [48], [50]–[54], the implantation 

of such approaches in practice, is limited [7]. Furthermore, if an independent DERA in the DS is 

willing to directly participate in the wholesale market, there should be clear and transparent market 

rules for the DSOs to maintain neutrality and to not practice market power. This condition applies 

when the DU/Load Serving Entity (LSE) is also a market participant in the wholesale market and 

manages the DS network as a DSO. 

Considering how ISOs have started streamlining the integration process for DERAs [55]-[56], the 

third subgroup includes DERs participating through the DERAs in the wholesale market. In this 

case, the DSO is primarily responsible for the safe and reliable operation of the DS network while 

the ISO manages and dispatches DERAs directly. Since the DERAs participate in the wholesale 

market and are located at the DS while receiving dispatch signals from ISOs, a coordination 

framework between the ISO and DSO becomes essential for the safe and reliable operation of the 

DS network. This subgroup is a more compatible option with the current ISO’s market structures 

and participation models. There are some works in the literature [57]–[66] on DERs participating 

in the wholesale markets by DERAs.  

Reference [57] investigates the market efficiency impacts of DERs participating in the wholesale 

market either directly or through aggregation, with the DS modeled as an aggregated entity. The 

interaction between the DERA and prosumers are modeled as a Stackelberg game and the “price 

of aggregation” quantity derived, is used to define the aggregation efficiency. The role of DERA 

was presented in [58] to enable a portfolio of DERs, which store and convert a set of energy carriers 

(i.e., solar energy, gas, thermal energy, and electricity), to maximize the expected DERA profit by 

finding its optimal bidding strategy. A study was presented in [59], wherein the DERA manages 

Electric Vehicles (EVs) only based on their grid-to-vehicle charging characteristics to assess the 

DERA’s ability to affect the market clearing prices. This model has two levels; in the first level, 

the DERA minimizes the charging cost of the EVs, while in the second level, the wholesale market 

is simulated. A risk-averse optimal bidding formulation was proposed in [60] to manage a set of 

flexible demand-side resources, namely, plug-in EVs and distributed generation, through the role 

of a DERA. The conditional Value-at-Risk (CVaR) measure was used for risk-averse DERA 

optimal bidding under the uncertainty of renewable generation, electricity demand, and real-time 

price. A DERA model managing commercial compressed air energy storage and wind power 

DERA was proposed in [61] to simultaneously participate in DA, intra-day, and balancing markets. 

The proposed model was formulated as a three-stage stochastic optimization problem, considering 

Value-at-Risk to control the financial risks. However, in [57]–[61], DERAs participate in the 

wholesale market without considering the DS operational limits, which is challenging for the DS 

security. 

A robust optimization model for a DERA managing batteries and PV was proposed in [62] for 

participation in the wholesale DA markets. In [62], a “local constraint support” in terms of the 

maximum allowed net exchange at the Point of Common Coupling (PCC) with the DS was 

considered for the DERA to ensure that its local portfolio will not cause DS violations. However, 

this approach is based on the assumption that the DSO knows the maximum net exchange and 

provides this value to the DERA, implying that its static in nature, forcing participation to either 

“worst-case” or full available capacity. As mentioned previously, both of these affect DERA 
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participation and market efficiency. Reference [63] presents both robust and stochastic 

optimization auction models to determine net injection limits for DERs at the point of aggregation, 

based on DS limits and DERA preference. The forward auction is run by the DSO, with the risk 

of constraint violation being limited using the CVaR measure. The framework assigns an access 

payment to DERAs. While this could be one viable approach, the additional access payments could 

become detrimental to the profitability of DERAs participating in the wholesale markets. 

A prequalification process was proposed in [64] to modify bids of the DERAs before submitting 

them to the ISO wholesale market. However, the model is an iterative process that uses sensitivity 

analysis and power flow to modify the bid instead of optimally determining the DS OSTN hosting 

capacity. An aggregate power flexibility estimation technique using an inner box approximation 

is presented in [65], based on different types of DERs. A two-stage optimization model is 

developed, where the Maximal flexibility Power Aggregation model (MPA) evaluates the 

flexibility of the DS at the PCC, which is in turn utilized to create the aggregated bid for to ISO. 

However, the effects of the proposed models in [64] and [65] were not investigated on the 

deployability of the DERAs to the ISO’s dispatch signals, and requires a more active DSO role 

and real time coordination between the ISO, DSO and the DERA which could be deemed 

impractical. A service-centric methodology and cooperation of the DERA and the DSO were 

proposed in [66] to consider the DA wholesale market participation of DERAs while providing 

congestion relief service to the DS in the intra-day scheduling process. During the DA scheduling 

in [66], the DS limitations are not considered. In the intraday scheduling process, power flow 

analyses followed by DERA dispatch adjustment is presented to address network constraints in 

the DS without considering overvoltage. Furthermore, the proposed models in [64] and [66], are 

based on balanced DS networks, limiting validity for prevalent single phase DERs. 

Moreover, in the above-mentioned works, the accurate effect of VAr support from inverter-based 

resources on improving the DS OSTN hosting capacity and flexibility are not considered. With 

the introduction of the IEEE 1547-2018 standard [11], SIs are allowed to participate in providing 

VAr support. As such, mitigating voltage issues with localized VAr support reduces dependency 

on active power curtailment, thereby improving the DERA’s injection capacity. References [67] 

and [68] investigate the relation between SI based VAr support and voltage management of DS. 

Apart from providing flexibility to the DS, the coordination and dispatch of SIs can limit the long-

term effects of violations on DS assets, thereby deferring frequent investments into replacements 

and upgrades. 

2.1.3 Contributions 

In this work, first, a DSO and ISO coordination framework (Architecture I) is presented, wherein 

the DERAs directly participate in the wholesale market and ISOs do not consider the DS limits 

while making decisions on the DERA’s awards. Then, a proposed ISO-DSO-DERA coordination 

framework (Architecture II) is presented, where the ISO considers DS OSTN hosting capacity 

while deciding DERA awards. The DS OSTN hosting capacity, i.e., maximum nodal DERs 

aggregation penetration considering DS limits, can be used to qualify and disqualify different 

services provided by DERAs before the wholesale market clearing. Architecture II utilizes the 

statistical information obtained using different DS operating conditions and data-mining 

algorithms (trained during offline analysis) to predict the DS OSTN hosting capacity considering 

DS limits and DS flexibility tools available. Finally, a DSO-DERAs scheduling framework is 



66 

utilized to compare the performance of Architectures I and II where the DSO acts only on 

managing DS violations by utilizing VAr support from distributed roof-top PV SIs and other 

flexibility tools. Scenarios of TS uncertainty is included in this comparison. The primary 

contributions of this work concerning the DERs participation in the wholesale markets are: 

• Design and development of a novel ISO-DSO-DERA coordination framework which

circumvents the need for real-time operational coordination between the ISO and DSO.

The ISO-DSO coordination is reduced to a passive exchange of trained statistical models.

• Proposing a data-driven framework to identify the maximum qualified capacity of the total

services provided by each DERA in DS. To this end, the proposed work identifies DS nodal

hosting capacity, i.e., DS OSTN hosting capacity, which could be used as the maximum

qualified capacity for the total combination of services awarded to a DERA at the specific

DS node. Incorporating this maximum qualified capacity prediction into the wholesale

market does not require any significant modification in ISO market models.

• Impact of SI Var capabilities based on IEEE 1547-2018 on DS OSTN hosting capacity

estimation is shown. Effective utilization of SI capabilities in DS could enhance DS hosting

capacity and increase qualified DERA services.

• A DSO-DERAs scheduling approach is presented for evaluating real-time deliverability of

DERAs services during TS uncertainty. In this approach, DSO allows full delivery of

DERAs promised services to ISO while leveraging PV SIs capabilities to overcome DS

operational limits.

2.2 General Aggregator Participation in the Wholesale Market: Architecture I 

2.2.1 Architecture I Structure 

As mentioned earlier, in Architecture I, the ISO manages the wholesale market without visibility 

over DS limitations, as shown in Figure 2.2. Thus, the DS limitations and hosting capacity are not 

considered during wholesale market clearing process. 

Figure 2.2  DERA Participation in the Wholesale Market for Architecture I 

2.2.2 DA Formulation 

The DA wholesale market formulation based on Architecture I is presented in (2.1)-(2.11), wherein 

the DERAs bid their maximum available market capacity without considering the DS limitations. 

The objective function of the DA wholesale market model, i.e., (2.1), is to minimize the total 

operating costs of the generators and the DERAs. 

𝑚𝑖𝑛  ∑ ∑ (𝑐𝑔
𝐴𝑃𝑔,𝑡

𝐴
𝑡𝑔 + 𝑐𝑔

𝑆𝑈𝑣𝑔,𝑡 + 𝑐𝑔
𝑆𝐷𝑤𝑔,𝑡 + 𝑐𝑔

𝑅𝑒𝑠𝑟𝑔,𝑡) + ∑ ∑ (𝑡𝑎 𝑐𝑎
𝐴𝑃𝑎,𝑡

𝐴 + 𝑐𝑎
𝑅𝑒𝑠,𝐴𝑟𝑎,𝑡

𝐴 ) (2.1)
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The objective function is subject to the operational constraints of the generators, DERAs, and the 

transmission network constraints. The operational constraints of the generators in DA wholesale 

market and the transmission network constraints were adopted from [69]-[70] and is extended to 

include DERAs as shown in (2.2)-(2.9). These constraints respectively present ramping limits, 

maximum and minimum energy and reserve operational limits, as well as the DERAs commitment, 

startup, and shutdown constraints. 

𝑃𝑎,𝑡
𝐴 − 𝑃𝑎,𝑡−1

𝐴 ≤ 𝑅𝑎
𝐻𝑅𝑢𝑎,𝑡−1 + 𝑅𝑎

𝑆𝑈𝑣𝑎,𝑡 , ∀𝑎, 𝑡 ≥ 2 (2.2) 

𝑃𝑎,𝑡−1
𝐴 − 𝑃𝑎,𝑡

𝐴 ≤ 𝑅𝑎
𝐻𝑅𝑢𝑎,𝑡 + 𝑅𝑔

𝑆𝐷𝑤𝑎,𝑡 , ∀𝑎, 𝑡 ≥ 2 (2.3) 

𝑃𝑎,𝑡
𝐴 + 𝑟𝑎,𝑡

𝐴 ≤ 𝑃𝑎,𝑡
𝑚𝑎𝑥𝑢𝑎,𝑡 , ∀𝑎, 𝑡  (2.4) 

𝑃𝑎,𝑡
𝐴 − 𝑟𝑎,𝑡

𝐴 ≥ 𝑃𝑎,𝑡
𝑚𝑖𝑛𝑢𝑎,𝑡 , ∀𝑎, 𝑡  (2.5) 

0 ≤ 𝑟𝑎,𝑡
𝐴 ≤ 𝑅𝑎

10𝑢𝑎,𝑡 , ∀𝑎, 𝑡  (2.6) 

𝑣𝑎,𝑡
𝐴 − 𝑤𝑎,𝑡

𝐴 = 𝑢𝑎,𝑡
𝐴 − 𝑢𝑎,𝑡−1

𝐴 , ∀𝑎, 𝑡  (2.7) 

𝑣𝑎,𝑡
𝐴 + 𝑤𝑎,𝑡

𝐴 ≤ 1, ∀𝑎, 𝑡  (2.8) 

𝑢𝑎,𝑡
𝐴 , 𝑣𝑎,𝑡

𝐴 , 𝑤𝑎,𝑡
𝐴 ∈ {0,1}, ∀𝑎, 𝑡  (2.9) 

In (2.4), 𝑃𝑎,𝑡
𝑚𝑎𝑥 is the maximum available capacity, which represents the total of the services (i.e., 

energy and reserve) related to a DERA active power in the wholesale market. The maximum 

capacity could be time-varying if the DERA manages different types of DERs (e.g., solar 

generation and energy storage system). The total system reserve is enforced at each interval to be 

larger than a percentage of demand through (2.10). Also, the system must withstand the loss of 

any single bulk power generation as represented through equation (2.11). It is pertinent to note that 

DERA’s deployment based on 𝑃𝑎,𝑡
𝑚𝑎𝑥, during a TS-level uncertain event, can cause DS violations. 

∑ 𝑟𝑔,𝑡𝑔 + ∑ 𝑟𝑎,𝑡
𝐴

𝑎 ≥ 𝜂%∑ 𝐿𝑜𝑎𝑑𝑛,𝑡𝑛 , ∀𝑡  (2.10) 

∑ 𝑟𝑗,𝑡𝑗 + ∑ 𝑟𝑗,𝑡
𝐴

𝑗 ≥ 𝑃𝑔,𝑡 + 𝑟𝑔,𝑡 , ∀𝑔, 𝑡  (2.11) 

2.3 DSO-DERA Scheduling: Evaluation of DS Operational Limits During TS-Level 

Uncertain Events 

DSO-DERA scheduling approaches are essential to show the effectiveness of different DSO and 

ISO coordination frameworks. During a TS-level uncertain event, e.g., contingencies, ramping, 

and load uncertainty, the ISOs perform different analyses to determine New Desired Dispatch 

Point (NDDP) based on the promised energy and ancillary services awards of resources. Then, 

these NDDP signals are sent to the resources, including DERAs. The NDDP estimation of DERAs 

is done without insight into the DS limits and may cause DS voltage and line thermal limit 

violations. To mitigate DS violations while avoiding curtailment of DERA’s promised awards, the 

flexibility of the DS, e.g., VAr support, can also be employed. In the following subsection, a DSO-
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DERA scheduling approach is proposed based on an unbalanced IVACOPF formulation [37] that 

incorporates VAr support from PV SIs, to determine the DS violations caused by DERAs 

responding to the ISO NDDP signals. 

2.3.1 ISO Signals to Aggregators During Transmission-Level Uncertain Events 

As mentioned previously, the ISO sends NDDP signals to each DERA based on a particular TS-

level uncertain event and the DERAs energy and ancillary services awards from the wholesale 

market. For the sake of simplicity in this framework, without loss of generality, the ISOs NDDP 

signals for DERAs in response to uncertain Scenario 𝑠 at Time 𝑡 is mimicked by a random output 

power, generated in the range 𝑃𝑎𝐴̅̅ ̅̅ ∈ [𝑃𝑎,𝑡
𝐴 − 𝑟𝑎,𝑡

𝐴 , 𝑃𝑎,𝑡
𝐴 + 𝑟𝑎,𝑡

𝐴 ]. Thus, 𝑃𝑎𝐴̅̅ ̅̅  represents the requested ISO 

NDDP from the DERA 𝑎 during a particular scenario and time interval. 

2.3.2 Evaluation of DS Operational Limits: IVACOPF with PV Units SI VAr Support 

Model 

This section presents the formulation to evaluate DS operational limits during TS-level uncertain 

events, including the proposed formulation for accurately modeling the VAr support capability of 

SIs. For the sake of simplicity, all the PV units are assumed to be interfaced with SIs. The 

formulation comprehensively models the DS, including line losses and untransposed DS lines with 

mutual admittances and impedances. The objective function is to evaluate DS conditions, 

minimizing the total DS violation as shown in (2.12). 

𝑚𝑖𝑛 {
∑ ∑ 𝑉𝑛𝑖

𝑥,+ + 𝑉𝑛𝑖
𝑥,−

𝑥∈𝜙𝑛𝑖∈𝒫

+∑ ∑ 𝐼𝑙
𝑥,+

𝑥∈𝜙 𝑙∈𝒦

}  (2.12) 

Due to untransposed nature of DS, the current in Phase x depends not only on the voltages of Phase 

x, but also on the current and voltage of other phases due to the mutual impedances and admittances 

as shown in (2.13). 

𝐼𝑙
𝑥 = (𝑍𝑙

𝑥,𝑥)
−1
[𝑉𝑛𝑖

𝑥 − 𝑉𝑛𝑗
𝑥 − ∑ 𝑍𝑙

𝑥,𝑚
𝑚∈𝜙,𝑚≠𝑥 𝐼𝑙

𝑚 +
1

2
∑ 𝑍𝑙

𝑥,𝑚
𝑚∈𝜙 (∑ 𝑦𝑙

𝑚,𝑛
𝑛∈𝜙 𝑉𝑛𝑖

𝑛)] , ∀ 𝑥 ∈ 𝜙, 𝑙 ∈ 𝒦 

  (2.13) 

It is worth noting that (2.13) is a linear constraint. In rectangular coordinates, the net injected 

current in each DS bus-phase is modeled by (2.14) and (2.15). 

𝐼𝑛𝑖
𝑟,𝑥 = ∑ 𝐼𝑙

𝑟,𝑥 , ∀𝑙𝜖𝒽(𝑛𝑖) 𝑥 ∈ 𝜙, 𝑛𝑖 ∈ 𝒫  (2.14) 

𝐼𝑛𝑖
𝑖𝑚,𝑥 = ∑ 𝐼𝑙

𝑖𝑚,𝑥 , ∀𝑙𝜖𝒽(𝑛𝑖) 𝑥 ∈ 𝜙, 𝑛𝑖 ∈ 𝒫  (2.15) 

The active and reactive power balance constraints for each bus-phase are given in (2.16) and (2.17), 

respectively. 

𝑃𝑛𝑖,𝑥 = ∑ 𝑃𝑠𝑏,𝑥
𝐵

∀𝑠𝑏𝜖𝑠𝑏(𝑛𝑖) + ∑ 𝑃𝑎,𝑥𝐴̅̅ ̅̅ ̅∀𝑎𝜖𝑎(𝑛𝑖) + ∑ 𝑃𝑓,𝑥
𝑃𝑉𝑉

∀𝑓𝜖𝑓1(𝑛𝑖) + ∑ 𝑃𝑒,𝑥
𝑃𝑉

∀𝑒𝜖𝑓2(𝑛𝑖) −∑ 𝐷𝑑,𝑥
𝑃

∀𝑑𝜖𝑑(𝑛𝑖) =

𝑉𝑛𝑖
𝑟,𝑥𝐼𝑛𝑖

𝑟,𝑥 + 𝑉𝑛𝑖
𝑖𝑚,𝑥𝐼𝑛𝑖

𝑖𝑚,𝑥, ∀ 𝑥 ∈ 𝜙, 𝑛𝑖 ∈ 𝒫  (2.16) 
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𝑄𝑛𝑖,𝑥 = ∑ 𝑄𝑠𝑏,𝑥
𝐵

∀𝑠𝑏𝜖𝑠𝑏(𝑛𝑖) +∑ 𝑄𝑓,𝑥
𝑃𝑉𝑉

∀𝑓𝜖𝑓1(𝑛𝑖) + ∑ 𝑄𝑘𝑐,𝑥
𝐶

𝑘𝑐∀𝑘𝑐(𝑛𝑖) = 𝑉𝑛𝑖
𝑖𝑚,𝑥𝐼𝑛𝑖

𝑟,𝑥 − 𝑉𝑛𝑖
𝑟,𝑥𝐼𝑛𝑖

𝑖𝑚,𝑥∀ 𝑥 ∈

𝜙, 𝑛𝑖 ∈ 𝒫  (2.17) 

Since the second portion of constraints (2.16) and (2.17) are nonconvex and nonlinear, they are 

reformulated as linear constraints (2.18) and (2.19) around 𝑉𝑛𝑖
𝑟,𝑥(𝑖𝑡)

, 𝑉𝑛𝑖
𝑖𝑚,𝑥(𝑖𝑡)

 and 𝐼𝑛𝑖
𝑟,𝑥(𝑖𝑡)

, 𝐼𝑛𝑖
𝑖𝑚,𝑥(𝑖𝑡)

 

by Taylor Series First-order Approximation (TSFA). 

𝑃𝑛𝑖,𝑥 = 𝑉𝑛𝑖
𝑟,𝑥(𝑖𝑡)𝐼𝑛𝑖

𝑟,𝑥 + 𝑉𝑛𝑖
𝑖𝑚,𝑥(𝑖𝑡)𝐼𝑛𝑖

𝑖𝑚,𝑥 + 𝐼𝑛𝑖
𝑟,𝑥(𝑖𝑡)𝑉𝑛𝑖

𝑟,𝑥 + 𝐼𝑛𝑖
𝑖𝑚,𝑥(𝑖𝑡)𝑉𝑛𝑖

𝑖𝑚,𝑥 − 𝑉𝑛𝑖
𝑟,𝑥(𝑖𝑡)𝐼𝑛𝑖

𝑟,𝑥(𝑖𝑡) −

𝑉𝑛𝑖
𝑖,𝑥(𝑖𝑡)𝐼𝑛𝑖

𝑖𝑚,𝑥(𝑖𝑡), ∀𝑥 ∈ 𝜙, 𝑛𝑖 ∈ 𝒫  (2.18) 

𝑄𝑛𝑖,𝑥 = 𝑉𝑛𝑖
𝑖𝑚,𝑥(𝑖𝑡)𝐼𝑛𝑖

𝑟,𝑥 − 𝑉𝑛𝑖
𝑟,𝑥(𝑖𝑡)𝐼𝑛𝑖

𝑖𝑚,𝑥 + 𝐼𝑛𝑖
𝑟,𝑥(𝑖𝑡)𝑉𝑛𝑖

𝑖𝑚,𝑥 − 𝐼𝑛𝑖
𝑖𝑚,𝑥(𝑖𝑡)𝑉𝑛𝑖

𝑟,𝑥 − 𝑉𝑛𝑖
𝑖𝑚,𝑥(𝑖𝑡) 𝐼𝑛𝑖

𝑟,𝑥(𝑖𝑡) +

𝑉𝑛𝑖
𝑟,𝑥(𝑖𝑡) 𝐼𝑛𝑖

𝑖𝑚,𝑥(𝑖𝑡), ∀𝑥 ∈ 𝜙, 𝑛𝑖 ∈ 𝒫  (2.19) 

The IVACOPF is an iterative approximation model, wherein the parameters of TSFA, denoted by 

superscript (it), in each iteration, are updated based on the results of the previous iteration. The 

voltage magnitude in each bus-phase can be formulated as (2.20), which is a nonlinear and 

nonconvex constraint. TSFA is utilized to linearize this constraint to (2.21). 

𝑉𝑛𝑖
𝑥 = √𝑉𝑛𝑖

𝑟,𝑥2 + 𝑉𝑛𝑖
𝑖𝑚,𝑥2, ∀ 𝑥 ∈ 𝜙, 𝑛𝑖 ∈ 𝒫  (2.20) 

𝑉𝑛𝑖
𝑥 =

𝑉𝑛𝑖
𝑟,𝑥(𝑖𝑡)

√𝑉𝑛𝑖
𝑟,𝑥(𝑖𝑡)

2
+𝑉𝑛𝑖

𝑖𝑚,𝑥(𝑖𝑡)
2
𝑉𝑛𝑖
𝑟,𝑥 +

𝑉𝑛𝑖
𝑖𝑚,𝑥(𝑖𝑡)

√𝑉𝑛𝑖
𝑟,𝑥(𝑖𝑡)

2
+𝑉𝑛𝑖

𝑖𝑚,𝑥(𝑖𝑡)
2
𝑉𝑛𝑖
𝑖𝑚,𝑥, ∀ 𝑥 ∈ 𝜙, 𝑛𝑖 ∈ 𝒫 (2.21) 

Each bus-phase voltage magnitude limits, and the associated voltage violation variables, are 

modeled through (2.22). The thermal line limit, and the associated thermal line violation variable 

for each line-phase, is presented by (2.23). 

−𝑉𝑛𝑖
𝑥,− + 0.95 ≤ 𝑉𝑛𝑖

𝑥 ≤ 1.05 + 𝑉𝑛𝑖
𝑥,+, ∀ 𝑥 ∈ 𝜙, 𝑛𝑖 ∈ 𝒫 (2.22) 

𝐼𝑙
𝑟,𝑥2 + 𝐼𝑙

𝑖𝑚,𝑥2 ≤ (𝐼𝑙
𝑚𝑎𝑥,𝑥 + 𝐼𝑙

𝑥,+)2, ∀ 𝑥 ∈ 𝜙, 𝑙 ∈ 𝒦 (2.23) 

Flexibility devices such as capacitor bank’s reactive power injection/absorption is limited by (2.24) 

in the DS. 

𝑄𝑘𝑐,𝑥
𝐶 ≤ 𝑄𝑘𝑐,𝑥

𝐶,𝑚𝑎𝑥 , ∀ 𝑥 ∈ 𝜙, 𝑘𝑐 ∈ 𝒞  (2.24) 

Two types of PV units are modeled in the problem. PV units without VAr capability, can only 

generate the available active power, which is modeled through (2.25). On the other hand, the PV 

units, with VAr capability, can generate both active and reactive power, restricted through its 

apparent power rating by (2.26). The active power curtailment of such PV units is enabled as in 

(2.27). The VAr support capacity is restricted by their reactive power rating as presented in (2.28). 
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𝑃𝑒,𝑥
𝑃𝑉 = 𝑃𝑒,𝑥

𝑃𝑉,𝑎𝑣, ∀ 𝑥 ∈ 𝜙, 𝑒 ∈ 𝑓2  (2.25) 

𝑄𝑓,𝑥
𝑃𝑉𝑉2 + 𝑃𝑓,𝑥

𝑃𝑉𝑉2 ≤ 𝑆𝑖,𝑥
𝑃𝑉𝑉2, ∀ 𝑥 ∈ 𝜙, 𝑓 ∈ 𝑓1  (2.26) 

𝑃𝑓,𝑥
𝑃𝑉𝑉 ≤ 𝑃𝑓,𝑥

𝑃𝑉𝑉,𝑎𝑣, ∀ 𝑥 ∈ 𝜙, 𝑓 ∈ 𝑓1  (2.27) 

−𝑄𝑓,𝑥
𝑃𝑉𝑉,𝑚𝑎𝑥 ≤ 𝑄𝑓,𝑥

𝑃𝑉𝑉 ≤ 𝑄𝑓,𝑥
𝑃𝑉𝑉,𝑚𝑎𝑥, ∀ 𝑥 ∈ 𝜙, 𝑓 ∈ 𝑓1 (2.28) 

DERA participation in the wholesale market without considering the DS OSTN hosting capacity 

may cause violations in the DS. The DSO may constrain DERA injection to manage these issues, 

thereby causing ineffective utilization. The PV units, with VAr capability, can mitigate these 

challenges with VAr support in the DS. It is pertinent to mention that in this work, VAr support is 

only considered from PV units which are DSO customers, and not a part of DERA managed 

resources. Participating in DER aggregation and DSO net metering programs are mutually 

exclusive in these coordination frameworks. DSO managed PVs do not participate in the ISO 

market.  

Most of the work in the literature model this VAr support based only on constraints (2.26)-(2.28), 

which may lead to unrealistic results due to ignoring the SI VAr dispatch curve. In this work, the 

VAr support from SIs is modeled based on the IEEE 1547-2018 standard [11], which represents 

the accurate VAr curves of SIs, as shown in Figure 2.3. The Volt-VAr (Q-V) and the Watt-VAr 

(P-Q) modes, as in the IEEE 1547 standard, determine the reactive power injection/absorption 

based on the input SI bus voltage and the SI active power injection/absorption respectively. Given 

default settings, both modes of operation have different characteristics for different DS operating 

conditions. Accordingly, to further enhance the DS flexibility, a mode selection approach based 

on [68] is modeled within the IVACOPF. 

The Q-V curve shown in Figure 2.3 can be represented by equation (2.29) with five different 

operating zones. The P-Q curve shown in Fig. 3 can be represented by (2.30) with seven different 

operating zones. Depending on the operational state, either one of these functions, i.e., (2.29) and 

(2.30), are active for each VAr support-enabled PV unit. This selection is done by modeling and 

optimizing binary variables as described later in this section. In this work, these functions, i.e., 

(2.29) and (2.30), are converted into a MILP formulation for selecting optimal modes of operation 

as well as the corresponding piecewise section of the curves/functions using the Big-M method. 

𝑄𝑓,𝑥
𝑃𝑉𝑉 =

{
 
 
 
 

 
 
 
 

𝑄𝑓,𝑥
𝑃𝑉𝑉,𝑚𝑎𝑥 , 𝑉𝑓,𝑥

𝑚𝑖𝑛 ≤ 𝑉𝑓,𝑥 < 𝑉1,𝑓,𝑥

𝑄𝑓,𝑥
𝑃𝑉𝑉,𝑚𝑎𝑥(𝑉2,𝑓,𝑥−𝑉𝑓,𝑥)

𝑉2,𝑓,𝑥−𝑉1,𝑓,𝑥
, 𝑉1,𝑓,𝑥 ≤ 𝑉𝑓,𝑥 <  𝑉2,𝑓,𝑥

0, 𝑉2,𝑓,𝑥 ≤  𝑉𝑓,𝑥 < 𝑉3,𝑓,𝑥
𝑄𝑓,𝑥
𝑃𝑉𝑉,𝑚𝑎𝑥(𝑉𝑓,𝑥−𝑉3,𝑓,𝑥)

𝑉3,𝑓,𝑥−𝑉4,𝑓,𝑥
, 𝑉3,𝑓,𝑥 ≤ 𝑉𝑓,𝑥 < 𝑉4,𝑓,𝑥

−𝑄𝑓,𝑥
𝑃𝑉𝑉,𝑚𝑎𝑥 , 𝑉4,𝑓,𝑥 ≤ 𝑉𝑓,𝑥 < 𝑉𝑓,𝑥

𝑚𝑎𝑥

 (2.29) 
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𝑄𝑓,𝑥
𝑃𝑉𝑉 =

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

𝑄𝑓,𝑥
𝑃𝑉𝑉,𝑚𝑎𝑥                         , 𝑃𝑓,𝑥

𝑃𝑉𝑉 < 𝑃3,𝑓,𝑥
′

𝑄2,𝑓,𝑥
′ +

(𝑃2,𝑓,𝑥
′ −𝑃𝑓,𝑥

𝑃𝑉𝑉)(𝑄3,𝑓,𝑥
′ −𝑄2,𝑓,𝑥

′ )

𝑃2,𝑓,𝑥
′ −𝑃3,𝑓,𝑥

′ , 𝑃3,𝑓,𝑥
′ ≤ 𝑃𝑓,𝑥

𝑃𝑉𝑉 < 𝑃2,𝑓,𝑥
′

𝑄1,𝑓,𝑥
′ +

(𝑃1,𝑓,𝑥
′ −𝑃𝑓,𝑥

𝑃𝑉𝑉)(𝑄2,𝑓,𝑥
′ −𝑄1,𝑓,𝑥

′ )

𝑃1,𝑓,𝑥
′ −𝑃2,𝑓,𝑥

′ , 𝑃2,𝑓,𝑥
′ ≤ 𝑃𝑓,𝑥

𝑃𝑉𝑉 < 𝑃1,𝑓,𝑥
′

𝑄1,𝑓,𝑥 +
(𝑃1,𝑓,𝑥−𝑃𝑓,𝑥

𝑃𝑉𝑉)(𝑄1,𝑓,𝑥
′ −𝑄1,𝑓,𝑥)

𝑃1,𝑓,𝑥−𝑃1,𝑓,𝑥
′ , 𝑃1,𝑓,𝑥

′ ≤ 𝑃𝑓,𝑥
𝑃𝑉𝑉 < 𝑃1,𝑓,𝑥

𝑄2,𝑓,𝑥 +
(𝑃2,𝑓,𝑥−𝑃𝑓,𝑥

𝑃𝑉𝑉)(𝑄1,𝑓,𝑥−𝑄2,𝑓,𝑥)

𝑃2,𝑓,𝑥−𝑃1,𝑓,𝑥
, 𝑃1,𝑓,𝑥 ≤ 𝑃𝑓,𝑥

𝑃𝑉𝑉 < 𝑃2,𝑓,𝑥

𝑄3,𝑓,𝑥 +
(𝑃3,𝑓,𝑥−𝑃𝑓,𝑥

𝑃𝑉𝑉)(𝑄2,𝑓,𝑥−𝑄3,𝑓,𝑥)

𝑃3,𝑓,𝑥−𝑃2,𝑓,𝑥
, 𝑃2,𝑓,𝑥 ≤ 𝑃𝑓,𝑥

𝑃𝑉𝑉 < 𝑃3,𝑓,𝑥

−𝑄𝑓,𝑥
𝑃𝑉𝑉,𝑚𝑎𝑥                  , 𝑃𝑓,𝑥

𝑃𝑉𝑉 ≥ 𝑃3,𝑓,𝑥

 (2.30) 

  

Figure 2.3  P-Q and Q-V Characteristic of a Smart Inverter [11]. 

Each operational zone (one to five) of the Q-V curve of Figure 2.3 is represented by the 

corresponding binary variable as given below in (2.31)-(2.40). 

𝑉𝑓,𝑥 ≤  𝑉1,𝑓,𝑥 +𝑀𝑢1,𝑓,𝑥
𝑞𝑣

  (2.31) 

−𝑀𝑢1,𝑓,𝑥
𝑞𝑣 ≤ 𝑄𝑓,𝑥

𝑃𝑉𝑉 −𝑄𝑓,𝑥
𝑃𝑉𝑉,𝑚𝑎𝑥 ≤ 𝑀𝑢1,𝑓,𝑥

𝑞𝑣
  (2.32) 

−𝑀𝑢2,𝑓,𝑥
𝑞𝑣 + 𝑉1,𝑓,𝑥 ≤ 𝑉𝑓,𝑥 ≤ 𝑉2,𝑓,𝑥 +𝑀𝑢2,𝑓,𝑥

𝑞𝑣
  (2.33) 

−𝑀𝑢2,𝑓,𝑥
𝑞𝑣 ≤ 𝑄𝑓,𝑥

𝑃𝑉𝑉 −
𝑄𝑓,𝑥
𝑃𝑉𝑉,𝑚𝑎𝑥(𝑉2,𝑓,𝑥−𝑉𝑓,𝑥)

𝑉2,𝑓,𝑥− 𝑉1,𝑓,𝑥
≤ 𝑀𝑢2,𝑓,𝑥

𝑞𝑣
 (2.34) 

−𝑀𝑢3,𝑓,𝑥
𝑞𝑣 + 𝑉2,𝑓,𝑥 ≤ 𝑉𝑓,𝑥 ≤ 𝑉3,𝑓,𝑥 +𝑀𝑢3,𝑓,𝑥

𝑞𝑣
  (2.35) 

−𝑀𝑢3,𝑓,𝑥
𝑞𝑣 ≤ 𝑄𝑓,𝑥

𝑃𝑉𝑉 ≤ 𝑀𝑢3,𝑓,𝑥
𝑞𝑣

  (2.36) 

−𝑀𝑢4,𝑓,𝑥
𝑞𝑣 + 𝑉3,𝑓,𝑥 ≤ 𝑉𝑓,𝑥 ≤  𝑉4,𝑓,𝑥 +𝑀𝑢4,𝑓,𝑥

𝑞𝑣
  (2.37) 
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−𝑀𝑢4,𝑓,𝑥
𝑞𝑣 ≤ 𝑄𝑓,𝑥

𝑃𝑉𝑉 −
𝑄𝑓,𝑥
𝑃𝑉𝑉,𝑚𝑎𝑥(𝑉𝑓,𝑥−𝑉3,𝑓,𝑥)

𝑉3,𝑓,𝑥− 𝑉4,𝑓,𝑥
≤ 𝑀𝑢4,𝑓,𝑥

𝑞𝑣
 (2.38) 

−𝑀𝑢5,𝑓,𝑥
𝑞𝑣 + 𝑉4,𝑓,𝑥 ≤ 𝑉𝑓,𝑥  (2.39) 

 −𝑀𝑢5,𝑓,𝑥
𝑞𝑣 ≤ 𝑄𝑓,𝑥

𝑃𝑉𝑉 + 𝑄𝑓,𝑥
𝑃𝑉𝑉,𝑚𝑎𝑥 ≤ 𝑀𝑢5,𝑓,𝑥

𝑞𝑣
  (2.40) 

Each operational zone (one to seven) of the P-Q curve of Figure 2.3 is represented by the 

corresponding binary variable as given below in (2.41)-(2.54). 

𝑀1𝑢1,𝑓,𝑥
𝑝𝑞 + 𝑃3,𝑓,𝑥

′ ≥ 𝑃𝑓,𝑥
𝑃𝑉𝑉   (2.41) 

−𝑀1𝑢1,𝑓,𝑥
𝑝𝑞 ≤ 𝑄𝑓,𝑥

𝑃𝑉𝑉 − 𝑄𝑓,𝑥
𝑃𝑉𝑉,𝑚𝑎𝑥 ≤ 𝑀1𝑢1,𝑓,𝑥

𝑝𝑞
  (2.42) 

−𝑀1𝑢2,𝑓,𝑥
𝑝𝑞

+ 𝑃3,𝑓,𝑥
′ ≤ 𝑃𝑓,𝑥

𝑃𝑉𝑉 ≤ 𝑀1𝑢2,𝑓,𝑥
𝑝𝑞

+ 𝑃2,𝑓,𝑥
′  (2.43) 

−𝑀1𝑢2,𝑓,𝑥
𝑝𝑞 ≤ 𝑄𝑓,𝑥

𝑃𝑉𝑉 − 𝑄2,𝑓,𝑥
′ −

(𝑃2,𝑓,𝑥
′ −𝑃𝑓,𝑥

𝑃𝑉𝑉)(𝑄3,𝑓,𝑥
′ −𝑄2,𝑓,𝑥

′ )

𝑃2,𝑓,𝑥
′ −𝑃3,𝑓,𝑥

′ ≤ 𝑀1𝑢2,𝑓,𝑥
𝑝𝑞

 (2.44) 

−𝑀1𝑢3,𝑓,𝑥
𝑝𝑞

+ 𝑃2,𝑓,𝑥
′ ≤ 𝑃𝑓,𝑥

𝑃𝑉𝑉 ≤ 𝑀1𝑢3,𝑓,𝑥
𝑝𝑞

+ 𝑃1,𝑓,𝑥
′  (2.45) 

−𝑀1𝑢3,𝑓,𝑥
𝑝𝑞 ≤ 𝑄𝑓,𝑥

𝑃𝑉𝑉 − 𝑄1,𝑓,𝑥
′ −

(𝑃1,𝑓,𝑥
′ −𝑃𝑓,𝑥

𝑃𝑉𝑉)(𝑄2,𝑓,𝑥
′ −𝑄1,𝑓,𝑥

′ )

𝑃1,𝑓,𝑥
′ −𝑃2,𝑓,𝑥

′ ≤ 𝑀1𝑢3,𝑓,𝑥
𝑝𝑞

 (2.46) 

−𝑀1𝑢4,𝑓,𝑥
𝑝𝑞 + 𝑃1,𝑓,𝑥

′ ≤ 𝑃𝑓,𝑥
𝑃𝑉𝑉 ≤ 𝑀1𝑢4,𝑓,𝑥

𝑝𝑞 + 𝑃1,𝑓,𝑥 (2.47) 

−𝑀1𝑢4,𝑓,𝑥
𝑝𝑞 ≤ 𝑄𝑓,𝑥

𝑃𝑉𝑉 − 𝑄1,𝑓,𝑥 −
(𝑃1,𝑓,𝑥−𝑃𝑓,𝑥

𝑃𝑉𝑉)(𝑄1,𝑓,𝑥
′ −𝑄1,𝑓,𝑥)

𝑃1,𝑓,𝑥−𝑃1,𝑓,𝑥
′ ≤ 𝑀1𝑢4,𝑓,𝑥

𝑝𝑞
 (2.48) 

−𝑀1𝑢5,𝑓,𝑥
𝑝𝑞 + 𝑃1,𝑓,𝑥 ≤ 𝑃𝑓,𝑥

𝑃𝑉𝑉 ≤ 𝑀1𝑢5,𝑓,𝑥
𝑝𝑞 + 𝑃2,𝑓,𝑥 (2.49) 

−𝑀1𝑢5,𝑓,𝑥
𝑝𝑞 ≤ 𝑄𝑓,𝑥

𝑃𝑉𝑉 − 𝑄2,𝑓,𝑥 −
(𝑃2,𝑓,𝑥−𝑃𝑓,𝑥

𝑃𝑉𝑉)(𝑄1,𝑓,𝑥−𝑄2,𝑓,𝑥)

𝑃2,𝑓,𝑥−𝑃1,𝑓,𝑥
≤ 𝑀1𝑢5,𝑓,𝑥

𝑝𝑞
 (2.50) 

−𝑀1𝑢6,𝑓,𝑥
𝑝𝑞 + 𝑃2,𝑓,𝑥 ≤ 𝑃𝑓,𝑥

𝑃𝑉𝑉 ≤ 𝑀1𝑢6,𝑓,𝑥
𝑝𝑞 + 𝑃3,𝑓,𝑥 (2.51) 

−𝑀1𝑢6,𝑓,𝑥
𝑝𝑞 ≤ 𝑄𝑓,𝑥

𝑃𝑉𝑉 − 𝑄3,𝑓,𝑥 −
(𝑃3,𝑓,𝑥−𝑃𝑓,𝑥

𝑃𝑉𝑉)(𝑄2,𝑓,𝑥−𝑄3,𝑓,𝑥)

𝑃3,𝑓,𝑥−𝑃2,𝑓,𝑥
≤ 𝑀1𝑢6,𝑓,𝑥

𝑝𝑞
 (2.52) 

−𝑀1𝑢7,𝑓,𝑥
𝑝𝑞 + 𝑃3,𝑓,𝑥 ≤ 𝑃𝑓,𝑥

𝑃𝑉𝑉   (2.53) 

−𝑀1𝑢7,𝑓,𝑥
𝑝𝑞

≤ 𝑄𝑓,𝑥
𝑃𝑉𝑉 + 𝑄𝑓,𝑥

𝑃𝑉𝑉,𝑚𝑎𝑥 ≤ 𝑀1𝑢7,𝑓,𝑥
𝑝𝑞

  (2.54) 

Equation (2.55) represents the constraint which prevents the selection of multiple modes and 

settings of operation at the same time. 
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𝑢1,𝑓,𝑥
𝑞𝑣 + 𝑢2,𝑓,𝑥

𝑞𝑣 + 𝑢3,𝑓,𝑥
𝑞𝑣 + 𝑢4,𝑓,𝑥

𝑞𝑣 + 𝑢5,𝑓,𝑥
𝑞𝑣 + 𝑢1,𝑓,𝑥

𝑝𝑞 + 𝑢2,𝑓,𝑥
𝑝𝑞 + 𝑢3,𝑓,𝑥

𝑝𝑞 + 𝑢4,𝑓,𝑥
𝑝𝑞 + 𝑢5,𝑓,𝑥

𝑝𝑞 + 𝑢6,𝑓,𝑥
𝑝𝑞 +

𝑢7,𝑓,𝑥
𝑝𝑞 ≤ 11,∀𝑓 ∈ 𝑓1  (2.55) 

The problem presented above is a mixed-integer quadratically constrained program (MIQCP) and 

is solved at each Time interval t for each uncertain Scenario s. 

2.4 Proposed Aggregator Participation in the Wholesale Market: Architecture II 

2.4.1 Architecture II Structure 

In this Architecture, the ISOs manage the wholesale market with visibility over the DS limits. 

Before running the wholesale market, the ISO estimates the level of qualification and 

disqualification for different services provided by DERAs using statistical models obtained from 

DSOs, as shown in Figure 2.4. To this end, the hosting capacity (i.e., maximum per-feeder DER 

penetration considering safe and reliable DS network operation [46]) is predicted using data-

mining algorithms based on the statistical information obtained from different DS conditions by 

the DSO. Then, these models are shared and coordinated in an offline setting with the ISO. It is 

pertinent to note that such offline coordination circumvents the need for real-time operational 

coordination infrastructure, and its associated financial burdens and complexities. It is also worth 

noting that this type of coordination already exists between LSEs/DUs and the ISO for load 

forecasts and other critical planning operations. 

  

Figure 2.4  DERA Participation in the Wholesale Market for Architecture II 

2.4.2 Evaluating Qualified Maximum Capacity 

a) Data Generation for Data-Mining Algorithm 

To generate data for the data-mining stage, different DS load scenarios using the corresponding 

forecast value and forecast error are generated through Monte Carlo simulation. Then, the 

IVACOPF problem with the objective function of maximizing the instantaneous penetration (i.e., 

active power generation) of the DER aggregations within their maximum available capacity is 

solved, subject to DS limits, for each scenario. Each scenario includes: (i) the maximum available 

capacity of a DERA, and (ii) different loading conditions in the DS, which can be used in the data-

mining stage. Consequently, the DERAs maximum available capacity that is qualified to 

participate in the wholesale market under different DS conditions is obtained. In other words, the 

obtained maximized active power generation can determine the level of qualification and 



 

74 

 

disqualification of the total capacity of the services provided by DERAs for that specific DS 

operational condition without violating DS limits. 

𝑚𝑎𝑥  {∑ ∑ 𝑃𝑎,𝑥
𝐴

𝑥∈𝜙𝑎∈𝐴 }  (2.56) 

Subject to: 

(2.13)-(2.15), (2.18)-(2.19), (2.21), (2.24)-(2.28), (2.31)-(2.55) (2.57) 

0.95 ≤ 𝑉𝑛𝑖
𝑥 ≤ 1.05, ∀ 𝑥 ∈ 𝜙, 𝑛𝑖 ∈ 𝒫  (2.58) 

𝐼𝑙
𝑟,𝑥2 + 𝐼𝑙

𝑖𝑚,𝑥2 ≤ 𝐼𝑙
𝑚𝑎𝑥,𝑥2, ∀ 𝑥 ∈ 𝜙, 𝑙 ∈ 𝒦  (2.59) 

𝑃𝑎,𝑥
𝐴 ≤ 𝑃𝑎,𝑥

𝑚𝑎𝑥  (2.60) 

The optimization model (2.56)-(2.60) includes the effect of the VAr support from the SIs on the 

DS OSTN hosting capacity and is solved for each scenario and time interval. The maximum 

qualified capacity incorporates nodal and per-feeder information of DERAs (depending on the 

location in the DS). 

b) Data-Mining Stage: Obtaining Aggregators Maximum Qualified Capacity (DS OSTN 

hosting capacity) 

In this section, Neural Network (NN) regression is utilized to create functions that predict the 

maximum qualified capacity of the DERAs, i.e., 𝑃𝑎,𝑡
𝑚𝑎𝑥,𝑞𝑢𝑎𝑙𝑖𝑓𝑖𝑒𝑑

, for safe and reliable DS operation, 

as shown in Figure 2.5. Each scenario from the data generation stage represents an instance that 

includes (i) target value that is the maximum qualified capacity of the DERAs in the feeder and 

(ii) the features that are load summation at each phase at each feeder in the DS network. So, the 

total number of features would be 3 × (𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑓𝑒𝑒𝑑𝑒𝑟𝑠). Each NN function is trained by the 

DSO for a given time period and all the DERAs in one specific feeder and shared with the ISO 

(weekly/monthly). Training one single NN model for all the DERAs in a specific radial feeder for 

a given time period, circumvents the need to handle switches in the network. Even if the network 

topology changes, the internal composition of the feeder does not change, preserving model 

validity. 

  

Figure 2.5  Maximum Qualified Capacity Estimation  
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2.4.3 DA Formulation Considering Qualified Maximum Capacity 

This section presents the DA wholesale market, which assigns the total services (i.e., energy and 

reserve) to a DERA based on its realized 𝑃𝑎,𝑡
𝑚𝑎𝑥,𝑞𝑢𝑎𝑙𝑖𝑓𝑖𝑒𝑑̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

. After obtaining the NN functions from 

offline process, the maximum qualified capacity is predicted based on the most-updated DS 

operational forecasts and conditions close to running the DA wholesale market. Therefore, there 

is no need to perform different time-consuming DS analyses before the DA wholesale market for 

determining DS OSTN hosting capacity and also mitigates problems where the DERA’s NDDP 

cannot be achieved due to DSO constraints. It is worth mentioning that the qualified maximum 

capacity is always lower than or equal to the available maximum capacity, 𝑃𝑎,𝑡
𝑚𝑎𝑥, as shown in 

Figure 2.6. The DA wholesale market model considering predicted qualified maximum capacity 

is: 

𝑚𝑖𝑛 ∑ ∑ (𝑐𝑔
𝐴𝑃𝑔𝑡

𝐴
𝑡𝑔 + 𝑐𝑔

𝑆𝑈𝑣𝑔𝑡 + 𝑐𝑔
𝑆𝐷𝑤𝑔𝑡 + 𝑐𝑔

𝑅𝑒𝑠𝑟𝑔𝑡) + ∑ ∑ (𝑡𝑎 𝑐𝑎
𝐴𝑃𝑎𝑡

𝐴 + 𝑐𝑎
𝑅𝑒𝑠,𝐴𝑟𝑎𝑡

𝐴 ) (2.61) 

Subject to: 

(2.2)-(2.3),(2.5)-(2.9)  (2.62) 

𝑃𝑎𝑡
𝐴 + 𝑟𝑎𝑡

𝐴 ≤ 𝑃𝑎,𝑡
𝑚𝑎𝑥,𝑞𝑢𝑎𝑙𝑖𝑓𝑖𝑒𝑑

𝑢𝑎𝑡 , ∀𝑎, 𝑡  (2.63) 

  

Figure 2.6  DERA’s Installed, Available and Qualified Maximum Capacity 

2.5 Results and Analysis 

Pyomo [71] and DOcplex [72] modeling libraries were used to solve the DA wholesale market and 

IVACOPF model on a computer with an Intel Core i7 @ 2.40 GHz and 32 GB RAM. In addition, 

the NNs for the qualified capacity of DERAs were trained using the TensorFlow library [73]. Two 

case studies are presented as shown below: 

Installed Maximum Capacity

Delivered to 

Wholesale Market

Available 

Maximum 

Capacity
Qualified 

Maximum 

Capacity

EnergyAncillary Services
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• Case study I: To analyze the effect of VAr support from SIs on aiding real-time DS 

operations when responding to TS-level uncertainties and improving the maximum 

qualified capacity of  DERAs. 

• Case study II: To compare the performance of proposed Architecture II to Architecture I 

on improving the security of DS operations, while allowing DERA participation in the 

wholesale market. 

2.5.1 Assumptions and System Data 

The 118-bus IEEE test system is used for modeling the TS; this system includes 91 loads, 54 

generators, and 186 lines [74]. The DS substation with three feeders, based on 240-bus distribution 

test system [75], is assumed to be connected to Bus #71 of the 118-bus IEEE test system. Fifteen 

DERAs (five DERAs in each of the three feeders) with 0.25, 0.5, 1, 1.5 MW maximum capacity 

and a maximum total of 8.25 MW were added  to the 240-bus distribution test system. These DERs 

are only classified as time varying or not for the sake of general concept representation. Seven of 

these DERAs have time-varying available capacity and the rest have a non-time-varying available 

capacity. DERAs bids were randomly generated in the range of the minimum and average 

wholesale market bids. Fifteen additional aggregated PV units were added to the DS based on data 

from a local utility in Arizona. For these PV units, the hourly solar generation profile of CAISO’s 

actual data, February 10, 2022, were chosen [76]. The number of iterations for the IVACOPF is 

set to 2. Relative MIP gap is set at 0.2%. For the data-mining stage associated with Architecture 

II, 1000 DS load scenarios were generated, 80% and 20% of which were used as training and 

testing datasets, respectively. The NN models for Architecture II have five hidden layers with 100, 

100, 75, 50, and 25 neurons. The IVACOPF model utilized, exhibits better accuracy, compared to 

the widely utilized LinDistFlow model [37]. Based on the errors in Figure 2.7, the maximum 

voltage magnitude approximation error is less than 4.5E-04, showing the precision of the 

IVACOPF for solving OPF problems for the unbalanced DS with SI modeling. It is worth 

mentioning that other unbalanced DS OPF approaches can be used instead of IVACOPF in the 

proposed framework. 

  

Figure 2.7  Bus Voltage Linearization Error using the IVACOPF 
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2.5.2 Case Study I: Effect of VAr Support from SIs on DS Operations and DERA 

Utilization 

  

Figure 2.8  Voltage Violation Improvement of PV Model 1 compared to Model 2 

Considering the effect of VAr support on improving voltage profile, the first study looks at how 

enabling VAr support from PV unit SIs aid DS real-time operations when DERAs respond to ISO 

NDDPs. Accordingly, two PV capability models are considered. In “PV model 1”, all PV units 

have VAr capability, while in “PV model 2”, none of the PV units have VAr capability. A single 

scenario is used as a benchmark, where the same ISO NDDPs are used for DERAs. Figure 2.8 

presents voltage violation improvement for the 11016 bus-phase and time interval instances, due 

to having PV model 1. As exhibited, localized VAr support from SIs in the DS can reduce the 

voltage issues associated with the DERAs meeting the ISOs NDDPs during real-time operations. 

In Figure 2.8, all 11016 or 100% of instances have the same or less voltage violation compared to 

PV model 2. Although VAr support from SIs reduces the magnitude, it cannot entirely remove the 

issue. Table 2.1 shows the maximum cumulative violation of all bus phases, i.e., summed over all 

buses, across different time intervals. This maximum cumulative violation is observed in Hour 10. 

As shown in Table I, with more penetration of roof-top PV units with SIs, the flexibility of the DS 

system increases in managing voltage issues due to increasing VAr support capacity from 

interfaced SIs. This translates to improved deployability during TS-level uncertain events and 

overcoming DS limitations. 

Table 2.1  Maximum Bus-Phase DS Cumulative Voltage Violation Over All Time Intervals, 

Architecture I (p.u.). 

PV % PV model 1 PV model 2 Improvement of PV 

model 1 to model 2 

(%) 

15 0.38 0.44 13.63 

30 0.36 0.47 23.40 

45 0.34 0.51 33.33 

Apart from aiding real-time DS operations, preemptively considering VAr support, can 

significantly improve maximum qualified capacity and consequently, DERA utilization. To 

observe this, a second study is presented where two maximum qualified capacity estimation 

models are utilized: MQC1 and MQC2 with 120% roof-top PV penetration. MQC1 model is 
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trained on data where both PV unit curtailment and VAr support is allowed. MQC2 model is 

trained on data where no flexibility from PV SIs is allowed to mitigate violations. As shown in 

Figure 2.9, the predicted qualified capacity using MQC1 always exceeds MQC2 for this case. It is 

important to note that MQC1 will always perform the same or better than MQC2. As roof-top PV 

penetration increases during the middle of the day, due to a lack of flexibility, DERA output is 

curtailed to maintain DS limits in the generated MQC2 dataset. MQC1 has more qualified capacity 

during the same period due to flexibility from VAr support, preventing DERA curtailment. For the 

given DS conditions, over twenty-four hours, cumulative DERA qualified capacity of MQC1 is 

173.50 MW compared to 162.37 MW of MQC2, corresponding to a 11.12 MW improvement.  

  

Figure 2.9  Maximum Qualified Capacity with and without VAr Support.. 

2.5.3 Case Study II: Architecture II Versus Architecture I 

Table 2.2  Instances With Non-Zero Voltage Violation 

 Architecture I Architecture II 

No. of voltage upper limit violation 111811 (10.1%) 218 (~0%) 

No. of voltage lower limit violation 0 (0%) 0 (0%) 

The main goal of this study is to compare the performance of Architecture II with Architecture I 

in improving DS operational security and reliability. The number of aggregated roof-top PV units 

with VAr support is five for both Architectures, at ~15% penetration of roof-top PV units. One 

hundred TS-level uncertain event scenarios (different ISO NDDPs) are generated in the DSO-

DERAs scheduling phase for both frameworks to evaluate DS operational violations while 

responding to ISO NDDPs. Table 2.2 lists the number of instances in which each Architecture 

leads to non-zero voltage violation while evaluating DS operational limits during uncertain events. 

The total number of instances is 1101600, which is obtained through multiplying the number of 

bus phases (459), by the number of time intervals (24), and by the number of uncertain scenarios 

(100). Based on this table, approximately 10.1 percent of all instances of Architecture I experience 

violations, considerably higher than that of Architecture II (0.02%). This reduction is due to 

Architecture II proactively and dynamically considering the DS OSTN hosting capacity on the 

products awarded to the DERAs located in the DS network. The resulting awards less frequently 

cause voltage violation in DS by a considerable margin. The corresponding histogram of the 

voltage violations with non-zero value is given in Figure 2.10 for both Architectures. From Figure 

2.10, the voltage violation issue happens more frequently for Architecture I, with a maximum 
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value around 0.014 pu. In comparison, this value for Architecture II is 0.0005 pu with lower 

frequency 

  

Figure 2.10  Histogram of Voltage Violations with Non-Zero Value: Architecture I (111811 

Cases) & Architecture II (218 Cases). 

Figure 2.11 exhibits the DA energy award, maximum available, and qualified capacity from which 

ISO NDDPs are generated for DERA # 5. Based on Figure 2.11, Architecture I leads to the 

DERA’s energy awards being beyond the DS OSTN hosting capacity. More specifically, any 

energy award beyond the dashed green line, i.e., qualified capacity, affects reliable and safe 

operation of DS. However, in Figure 2.11, Architecture II will result in lower awards  of energy 

products to the DERA. The lower capacity qualifications also correspond to an increase in 

operational costs. The total operating cost marginally increases to $2599.5k from $2598.2k by 

implementing Architecture II, due to reduced DERA capacity participation. The reduced cost of 

operation for Architecture I jeopardizes the DS network operational security and reliability, as 

participating capacity could potentially be beyond the DS OSTN hosting capacity. These results 

show that bidding within the OSTN hosting capacity of DERAs consequently leads to the effective, 

reliable and safe operation of the DS, while allowing the DERAs to participate in the wholesale 

markets. 

  

Figure 2.11  Energy, Maximum Available, and Qualified Capacity of DERA # 5 
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3. Conclusion 

First, this work analyses the effect of reactive power and active power operational modes in 

mitigating voltage issues caused by an increased penetration of residential rooftop PV, not just in 

a local scope, but distribution feeder wide. A solution is presented by modeling the capabilities of 

a SI within a robust DOPF framework to create a comprehensive DER scheduling tool, capable of 

mitigating power quality issues within the distribution feeder, while maximizing PV utilization by 

dispatching individual SIs within the distribution feeder. As an alternative to the popularly utilized 

Volt-VAr operational mode, Watt-VAr operational mode is formulated and inducted within the 

DOPF model to create a DER scheduling tool. The performance of such a tool is analyzed with 

respect to utilizing the Volt-VAr operational mode for the same purpose. Different characteristics 

of the operational modes are analyzed and noted. An extension is also presented where the set-

points of the Watt-VAr operational mode are optimally selected according to system conditions. 

Active power operational mode such as the Volt-Watt operational mode is analyzed within the 

scope of a DER scheduling tool and the performance of the operational mode in mitigating voltage 

issues is noted. Finally considering the different characteristics and performance of the two 

operational modes, a UMS framework is proposed which is capable of optimally selecting the 

mode of operation for each individual SI within the distribution feeder to mitigate voltage 

violation, voltage unbalance issues and minimize cost of operation. An extension of the work is 

also presented where the set-points are optimally selected for the chosen mode of operation, further 

extending the flexibility of the DER scheduling tool, to maximize gains. 

 

The learnings from this work, including the ability of SIs to affect DS conditions, improve overall 

DS hosting capacity and improve DS flexibility, is leveraged to improve overall transmission and 

distribution operations. Accordingly, under the guidance of FERC order 2222 [7], other 

applications are also investigated, including coordinated transmission and distribution operations. 

An effective ISO-DSO-DERA coordination framework allows direct DERA participation in 

wholesale markets, while DSOs ensures safe and reliable DS operation without the need for real-

time coordination between the ISO and DSO. If the DS OSTN hosting capacity is not proactively 

considered on the DERA’s submitted bids to the wholesale market, deploying services awarded to 

DERAs may pose significant risks to the DS operation. In this work, two ISO-DSO-DERA 

coordination frameworks were proposed along with the corresponding distinction and definition 

of the participants roles and the required information exchange in the market management systems. 

Architecture II enables the ISO to proactively and dynamically have visibility over the DS limits, 

without the computational and communication hassles of modeling the DS and coordinating with 

the DSO in real-time operations. To this end, Architecture II employed the statistical information 

obtained using different DS conditions to predict the hosting capacity with the most-updated DS 

information and conditions before conducting the DA wholesale market. Finally, the DSO-DERAs 

scheduling phase to compare the performance of Architecture II with Architecture I. The DSO-

DERAs scheduling phases goal is to mimic the DS condition during a TS-level uncertain event. In 

addition, the VAr support capability provided by PV SIs was leveraged to minimize DS violation. 

The simulation results showed that the VAr support from the PV unit with SIs could mitigate the 

DS voltage issues caused by the DERAs following ISO NDDPs. Furthermore, the proposed 

Architecture II outperforms Architecture I concerning ISO awards for DERAs that does not impose 

reliability and safety issues for DS as prescribed by FERC order No. 2222 [7]. 
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1. Introduction

This report addresses two specific research tasks that fall under the scope of project M44 that were
performed at UC Berkeley. Detailed descriptions are given below.

• In Chapter 2, we consider the case of a Wind Power Producer (WPP) who wants to install a
Battery Energy Storage System (BESS) on site to mitigate the uncertainty in the production of
electric power by firming its output and thereby increasing revenue. The WPP is interested in
finding the optimal size to maximize their long-term average profit. We propose a modeling
framework in which the wind power output of the plant and the market prices of eletricity are
modeled as a joint Markovian stochastic process. The ergodicity of the process is exploited
to reduce the expression of the infinite-horizon average profit to a low-dimensional function
that can be optimized numerically. Special attention is paid to the case where market prices
are constant, i.e. the WPP sells its power through forward contracts. A full solution of the
model is derived in that case, and a numerical implementation is presented to illustrate how
the model lends itself to performing sensitivity analyses.

The contributions of this chapter are: a stylized Markovian stochastic model for battery siz-
ing of colocated storage in WPPs; a solution method for the aforementioned model in the
case with constant prices via a bridge between a recent algorithm for numerically computing
limiting distributions in multiregime fluid queues; and initial results in characterizing the op-
timal control policy for BESSs for the case with variable prices, potentially providing a path
towards a usable implementation for that case as well. A substantial part of the results of this
chapter were published in [1].

• In Chapter 3, we consider a problem of stable and fair market design in Community Choice
Aggregation (CCA) settings. We adopt an existing cooperative game model from the liter-
ature to distribute the collective savings resulting from aggregation of demand in a group
of prosumers at the retail level, and make several major theoretical contributions to improve
it and complement it. First, we characterize a set of allocations of interest, which we call
uniform price stable allocations, and prove that they are guaranteed to exist. Moreover, we
propose a computationally scalable methodology, based on solving a pair of primal, dual Lin-
ear Programs (LPs), to find a uniform price stable allocation. Next, we illustrate that uniform
price allocations may not be unique and may not be equally preferred by a social planner. We
propose an optimization framework for selecting the most-preferred uniform price allocation.
Finally, we show that although a computationally efficient and scalable methodolgy for ex-
actly solving the optimization problem proposed is not available at the moment, satisfactory
and computationally tractable solutions can be obtained via sampling by bridging existing
results from the statistical learning literature. Most of the chapter is dedicated to studying the
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deterministic case, but a stochastic version that takes into account the uncertainty induced by
renewable sources and demand is also discussed.

The results of this chapter are under consideration for publication at the time of publishing
of this report. A part of the results of this chapter were presented in [2].
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2. A Markovian model for optimal sizing of colocated storage for wind
power production 1

Abstract

We propose a high-level stochastic steady-state model to analyze the value of co-located energy
storage systems for wind power producers that participate in an electricity market through forward
contracts and use storage to unlock access to capacity payments. In particular, we try to find optimal
storage and contract sizing, as well as stationary operating policies for profit maximization in the
long-run. We propose a stylized model calibrated to actual wind power production that allows us to
obtain limiting distributions of battery storage levels, assess the value of storage size and perform
a sensitivity analysis on key parameters such as contract prices, capacity payments and storage
efficiency. We develop the case with contracts of constant price, outline how this model can be
extended to a variable-price setting and discuss potential challenges in that avenue.

Acknowledgments

We are grateful to Professor Nail Akar of Bilkent University in Ankara, Turkey, for making us
aware of the improved method of [5] and for generously sharing his code implementation of it with
us, which we have used for obtaining the results presented here.

2.1 Introduction

The impending consequences of climate change have driven massive proliferation of Renewable
Energy Sources (RES) around the world. However, a key obstacle to large-scale integration of
RES in power systems is the short-term uncertainty and variability of their output. This poses both
technical challenges for the reliable operation of the power system and financial challenges for
investors in RES, since it is hard to guarantee a reliable income flow without RES incentives through
policies such as feed-in tariffs and mandatory contracting for retailers. Such policies however are
not sustainable and are being challenged due to their cost to consumers; many systems are now
moving toward imposing scheduling requirements and forward commitments on RES forcing them
to compete on a level playing field with other resources. The addition of BESSs to renewable power
plants can help mitigate their uncertainty and thus can help towards solving both the technical and
financial issues. While it is intuitive to understand how storage can mitigate uncertainty, sizing and

1A substantial part of the text that constitutes this chapter was published in IEEE Transactions in Energy Markets,
Policy and Regulation under the name “Data-Driven Sizing of Co-located Storage for Uncertain Renewable Energy”,
authored by Tomas Valencia Zuluaga and Shmuel S. Oren [1]. An early version of that manuscript was presented as
a conference paper at the 2022 IREP Conference in Banff, Canada. The conference paper was published in [3]. This
chapter has also been published in the doctoral thesis of Tomas Valencia Zuluaga [4]
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managing BESSs is not obvious.

Optimizing contracting and operation for intermittent power plants has been a very active research
topic in both theory and application. In [6], a theoretical analysis is performed for the case of a
wind farm that uses storage to optimize its bidding strategy on the day-ahead market in order to
minimize imbalance penalties. In this, and other works that study the behavior of WPPs in day-
ahead markets [7,8], it is observed that the optimal bidding strategy for WPPs takes the form of an
optimal fractile, as in the solution to the well-known Newsvendor problem. This highlights the fact
that the bidding problem of a WPP is a reverse newsvendor problem, where the uncertainty lies not
on the demand but on the supply side.

There are also numerous references that address the issue of optimal sizing and optimal manage-
ment of co-located energy storage. In [9], the infinite-horizon average cost of electricity purchases
is minimized by finding an optimal storage management policy and optimal storage size for a power
plant that serves a local demand and purchases any shortfall from the grid in presence of dynamic
pricing. The authors prove the optimality of a dual threshold policy , reminiscent of optimal (s,S)
policies for inventory control. In [10], the optimal size of a BESS is found for a grid-connected pho-
tovoltaic system that can purchase and sell energy from the grid under time-of-use pricing, and the
convexity of profit in storage size is shown. In [11], the value of co-located storage is analyzed for
the case of the UK market as subsidies are phased out by comparing different contracting schemes
with help of a model using stochastic differential equations describing wind power production and
prices.

The application of high-scale, steady state models, such as fluid queues, to energy storage remains
relatively rare. Fluid queue models provide a method to characterize steady-state behavior of a
fluid container whose intake/outlet operates stochastically under certain conditions, without need
for Monte Carlo simulations, which is relevant for long-term decisions such as sizing said container,
as we do in this work. Limiting distributions for fluid queue models have been most commonly used
in high-speed communication networks, but also for manufacturing [12], and energy systems, with
early applications in hydro dam management models [13]. In an approach qualitatively similar to
ours, in [14], a two-state Markov-Modulated Fluid Queue (MMFQ) is used for optimizing the size
and management policy of the US national strategic petroleum reserve.

There are also more recent applications of fluid queue models to renewable power plants with
BESSs. In [15], a model-predictive control algorithm is proposed for optimally sizing and manag-
ing storage, and the MMFQ framework is used to analyze the reliability performance of the method.
In [16], the authors consider a case in which there is no control over the charge/discharge rate (akin
to a balancing policy), and use MMFQs to find an asymptotic relation between the battery size and
the loss of load probability for a given grid configuration, so that the problem of finding the optimal
size of storage to hit a target loss-of-load probability can be solved. Unlike in these cases, here we
use the MMFQ framework in the objective function of our optimization model directly.

While short term operation of co-located storage can be optimized using dynamic programming
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techniques and accounting for current information on state of charge, wind forecast and prices,
the optimal sizing of the co-located storage is based on long run average behavior of the produc-
tion/storage system under an optimized stationary policy. For this purpose we employ a method
based on the spectral analysis for characterizing limiting distributions of n-dimensional MMFQs
described in [12, 17]. This is a numerically challenging problem for which algorithms with proven
numerical stability have been developed [18, 19], but with the limitation of having a single state
with negative drift, too restrictive for our setting. In [20], an algorithm is proposed for calculat-
ing limiting distributions of MMFQs without solving any eigenvalue problems, and was improved
and extended to also handle multi-regime fluid queues in [5], which we use in our approach. The
method employed there makes no assumptions regarding the structure of the fluid queue, which is
a key feature for general application models like ours.

In this chapter, we use limiting distributions directly to obtain simple expressions of long-run profits
of the system, suitable for use in a sensitivity analysis. In particular, we are interested in investi-
gating the effect of some key parameters such as available contract prices on the financial outcome
of the project, the optimal storage size and the optimal contract size of a wind power plant trying
to maximize its profit. This simple model would be of interest to a wind power plant operator and
project developer for early-stage project feasibility analysis. It could also be of interest for policy
designers, to evaluate the financial viability of storage projects for wind power plants with and
without special incentives.

There are several examples of modeling wind speed and wind power output as a Markov chain
in the literature, with applications in simulation of wind data series [21–23] but also in long-run
analysis [15, 16]. It has been found that performing a max likelihood parameter estimation can
result in a very good approximation of the limiting distribution, but that a key metric to obtain a
more accurate model is the autocorrelation [24]. In [24], in the context of co-located storage sizing
for robust operation of microgrids, it is found that Markovian models with an autocorrelation that
poorly reflects that of the original data series can lead to underestimation of necessary storage by as
much as 50%. Autocorrelation performance can be improved by increasing the order of the Markov
chain, but this increases the size of the state space exponentially, so that only chains of second or
third order are of practical relevance. In [25], a rolling-average method is proposed to obtain higher
autocorrelation performance in the lower range (0-6h) without increasing the size of the state space.
More recently, authors have proposed non-homogeneous Markov chains [23,26] to more accurately
reproduce the autocorrelation of real data series, with much better results replicating the daily
behavior of wind (i.e. the autocorrelation around integer multiples of 24h). These results can also
be leveraged to capture seasonal changes of longer duration in the wind distribution. The expected
range of optimal storage sizes should also inform the decision of how much autocorrelation needs
to be captured by the model. If these sizes lie in the 0-6 hour range, capturing daily autocorrelation
is less crucial than if storage is expected to be in the 24h+ range.

We could find no references in the literature of modelling wind power production and electric-
ity prices as a joint Markov chain as our general framework proposes, but the discussion above
provides what we deem sufficient justification for our modelling of wind power output as such a
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process in the constant prices case that is addressed in this chapter, as supported by the empiri-
cal results shown in Section 2.4.1. We do not claim that a Markovian assumption is appropriate
to find the actual day-to-day operating policy of a wind power plant with co-located storage. As
mentioned above, dynamic programming approaches (possibly with reinforcement learning) that
utilize updated status and forecasts are best-suited for those purposes (see e.g. [15]). However, for
investment planning, a simpler, higher-level representation is not only appropriate but necessary
to get a tractable and thus useful model. This is not in essence different from other commonly
performed simplifications, just as unrealistic but widely accepted, like using linear regressions to
represent complex socio-economic dynamics in the context of capacity expansion. We leave a more
thorough discussion of the variable-price case for future work in which that version of this model
is developed.

The remainder of this chapter is organized as follows. Section 2.2 describes the setting for our
problem. In Section 2.3, we present in detail our optimization model, as well as the solution
algorithm. Results are presented and discussed in Section 2.4. Section 2.5 presents an exploration
of the path to obtain a full solution in the case of long-term contracts with variable prices (supply
functions). Finally, we conclude and discuss possible next steps for the development of this model
in Section 2.6.

2.2 Problem setting

We consider the case of a WPP that participates in the wholesale electricity market and has access
to a long-term forward market. The WPP is also evaluating the construction of a collocated BESS,
which will be used to mitigate imbalance costs. In our setting, the wind farm operator needs to
answer two main questions: how much storage should be installed and how much energy should be
sold in a long-term contract. To answer these questions, it is also relevant to determine a stationary
management (charge/discharge) policy for the BESS. Further aspects of our setting are described
in more detail in the paragraphs below.

We consider that the WPP is a price-taker in the long-term forward market, where it has access to
three contracts:

1. A long-term fixed quantity contract, where it can choose how much to sell for a fixed price
in every period of the wholesale electricity market.

2. A pay-as-demanded forward contract, which can be used to cover any shortfall in generation
with respect to the commitment in contract 1.

3. A pay-as-produced forward contract, which can be used to sell any excess generation with
respect to the commitment in contract 1.

In order to avoid arbitrage opportunities, which cannot exist in efficient markets in the steady-state
case considered here, contract 2 must have a higher price than contract 1 and contract 3 must have
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a lower price than contract 1.

In this setting, the WPP commits to delivering any quantity up to its capacity before the actual
output, over which he has no control, is known. An imbalance penalty is paid for the difference
between the energy commitment and the actual energy delivered. The case studied here is the
special case where the commitment is the same for all periods, the imbalance penalty for shortfall
is non-negative and constant, and the imbalance penalty for surplus is non-positive (i.e. it is a
reward, not a penalty) and constant.

To mitigate the imbalance cost, the wind power producer can charge/discharge the BESS, so that
the net output of the plant, i.e. that perceived by the market is the combined production of the wind
farm and the BESS. Having a co-located BESS will have the effect of firming the WPP’s energy
output, thus giving it access to the capacity market. We also include this source of income in our
model, by considering that the WPP is a price taker in the capacity market and is remunerated
for the capacity committed in contract 1, derated by the long-run probability of not honoring that
contract.

The scope of our work is a high-level analysis that could be of interest for early-stage project
developers or policy makers. We are interested in looking at infinite-horizon average profits by
considering the steady-state behavior of the model proposed and performing sensitivity analyses on
a number of key parameters. To be consistent with this approach, we do not consider the possibility
of using storage for arbitrage, since planned use of capacity for opportunistic arbitrage would not
be profitable in the long run if the market is efficient.

Admittedly, this is a limited representation of real electricity markets, where producers can and
do participate simultaneously in different ways: short-term arbitrage, ancillary services, and a se-
quence of medium-term forward contracts to name a few. However, in the long-run efficient equi-
librium, a long-term contract price will adjust so that participation through the scheme modeled
here will be equivalent to the other forms available to the WPP. In essence we invoke here a no
arbitrage principle, which should hold in a long run equilibrium, implying financial equivalence
of any market participation mode of a fully utilized production/storage facility. This equivalence
enables us to choose the most convenient market participation mode for the purpose of our analysis
even if in reality the resulting production/storage facility will participate in the market differently.
Hence, there are two direct interpretations of the assumptions used in our model: the forward
contract is assumed to always renew at maturity with identical conditions, or, alternatively, it is a
long-term forward contract with a price that makes the contract equivalent to a sequence of con-
tracts with shorter maturities or any other form of efficient market participation (that does not leave
money on the table).

This raises the question of whether the results obtained by the model presented here are applicable
to actual market participants who may not have a long-term contract but rather sequence of forward
contracts with shorter maturity and possibly changing prices and quantities. The possible changes
in future forward prices can be accounted for through sensitivity analyses on the price of the con-
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tract, that our method allows. We are also assuming that efficient utilization of a production/storage
facility under a long term contract involves capturing of capacity payments, if available, which is
consistent with commitment not changing significantly across subsequent forward contracts. For
WPPs that participate through a more varied combination of market mechanisms (arbitrage, bal-
ancing, etc.), it is more of an open question whether this model will be directly applicable, although
this model will still be of interest.

Our approach suggests the assumption of existence of a long-run equilibrium in the forward market,
which depends on many factors that are not considered in our model, such as long-run demand
behavior and a stabilization of the cost of new capacity (which in the case of storage, for instance,
is actually expected to continue declining for some years [27]). We do not make any such strong
assumptions. While such an equilibrium may be far from being reached, this model is a high-level
analysis for which this coarse approximation of reality is sufficient.

Finally, we do not specify any particular battery technology. We include in our analysis the issues
of charge/discharge conversion efficiency and energy dissipation. However, we do not include the
degradation of the battery because of usage and aging in our model. It has been found that this
can be an important characteristic to take into account in sizing studies [11], so this could be an
interesting feature to add to future versions of our model. In our closing remarks in Section 2.6.1
we discuss how considering this issue could affect our model and outline how this feature could be
included in an extension, but otherwise consider this topic out of the scope of this project.

2.3 Mathematical Model

2.3.1 Description of the model

To emphasize the flexibility of our model and lay the groundwork for a future extension, we de-
scribe first the model of a forward contract that allows variable prices, and then focus on the special
case addressed in this chapter.

The energy market

We consider a market in which the WPP is a price taker, so it commits to produce an amount qt (in
MWh) during market period t at a price pt (in $/MWh), which is known at the time the commitment
is made. During period t, the actual wind power output of the farm is wt (in MWh), while rt is the
amount energy injected into the BESS (rt < 0 if the energy is extracted), so that the net output of
the plant is wt − rt . The imbalance is yt = qt − (wt − rt) and the imbalance penalty charged to the
WPP is Ξt = Ξ(yt , pt). We assume Ξ(·) to be a known, deterministic, time-invariant function of the
imbalance and the energy price. The profit Πt at period t is thus given by (2.1).

Πt = ptqt−Ξ(yt , pt) (2.1)

For the case with constant prices, pt is constant and Ξ(·) is defined by (2.2). Note that the negative
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sign in front of κ ′ implies that the WPP is not penalized for excess injection, but, on the contrary,
sells it on the forward market. To avoid arbitrage opportunities, with κ ′,κ ≥ 0, we must have κ ′< 1
and κ > 1.

Ξ(yt , pt) =

{
Ξ+(yt , pt) =−κ ′ptyt if yt ≥ 0
Ξ−(yt , pt) = κ ptyt if yt < 0

. (2.2)

The capacity market

The WPP is also assumed to be a price taker in the capacity market. We define here capacity
payments for the case with constant prices, i.e. qt = q, and note that this definition would need
to be extended to handle variable prices. The WPP is remunerated periodically (for simplicity,
we assume hourly) for the capacity committed for sale in forward contracts at a price pcap (in
$/(MW·h)). This committed capacity is derated by the historic probability of not honoring the
contract, which in our model corresponds to the steady-state probability of being in shortfall. The
capacity payment Πcap is thus given by (2.3)

Π
cap = pcap ·q

(
1− lim

t→∞
P(yt < 0)

)
(2.3)

The BESS

Let ρc and ρd be the conversion efficiencies of charge and discharge respectively. Thus, the round-
trip efficiency is ρ = ρcρd . The quantity rt is measured from the exterior of the BESS, so the energy
effectively injected to the battery is ρcrt (for rt > 0) and the energy effectively extracted from the
battery is −rt/ρd (for rt < 0).

The capacity (size) of the battery is b (in MWh) and its power inversion capacity, i.e. the maximum
rate at which energy can be charged to or discharged from the battery, is g (in MW). For simplicity,
we assume the limit is the same for charging and discharging, but the method can easily be extended
to consider the asymmetric case. In order to determine an optimal size, we need to model the cost
of installing and operating the battery. We break it down into a cost for storage capacity and a
cost for inversion capacity. Both are expressed as linear, amortized costs and are denoted by cs in
$/(MWh·h) and cp in $/(MW·h) respectively. By doing this, we assume that the battery is replaced
at the end of its lifetime with the same capacity and at the same cost.

An important factor in BESSs is energy dissipation, i.e. the proportion of energy stored in the
BESS that is spontaneously lost without any charging or discharging performed. This is usually
expressed as a fraction η of stored energy per unit time, which is the representation adopted in our
model, with some limitations described in section 2.3.2.
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Objective

In the previous paragraphs, we have referred to t as a period for ease of exposition, given its
similarity with standard electricity markets. However, we propose here a continuous-time model,
so t actually, and in all instances in the remainder of this document, refers to an instant, and,
consequently, the quantities qt ,wt ,rt represent power levels at time t (in MW). Note that the price
pt is indeed in $/MWh, so that our profit Πt is an instantaneous profit rate at time t, in $/h.

We are interested in the long-run average profit Π, as defined in (2.4). The expectation is taken
with respect to the stochastic process of interest here, (wt , pt), as described next.

Π = lim
T→∞

E
[

1
T

∫ T

0
(Πt +Π

cap)dt
]
− csb− cpg

= Π
cap + lim

T→∞
E
[

1
T

∫ T

0
Πtdt

]
− csb− cpg (2.4)

Sources of uncertainty

We consider two sources of uncertainty in our model: wind power output and energy prices. This is
done by considering (wt , pt) as a joint continuous-time stochastic process. In particular, we model
it as a Continuous-Time Markov Chain (CTMC) with a discrete state space S = W ×P , with W
and P being the discrete state spaces of wt and pt respectively. This stylized model allows for a
convenient formulation of limiting distributions, as described in the next subsection.

Optimization model

Putting the previous pieces together, we are interested in solving the infinite-horizon average profit
optimization problem in (2.5).

max
qt ,rt ,b,g

Π

s.t. b,g≥ 0,
qt ∈ [0,W ] ∀t,
qt ,rt ,b ∈ R ∀t

(2.5)

W is the plant capacity (in MW). Furthermore, we intend here to model an electricity market, so
we will restrict our analysis to stationary policies where the bid is a function of the price, i.e.
qt = q(pt). We can also write this as qt = qs when pt = ps, for s ∈S .

Finally, we will also be interested in stationary charge-discharge policies rt = r(wt ,qt , pt), which
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we write rt = r(wt ,qt , pt) = rs when (wt ,qt , pt) = (ws,qs, ps). We must note, however, that this
definition must be overriden if the storage is empty or full as summarized below.

rs > 0 & storage full ⇒ rt = 0
rs < 0 & storage empty ⇒ rt = 0

In this chapter, we focus on cases where strategic storage of wind-generated energy is not attractive
because prices and imbalance penalties are constant in time. For this case, it is known that the
optimal (cost-minimizing) policy is a balancing policy, i.e. rs = ws−qs [7, 9]. It is not hard to see
that this is still true in the presence of capacity payments, since any deviation will only increase the
amount by which the committed capacity is derated and hence reduce capacity payments. Coupling
this policy with the finite power inversion capacity gives (2.6).

rs = max(min(ws−qs,g) ,−g) (2.6)

2.3.2 Steady-state analysis

By the ergodicity of CTMCs, and since we are restricting our analysis to stationary policies, we can
express the long-run average profit of (2.4) in terms of limiting distributions as in (2.7). In words,
the long-run average profit is the sum over all states of the income minus the imbalance penalty,
for which there are two cases: if storage is available, the policy can be followed; if storage is not
available (empty or full), the policy must be overriden.

Π =Π
cap + ∑

s∈S

(
psqs

π
s−ψ

s
Ξ

s(qs−ws)

− (πs−ψ
s)Ξs(qs + rs−ws)

)
− csb− cpg

=Π
cap + ∑

s∈S

(
psqs

π
s−ψ

s
κ ps(qs−ws)+

+ψ
s
κ
′ps(ws−qs)+− (πs−ψ

s)κ ps(qs + rs−ws)+

+(πs−ψ
s)κ ′ps(ws−qs− rs)+

)
− csb− cpg (2.7)

, where rs is given by (2.6), π = (πs)s∈S is the limiting distribution of the CTMC (wt , pt) and
ψ = (ψs)s∈S is the long-run probability of storage unavailability (empty or full). The second
equality is obtained by plugging in the definition of the imbalance in (2.2).

We present first the case with uncapacitated power conversion (cp = 0 so that g can be made as large
as necessary to make rs =ws−qs); the capacitated case is presented at the end of this section. In this
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uncapacitated case, since the optimal charge/discharge policy is balancing the output, qs+rs−ws =
0 whenever storage is available, so that we can simplify (2.7) and obtain (2.8).

Π =Π
cap + ∑

s∈S

(
psqs

π
s−ψ

s
κ ps(qs−ws)+

+ψ
s
κ
′ps(ws−qs)+

)
− csb (2.8)

π can be easily determined from the generator of the CTMC (wt , pt). The long-run probability of
unavailable storage ψ can be determined from some results of fluid queue theory, as shown next.

Limiting distribution

Our model corresponds to the model of a Markov-modulated fluid queue with finite buffer. A char-
acterization of the long-run distribution of this process can be obtained through spectral analysis,
which we overview next. This is based on the presentation in [17], with more details of the proofs
available in [12]. For ease of exposition, in the following overview we omit the efficiency factor ρ .

Define r = [rs]s∈S , a vector with the discrete values taken by rt , D = diag(r), a diagonal matrix
with r in its diagonal. In the field of fluid queues, r is called the drift vector. We assume for now
that rs ̸= 0∀s∈S . The special case with rs = 0 is considered at the end. Let Q be the infinitessimal
generator matrix of the CTMC and F the limiting distribution of the level state of the battery, i.e.:
F(x,s) = limt→∞P

(
Xt ≤ x,(wt , pt) = s

)
, F(x) = [F(x,s)]s∈S . Then, it can be shown [17] that F

satisfies the differential equation
dF
dx

D = FQ (2.9)

with boundary conditions

F(0,s) = 0 if rs > 0
F(b,s) = π

s if rs < 0

A spectral solution to these equations can be obtained introducing generalized eigenvalues λ and
eigenvectors u, so that λuD = uQ. The general solution to (2.9) takes then the form

F(x) =
|S |

∑
i=1

ai exp(λix)ui

, where the values of coefficients ai can be found by solving a linear system from the boundary
conditions. For brevity in later use, we denote ψs

0 = F(0,s), ψs
f = F(b,s) and ψs = ψs

0 +ψs
f .
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In this manner, the long-run probability of unavailable storage can be calculated as a function of r
and b. Note, however, that the method requires solving a generalized eigenvalue problem, which
has three implications of importance for our work. First, we cannot obtain a closed-form expression
of ψ0 or ψ f in terms of b and r, so that numerical calculating approaches are necessary. Secondly,
this function is not convex in general, which makes our optimization problem possibly non-convex
as well. Finally, the linear system posed by the boundary conditions can be very ill-conditioned
because of the presence of both very large and very small eigenvalues, which is a major challenge
for the method. We address this in more detail in the description of the algorithm.

Cases with zero drift

If rs = 0 for some state s ∈ S , then F(x,s) can be expressed as a linear combination of F(x,z)
for states z : rz ̸= 0. Thus, for these cases, the method described above is performed on a reduced
system that includes only states {z : rz ̸= 0}. Then those values are used to find the distribution for
the null states. Details are omitted here, but can be found in the appendix of [19] or in [5].

Dissipation

We next address the issue of modelling dissipation. As mentioned before, it is standard to consider
that energy dissipates from the battery at a rate that is a fix multiple of the current storage level.
This would mean that an additional term should be included in the drift vector: rt = rs−ηxt , where
xt is the current storage level in the battery (in MWh), and η is the proportion of energy stored lost
per unit time (here, per hour). The addition of this term makes the drift dependent on the storage
level, so that the spectral analysis performed earlier would no longer be valid.

A way to handle this within the framework of fluid queues is through multi-regime fluid queues.
The key idea here is that the battery capacity is divided in bins (discretized), with drifts allowed
to variate across different bins, but being level-independent within each bin. Introducing some
notation, this can be expressed as in (2.10). Then, a system of ordinary differential equations like in
(2.9) can be formulated for each bin, with additional boundary conditions for inter-bin boundaries.

rt = r(wt ,qt , pt ,xt)

= rs, j for (wt ,qt , pt) = (ws,qs, ps), b j−1 ≤ xt < b j (2.10)

, where the BESS is divided into J bins with boundaries 0 = b0 < b1 < · · · < bJ−1 < bJ = b.
Note that this significantly increases the dimension of the eigenvalue problem, so that having a
numerically stable method to find the limiting distribution becomes paramount for the success of
this method. For brevity, we don’t describe this modification of the approach in further detail and
point the interested reader to [17] or [5].

The introduction of η > 0 could affect the optimality of the balancing policy. Indeed, for suffi-
ciently large η , it could be more profitable to sell surplus energy immediately than to store it and
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have a large proportion of that lost to dissipation. To simplify our analysis, we make the following
restriction: we make a sensitivity analysis on η with κ ′ = 0 and a sensitivity analysis on κ ′ with
η = 0, so that the balance policy is optimal for all these situations.

2.3.3 Units

In the previous paragraphs, we defined all quantities in their appropriate physical units. However,
it is more convenient and illustrative for the purposes of this work to express them in per unit of
power plant capacity and storage capacity, by introducing:

w = w̃W q = q̃W b = b̃W
g = g̃W r = r̃b cs = c̃s pmax

p = p̃pmax pcap = p̃cap pmax cp = c̃p pmax

, with pmax = maxP , so that w̃, q̃, p̃, g̃ ∈ [0,1], b̃ is in hours of storage of full plant capacity, and r̃
is in units of [p.u. of b]/h, which is interpreted as the number of times that the total storage would
be charged starting from an empty state in one hour at full plant capacity. Equation (2.8) becomes:

Π

pmaxW
=

Πcap

pmaxW
+ ∑

s∈S

(
p̃sq̃s

π
s−ψ

s
κ p̃s(q̃s− w̃s)++ψ

s
κ
′ p̃s(w̃s− q̃s)+

)
− c̃sb̃ (2.11)

It is not hard to check that this change of units does not affect the spectral decomposition and
hence the values of ψ. In this chapter we are interested in the case where the price is constant, i.e.
|P|= 1, ps = pmax ∀s ∈S and hence p̃s = 1 for all s. Finally, for readability and ease of notation,
the tildes will be omitted in the remainder of this chapter, but we will always refer to values in per
unit.

With these unit changes and simplifications, the optimization model (2.5) for the uncapacitated
case with constant prices is written as in (2.12).

max
q,b

∑
s∈S

(
qπ

s−ψ
s
κ(q−ws)++ψ

s
κ
′(ws−q)+

)
+ pcapq

(
1− ∑

s∈S
ψ

s
0

)
− csb

s.t. b≥ 0,
q ∈ [0,1]

(2.12)
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2.3.4 Solution algorithm

There are two challenges in finding the optimal solution to problem (2.12). The first difficulty
lies in evaluating the objective function. The spectral method described in Section 2.3.2 requires
solving a linear system with coefficients that stem from both very large and very small exponential
terms, which makes the system very ill-conditioned and the method numerically unstable.

This was overcome thanks to the algorithm proposed by [5], which uses a stable matrix decompo-
sition to obtain the limiting distribution of fluid queues without explicitly finding eigenvalues or
relying on exponentially growing terms and results on enhanced numerical stability. This method
allows multi-regime fluid queues like the one in our model when considering non-zero dissipation
and does not require any special structure in generator or drift.

The second difficulty is that we have a non-linear, possibly non-convex objective function, so that
using a gradient descent algorithm does not provide a guarantee of global optimality. For the
scenario with constant prices, our search space only has a dimension of 2; it is thus reasonable to
start exploring the search space by means of a grid, to then use the best candidate as starting point
for a finite-difference descent algorithm, which is the algorithm that was implemented in our tests.

2.3.5 Capacitated power conversion

We finally address the case with capacitated power conversion. In the capacitated case with sym-
metric capacities, rs = max(min(ws−qs,g) ,−g), so qs+rs−ws is not always 0 and (2.8) does not
hold in general. We must therefore use the expression for Π given by (2.7). The computation of ψ
is only affected by this change to the extent that the entries in r change, but the method itself is still
valid, so the only consequence of this capacitation is having two more terms in the objective func-
tion and one extra decision variable, as well as changing the expression of the capacity payments,
which would be now given by (2.13). We can, however, show with help of Theorem 1 that these
changes do not make the optimization significantly more difficult.

Π
cap = pcapq ∑

s∈S :ws−rs−q≥0
(πs−ψ

s
0) (2.13)

Theorem 1. Let (q∗,b∗,g∗) be an optimal solution to optimization problem (2.5). If cp > 0, then
g∗ =

∣∣ws∗−qs∗
∣∣ for some s∗ ∈S or g∗ < mins |ws−qs|.

Proof. If g∗ ≤ mins |ws−qs|, the statement clearly holds, so we only need to prove that if g∗ >
mins |ws−qs|, then g∗ =

∣∣ws∗−qs∗
∣∣ for some s∗ ∈S . We prove by contradiction.

Suppose g∗ > mins |ws−qs| but the statement does not hold. To create our contradiction, let s̃ ∈
argmaxs {|ws−qs| : |ws−qs|< g∗} and let g̃ =

∣∣ws̃−qs̃
∣∣. We want to show that the point (q∗,b∗, g̃)

achieves a higher profit than (q∗,b∗,g∗), which would contradict its optimality. First, note that by
construction of g̃, for any s ∈S , max(min(ws−qs, g̃) ,−g̃) = max(min(ws−qs,g∗) ,−g∗). This
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implies that the charge/discharge vectors in both cases are identical: r(q∗,b∗, g̃) = r(q∗,b∗,g∗).
Since ψ is a function of b and the drift vector, ψ(b∗, r̃) = ψ(b∗,r∗). Thus, the terms inside the
summation in (2.7) are identical for Π(q∗,b∗,g∗) and Π(q∗,b∗, g̃). And hence, Π(q∗,b∗,g∗)−
Π(q∗,b∗, g̃) = cp (g̃−g∗)< 0, which concludes the proof.

The takeaway from Theorem 1 is that we do not need to consider the entire feasible set spanned by
g when optimizing (2.5), as only a handful candidate solutions need to be tried. We can thus define
Π as in (2.14), and optimize for Π over q and b only.

Π(q,b) = max
s∈S
{(2.6) : g = |ws−qs|} (2.14)

For the case with constant prices, this takes the form of (2.15).

max
q,b

Π(q,b)

s.t. b≥ 0,
q ∈ [0,1]

(2.15)

To close this section, we make two comments about this method. First, each evaluation of Π

requires |S | calls to the routine that calculates ψ. Thanks to the algorithm in [5], this routine is
very efficient, so this calls are not very costly computationally. They can also be easily parallelized
if several cores are available. Moreover, for the case with constant prices, S is the discretized state
space of wind power outputs, which we expect would have a cardinality in the order of tens in most
applications [25], keeping the computational cost of each evaluation of Π manageable. Finally, our
tests suggest that when sorting |ws−qs| in ascending order, expression (2.7) is concave in g. If this
can be verified, it can further reduce the number of calls necessary to evaluate Π, which could be
of value in extensions to variable prices, where |S | may be larger.

And secondly, we note that the method outlined above only finds an optimal solution to (2.5)
if the condition in Theorem 1 holds, i.e. if g∗ ≥ mins |ws− qs|. We make two observations to
argue, omitting some mathematical details, that this would not be an issue in practical applications.
Suppose the condition is not true. Then, the optimal solution has g∗ < mins |ws−qs|, which implies
rs = −g if ws−qs < 0 and rs = g if ws−qs > 0. Note also that g∗ is upper-bounded by the mesh
size of W , so it is a relatively small value. This in turn implies that qs−ws and qs + rs−ws are
close to each other, which can also be said of the penalties Ξ(qs−ws) and Ξ(qs + rs−ws). The
summation term in (2.7) for this point would therefore be similar to that of the no-storage case.
Since the case with storage must also take into account the cost terms, this can only be possible if
both b∗ and g∗ are quite small. In other words, our method may fail to find the optimal solution in a
case where the optimal solution would be to build a storage of positive, but very small size in both
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Table 2.1: Reference values for sensitivity analyses

Parameter Value Parameter Value Parameter Value
κ 1.35 cs 0.005 η 0
κ ′ 0 cp 5E-4 ρd 0.95
pcap 0 ρc 0.95

energy capacity and power conversion capacity. Such a case can be constructed, but would not be
of practical interest.

2.4 Results and discussion

2.4.1 Model data estimation

Wind model

To obtain the values of the generator matrix that defines the CTMC, the methodology outlined
in [25] is followed. The methodology consists in first passing the wind power output through
an averaging window of one hour, then discretizing the output with N = 15 levels, and finally
performing a max-likelihood estimation on the resulting data sequence, i.e. finding the transition
probabilities from counting transitions in the sequence. The number of states chosen is identified
in [25] as a level of resolution that captures well the autocorrelation of the wind power series used
as data source without the need for introducing a second-order Markov model. As in [15], the wind
data available in [28] was used.

Reference parameters

We perform sensitivity analyses on the other model parameters. Reference values are given in Table
2.1. We comment on the choice of the reference cost of storage in the following paragraphs.

Empirical validation

To provide an empirical reference for comparison with our model, we use the same data series to
solve the ex-post sizing and contracting optimization problem (2.16).

max
q,b,g

h(q,b,g)

s.t. b,g≥ 0,
q ∈ [0,1]

(2.16)

, where h(q,b,g) is a function that computes the ex-post average profit over the time available in
the data series for contract quantity q and storage size b. The value of function g can be computed
easily using the fact that the the balancing policy is known to be optimal.
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The results of the model (2.12) and (2.16) are shown in Figure 2.1 and discussed below. In terms of
model validation, it is worth mentioning that there is a good level of agreement between the curves
given by the model and the empirical ex-post best. An interesting continuation of this work would
be to perform a similar analysis using a non-homogeneous Markov chain to model the wind power
output as in [23, 26].

2.4.2 Value of storage

As a first step before doing sensitivity analyses, we are interested in observing the value of storage
for the WPP in the setting described. To do this, we fix b and g at different values and solve
(2.12) and (2.16) for q only to find the optimal commitment and corresponding profit. The profit
is compared to the profit that would be obtained from a feed-in-tariff contract with the same price.
For the case without capacity payments, this profit is an upper-bound reference for comparison.

We can make four important observations from the results in Figure 2.1. First, without capacity
payments, as expected, even with unlimited storage, recovering feed-in-tariff profits is not possible,
which is explained by efficiency losses in storage discharge. If there is access to capacity payments,
the additional profits are higher, but the overall shape of the value curve remains unchanged. Sec-
ondly, we note that the optimal bidding function does not have the form of an optimal fractile of
wind power production here. Observe that since the support W is discrete, such a function would
be step-shaped, while our optimal curve is not.

Third, in line with the results of other authors under different structural assumptions [7,9], the value
of storage in the reference case studied has diminishing marginal profit. This allows identifying two
quantities of interest. First, the marginal profit at b = 0 gives the critical amortized cost of storage:
if storage costs more than this quantity, it is not worth having co-located storage. The second
quantity is the optimal size; for an amortized cost of storage cs, the optimal size of storage is the
quantity for which the marginal profit is equal to cs. These results justify our choice of a descent
algorithm to find the optimal storage size. These observations also seem to hold for the value of
power conversion.

Finally, as anticipated, expected imbalances are reduced as storage sizes grows without limit. It
is worth observing, however, that positive imbalances increase for the lowest range of storage
sizes. This can be explained by the fact that in our model for the given reference values, the
optimal contracting strategy in absence of storage is to commit the entire capacity of the plant,
which eliminates positive imbalances. As storage drives the optimal commitment down, positive
imbalances appear. With enough storage, these imbalances are then brought down too.

For the reference case shown in Fig. 2.1, the critical cost is found at co = 0.0193, which for a
reference price of energy of 60$/MWh, corresponds to an amortized cost of 10.14$/kWh-yr. Note
that this is a whole order of magnitude below the reference cost of 100$/kWh-yr for 2020 [29],
meaning that under this setting and the reference values used, installing co-located storage is not
profitable. Access to capacity payments does not seem to significantly change this conclusion (Fig.
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Figure 2.1: Plots of value of storage obtained solving the contract size problem for fixed storage capacity.
Top-left: Long-run average profit in excess of no-storage profit for different storage sizes. The feed-in-
tariff benchmark (red) is equal to the average output of the power plant (because price is normalized to 1).
Top-center: Optimal energy commitment for different storage sizes compared to no-storage and average
plant output benchmarks. Top-right: Expected positive and negative imbalance for different storage sizes.
Bottom-left: Long-run average profit in excess of no-storage profit for different power inversion capacities.
Bottom-left: Long-run average profit in excess of no-storage profit for different power inversion capacities.
Feed-in-tariff benchmark in red. Bottom-center: Optimal energy commitment for different power inversion
capacities compared to no-storage and average plant output benchmarks. Bottom-right: Critical storage cost
for different values of shortfall penalty factor and capacity payment. Critical storage cost is the slope of the
profit curve vs. storage size at b = 0.

2.1, bottom-right). Even taking into account that the cost of storage is declining rapidly, a tenfold
reduction is beyond what we should expect to see in the near future. So according to these results,
a different setting would need to be in place for co-located storage to be attractive.

In fact, in our setting, the WPP is not sufficiently exposed to uncertainty to justify paying for
expensive storage. Indeed, the WPP is already covered against prices higher than κ p by the pay-
as-demanded forward contract, so that further risk hedging via storage is only modestly attractive.
In Fig. 2.1 (bottom-right), we see that as the coverage cap κ is increased and the WPP is exposed
to higher penalties, the critical cost co at which it is willing to invest in storage also rises. However,
the pay-as-demanded forward contract would need to be available at a premium of several times
the WPP’s normal selling price to get anywhere near the actual current critical cost.

Figure 2.2 depicts the value of storage considering non-zero energy dissipation η . Two observa-
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Figure 2.2: Value of storage and optimal contract size for η = 0.2%/h with multi-regime fluid queue model,
for different number of regimes |J|. Left: Long-run average profit in excess of no-storage profit for different
storage sizes. Right: Optimal commitment for different storage sizes compared to no-storage and average
plant output benchmarks.

tions are worth highlighting here. First, considering a non-zero value of losses to dissipation has an
important effect of reducing the value of storage. For a reference value of η = 0.2%/h, this reduc-
tion can be as high as 50%. This shows the importance of considering this effect when evaluating
collocated storage. Results suggest that the overall shape of the value curve remains unchanged, i.e.
we have decreasing marginal value of storage, with an upper bound being met asymptotically for
very large values of storage. This asymptotic behavior can only be observed when the refinement
of the discretization of storage is increased.

The second set of observations has to do with the limitations of the model used here and the effect
of the granularity of the discretization of storage levels when considering dissipation. For very large
values of storage, the model assumption of considering dissipation level-independent within each
bin is too coarse and leads to artificial reductions in the value of storage. As expected, this effect is
mitigated by increasing the number of bins in the discretization (at the cost of more computational
burden).

For values of storage in the order of less than ten hours, it seems like a level-independent model is
sufficiently accurate. For storage in the order of 10 to 100 hours, it seems necessary to include a
multi-regime formulation with at least 10 to 20 bins to accurately model the value of storage. This
implies a state space with size in the hundreds of states, which highlights the importance of having
a numerically stable algorithm in this state range.

2.4.3 Sensitivity analyses

The main scope of the model proposed here is performing sensitivity analyses at a high level, such
as during a project feasibility study or for policy evaluation. In this section, we show the results of
some of these analyses. Despite the previous discussion regarding current costs, sensitivity analyses
to changes in some key parameters are of interest, since they provide understanding regarding the
interplay between some key quantities.
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We are interested in observing the behavior of the model as key parameters are modified. The
current cost of storage, cs ≈ 0.2 is above the critical cost for the reference case, so the optimal size
would be 0, and the behavior of the results to changes in other parameters would be hidden. To
avoid this, we take a reference storage cost of cs = 0.005. Although unrealistically low, it allows
observing the behavior of the optimal size as some parameters of interest change. Sensitivity curves
are shown in Figure 2.6 and are commented in the following paragraphs.

Forward contract prices

The sensitivity to changes in shortfall penalty is aligned with intuition: larger storage becomes more
attractive as the penalty for energy shortfall grows, i.e. as the exposure to high penalties increases.
On the other hand, the change with respect to the price of the pay-as-generated forward contract
shows a more interesting dynamic. As κ ′ is raised and the value of surplus energy increases, it
becomes less undesirable to have excess energy, so that the optimal commitment q decreases. This
leaves room for increasing the optimal storage size, as more energy is available for accumulation.
After a certain point, however, the price of the pay-as-generated contract is so close to the price of
the long-term fixed contract that the latter becomes less attractive, so that the commitment drops.
With a very low commitment in the long-term contract, the motivation for investing in storage also
disappears progressively, leading to a smaller optimal storage size.

Capacity payments

Access to capacity payments provides an important incentive for storage deployment, for both
storage and powe¡r inversion capacities.

Efficiency and dissipation

The behavior when the round-trip efficiency and dissipation vary is in line with our expectation.
As the system becomes more inefficient, storage becomes less attractive. For discharge efficiency
parameter ρd , the relation between optimal size and efficiency appears to be close to linear. The
sensitivity to the charge efficiency ρc is very similar and is omitted. Again, the curves highlight
the importance of including dissipation in our model, with optimal storage capacity being most
sensitive to this parameter for values near 0.

2.5 Extension to variable prices

The model introduced in 2.3 allows for a general Markovian process where both prices and wind
power production are stochastic. However, throughout this chapter, we have focused on the case
where prices are constant. A complete incorporation of the varable-price case into the model is out
of the scope of this project. However, in this section, we discuss some challenges to our solution
approach when this assumption is relaxed, briefly overview how they could be overcome, and
present some preliminary results in that avenue. Although the work presented in this section is in a
relatively early stage of maturity, we include here as it may prove helpful to a reader interested in
extending our work to handle variable prices.
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2.5.1 Challenges

There are two main challenges to extending the methodology presented in this chapter to a case
with variable prices. The first one is one of validity: while assuming that the stochastic process of
wind power output has a Markovian behavior may be an acceptable approximation for a high-level
analysis, as we presented before, it is less clear that this assumption can be justified for the joint
process of wind power output and prices. Some validation work based on historical data should be
performed to guarantee the soundness of that approach. Assuming the validity of that assumption,
a technical challenge remains: the balancing policy is no longer optimal in general in the variable-
price case. We overview next how this challenge could be overcome leveraging known literature
results.

2.5.2 Potential solution strategy

Consider the extension of the optimization problem of (2.5) to the case with variable prices:

max
q,r,b,g

Π

s.t. b,g≥ 0
(2.17)

, where b and g are scalars, as in the case with constant prices, but q and r are now general functions
of the state of the system. In a case with variable prices, a conceivable q would take the form of
a supply function, so we would have q = q(pt), and if we restrict ourselves to stationary policies
under a discrete state space, q is a vector with same size as the state space of the stochastic process
pt . To reduce the search space for r, we leverage the results of [9], where it is shown that the
optimal charging policy in the discrete time case, when surplus energy is curtailed at no cost and
no penalty (i.e. κ ′ = 0 in our model), is a double-threshold policy.

Double-threshold policy

The double-threshold policy is described in equation form in (2.18) and graphically for the iid2

case in Fig. 2.3. In words, the charging policy is battery-level dependent. If the level xt is below
a threshold h−, then the optimal policy dictates that the battery should be charged back to h−,
regardless of the imbalance status. If the level is above a threshold h+, the battery should be used
for balancing, i.e. store any surplus generation and compensate any shortfall in generation by
discharging from the battery as necessary, going no further than h+. If the level is between both
thresholds, any excess should be stored, but no power should be extracted from the battery. The
values of the thresholds h− and h+ are functions of the state of the system, i.e. functions of the
price pt and the imbalance qt−wt .

2 iid=independent and identically distributed
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Figure 2.3: Graphical description of double-threshold policy for the case where thresholds only depend on
the price process (not the imbalance). 1⃝: stock up to h−, 2⃝: Store excess only, 3⃝: balancing policy.
Observe the thresholds h− and h+ depend on the price pt .

rt =


h−− xt if xt < h−

(wt−qt)
+ if h− ≤ xt ≤ h+

wt−qt if xt > h+
(2.18)

For simplicity, the version given in (2.18) is a simplified version where we assume perfect round-
trip efficiency of the charge/discharge cycle, and ignore ramping limitations on the charge and
discharge and energy dissipation. The results of [9] consider these cases as well. We note here
three additional results of [9] that are of relevance for our work. First, if the round-trip efficiency
of the charge/discharge cycle is perfect, h− = h+. Next, for states where pt takes its maximum
value (recall we assume a finite discrete state space), h+ = h− = 0. And finally, for the case where
the stochastic process (qt −wt , pt) is iid, the thresholds depend only on the price pt , not on the
imbalance.

Conjecturing that the optimal policy in the continuous time case also has a double-threshold struc-
ture, optimization problem (2.17) takes the form of (2.19).

max
q,h+,h−,b,g

Π

s.t. b,g≥ 0
(2.19)

, where h+ and h− are functions of the state of the system, so they can be represented by vectors
with same size as the state space. Moreover, if the optimal thresholds depended only on prices,
the size of the variables h+ and h− would only be that of the space state of pt , which considerably
reduces the search space.

2.5.3 Preliminary results

We put this conjecture to the test, i.e., whether the optimal charge/discharge policy has a double-
threshold structure, and if so, whether the thresholds depend on prices only or also on the imbal-
ance, by conducting an experiment on a small test instance, which we describe in this section.
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Consider the continuous-time setting described in this chapter, where the commitment qt = q is
constant and known, and the processes wt and pt are each an independent CTMC with discrete,
finite state-space W and P respectively, so that the joint stochastic process (wt , pt) is a CTMC
with discrete finite state space S =W ×P . We next consider a discrete-time problem by sampling
from (wt , pt) periodically at intervals of length ∆t.

From standard results in Markov chains, we know that if (wt , pt) has generator Q, this sampling pro-
cedure results in a discrete-time stochastic process (wtk , ptk) with transition matrix P∆t = exp(∆tQ).
If we assume that the wind power output and price remain constant during the period [tk, tk+1), the
resulting problem falls exactly in the setting of [9]. Therefore, we know that the optimal policy for
that case has a double-threshold form. If, as conjectured, the optimal policy in continuous time has
a double-threshold form as well, we expect those thresholds to converge as ∆t→ 0. We next make
this idea more precise.

Let ξt = (wt , pt), let ξ ∆t
k = (wtk , ptk), k ∈ N, be the discrete-time stochastic process resulting from

sampling from ξt at periodic intervals ∆t. Let h∆t(w, p), for (w, p) ∈S be the function that returns
the optimal threshold for each state of the discrete system with sampling period ∆t. Recall that
since we are considering perfect round-trip efficiency, both thresholds coincide, i.e. h+ = h− = h.
We expect to obtain lim∆t→0 h∆t(·) = h∗(·) for some h∗.

Next, we present the method used to obtain the optimal thresholds for each discretized problem.
In [9], conventional dynamic programming techniques (LP formulation) are used to obtain the
optimal values for the numerical examples solved, which involves discretizing the space of storage
levels also as space B. In this context, an action is how much energy to charge or discharge into
(from) the BESS. Therefore, if the storage level is discretized, this automatically discretizes the
action space as well. In fact, we can interpret the system dynamics in the two following equivalent
forms.

• An action utk is the energy (in MWh) that is injected into the BESS (which we interpret as
extraction if < 0), so that the BESS level at the next time period is xtk+1 = xtk +utk

• An action µtk is the BESS level at which the BESS will be at the next time period: xtk+1 = µtk .

It is clear that these two definitions of an action are related by µtk = xtk +utk . The second definition
makes evident that discretizing the state space of xtk also discretizes the action state space. We will
use both definitions to describe the policy iteration algorithm.

One important consideration in our discretization as ∆t becomes smaller is maintaining precision.
Let ∆b be the granularity of the discretization of the storage capacity (in MWh). If we maintained
this granularity constant, the energy imbalance (w− q)∆t would become negligible compared to
∆b as ∆t → 0, so our analysis would become meaningless, as results would trivially converge due
to lack of precision. We thus need to adjust the granularity of the storage discretization. To avoid
noise introduced by rounding, we choose ∆b such that (w−q)∆t is a multiple of ∆b for all w ∈W .
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This significantly augments the size of our problem as ∆t → 0 and makes it harder to solve, but is
a necessary step.

2.5.4 Policy iteration algorithm

We omit here many details and assume the reader is familiar with optimality in infinite-horizon
average cost problems. For a deeper presentation of this topic, see [30]. To describe the policy
iteration algorithm used, consider first the optimality equation (2.20) of the infinite-horizon average
cost problem, with v(·) the relative cost function and λ the optimal average cost. This optimality
equation is satisfied because our process satisfies the Weak Accessibility assumption of [30], as
verified in the proof of Theorem 8 of [9].

v(xtk ,wtk , ptk)+λ = min
rt

{
ptk
(
q− (wtk− rtk)

)+
+E

[
v
(
xtk + rtk ,wtk+1 , ptk+1

)∣∣∣wtk , ptk

]}
(2.20)

Since our state space is finite, we can express this equation introducing a vector V to represent the
relative cost function, a vector gr to represent the cost incurred at the current step and a matrix Pr
to represent the the transition matrix under policy r. Formally,

V = [v(x,w, p)](x,w,p)∈B×S

gr = [p(q−w+ r(x,w, p))+](x,w,p)∈B×S

Pr
(
(x1,s1),(x2,s2)

)
= P

(
(xtk+1,stk+1) = (x2,s2)

∣∣∣(xtk ,stk) = (x1,s1),rtk = r(x1,s1)
)

, so that the policy iteration algorithm can be implemented as in Algorithm 1. In words, we start
from a balancing policy: r(x,w, p) = w− q ∀(x,w, p) ∈ B×S . In the policy evaluation step,
we construct the matrix Pr (which can be defined as a sparse matrix to enhance performance) and
solve a linear system to update the values of V and λ . In the policy improvement step, for each
(x,w, p) ∈B×S , the action that minimizes the right-hand-side in (2.20) is found by enumeration
of the entire action space.

In the general form shown in Algorithm 1, the entire action space is searched looking for the
optimal policy. As ∆t gets smaller and Nb = |B| becomes larger, this enumeration of the action
space becomes prohibitively time-consuming.

An alternative, in order to make possible testing smaller values of ∆t is thus to replace the policy
improvement step with one in which only threshold policies are considered. This is shown in
Algorithm 2. Note that for this class of policies, once the optimal action for the first storage level
x = 0 is determined for some (w, p), the action for all other storage levels x corresponding to the
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/* We start with balancing policy */
for x ∈B do

for w ∈W do
for p ∈P do

u0(x,w, p)← w−q
µ0(x,w, p)←min{bmax,max{0,x+w−q}}

end
end

end
ℓ← 0
repeat

// Policy evaluation
Pr← 0NNkNb×NNkNb for x ∈B do

for w ∈W do
for p ∈P do

Pr
(
(x,w, p),(µℓ(x,w, p), :, :)

)
← P∆t

gr
(
(x,w, p)

)
← p(q−w+uℓ(x,w, p))+

end
end

end
/* Solve linear system to obtain V and λ */
A← [Pr,−1;1,0]
b← [−gr;0]
χ ← A−1 ·b
V ← χ(1 : end−1)
λ ← χ(end)
// Policy improvement
for x ∈B do

for w ∈W do
for p ∈P do

uℓ+1(x,w, p)←
argminy

{
p(q−w+ y)+∑w′∈W ,p′∈P P∆t(w′, p′) ·V (x+ y,w′, p′)

}
µℓ+1(x,w, p)← uℓ+1(x,w, p)+ x

end
end

end
ℓ← ℓ+1

until µℓ+1 == µℓ or iteration limit
Algorithm 1: General policy iteration algorithm used
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same (w, p) is determined as well: we have µ(x,w, p) = min{bmax,max{x+w− q,µ(0,w, p)}}.
This allows saving one loop execution of length Nb, which is significant since Nb is the size of the
largest space in our problem.

// Policy improvement, threshold policies only
for w ∈W do

for p ∈P do
uℓ+1(0,w, p)← argminy

{
p(q−w+ y)+∑w′∈W ,p′∈P P∆t(w′, p′) ·V (0+ y,w′, p′)

}
µℓ+1(0,w, p)← uℓ+1(0,w, p)+ x
for x ∈B do

µℓ+1(x,w, p)←min{bmax,max{x+w−q,µℓ+1(0,w, p)}}
uℓ+1(x,w, p)← µℓ+1(x,w, p)− x

end
end

end
Algorithm 2: Policy improvement step searching only the space of threshold policies.

The size of the search space can be further reduced if thresholds depend only on prices, as shown in
Algorithm 3. In this case, once the optimal action has been determined for w= 0,x= 0 for one value
of p, it is just copied over for all (x,w) for the same value of p as µ(x,w, p) = min{bmax,max{x+
0−q,µ(0,0, p)}}. Note that if thresholds that depend on prices only are optimal, the values of w
and x chosen to perform the policy improvement step will not matter.

// Policy improvement, price-dependent threshold policies only
for p ∈P do

w← 0

uℓ+1(0,w, p)← argminy

{
p(q−w+ y)+∑w′∈W ,p′∈P P∆t(w′, p′) ·V (0+ y,w′, p′)

}
µℓ+1(0,w, p)← uℓ+1(0,w, p)+ x
for x ∈B do

for w ∈W do
µℓ+1(x,w, p)←min{bmax,max{x+w−q,µℓ+1(0,0, p)}}
uℓ+1(x,w, p)← µℓ+1(x,w, p)− x

end
end

end
Algorithm 3: Policy improvement step searching only the space of price-dependent threshold
policies.

2.5.5 Numerical tests

The algorithms presented earlier were implemented in Matlab to run tests on a small system as a
first approach to test our conjectures. Historical wind power output and price data were obtained
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Parameter Value
N = |W | 3

W {0,0.5,1}
Np = |P| 2

P {0.22,1}
∆w 0.1 p.u.

bmax 2 hours (at 1 p.u. capacity)
q 0.4 p.u.

Table 2.2: Numerical test parameters

from [28] and used to get a generator Q that represents (wt , pt), following the method described
in [25]. To obtain a model of manageable size, the discretization of the state space was done with
N = |W |= 3, Np = |P|= 2. Separate generator matrices were first obtained for each process, and
then combined into a larger generator matrix Q making sure to maintain independence.

All quantities were converted to per unit (p.u.) with respect to the wind power plant capacity.
Storage capacity and level is expressed in hours of storage (at full plant capacity). Prices are
also expressed in per unit (normalized) with respect to the maximum price. The most important
parameters are summarized in Table 2.2.

For the test system defined, the discrete-time problems were solved successively for decreasing
values of ∆t. The results are discussed next.

2.5.6 Results

As expected from the results in [9], even when searching the space of all possible policies, the
optimal policy found has always a double-threshold form. Moreover, as predicted, we obtain h− =
h+ and h = 0 for the states with maximum price (w, p), p = pmax = 1. The results of the thresholds
obtained for system states with price p = 0.208, for the different values of ∆t tested, are shown in
Figure 2.4.

There are several insights to extract from these plots. First, contrary to what we hoped for, and
although the price and wind power output processes are independent from each other, we find that
the optimal thresholds depend on the value of the wind power output, i.e. they are different for
different values of w ∈W . This implies,that restricting the space of policies to policies where the
threshold depends only on the price excludes the optimal policy.

This is confirmed when looking at the optimal average cost, which is higher for the latter class
of policies. It is worth noting, however, that the cost increases by less than 2% for all values
of ∆t tested. This suggests that although suboptimal, price-dependent policies might provide an
acceptable heuristic.
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Figure 2.4: Optimal thresholds obtained for discrete-time model with decreasing sampling interval ∆t. At
the top, optimal threshold h+ = h− = h(w, p) for each value of ∆t. Colors represent different values of w:
w = 0 in blue, w = 0.5 in red, w = 1 in black. All values correspond to p = 0.22. It was found h(w,1) = 0∀w
and is not included in the plot.
At the bottom, optimal average cost obtained, in arbitrary money units. For both plots, × represent values
obtained when searching the entire space of policies (this was not possible within the time execution limit
defined for the three smallest values of ∆t tested). □ represents values obtained when restricted to threshold
policies, ▷ represents values obtained when restricted to price-dependent threshold policies.

Next, observe that it was not possible to run the policy iteration algorithm to completion when
searching the entire space of policies for the three smallest values of ∆t. However, the optimal
solution found when restricting the search to threshold policies is the same as the one found when
searching the entire policy space for all values of ∆t for which both were computed, which suggests
the optimal solutions found for the smallest values of ∆t would also be globally optimal. However,
note that we do not have a guarantee of this at this point, as it is pointed out in [9] that convexity of
the problem could be lost when applying this restriction, and hence convergence to local optima is
possible.

Finally, and most importantly, there seems to be a convergence of optimal thresholds as ∆t is
decreased. This is consistent with the conjecture of the optimal policy for the continuous-time case
also having a double-threshold form. This is of course only one particular case and is hence far from
being a proof, but is encouraging for pursuing this research avenue. We might be tempted to also
suggest that the discretization and policy iteration path taken here could be a way to approximately
compute the optimal thresholds of the continuous-time case. Although in principle this is correct,
for a problem of a more realistic size, it seems unlikely that the discrete-time problem could be
solved quickly enough for this approach to be appealing.

2.6 Conclusion and future research

In sum, we are proposing a model to perform a high-level steady-state analysis of the value of co-
located storage for a wind power producer that participates in the electricity market through long-
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term forward contracts. In particular, we assess the optimal size of storage and optimal quantity
to sell in forward contracts under different values of key parameters regarding contract prices and
storage efficiency. We find that in a setting such as the one considered in this chapter the producer
is not exposed to enough uncertainty in income for storage to be attractive at current prices. This is
likely to be different with variable prices, which is the natural extension of our model.

In this avenue, we regard the result of the model with non-zero dissipation as very important be-
cause of its implications for the extension to a variable-price setting, which are twofold. First, these
results demonstrate the ability of the method to handle larger dimensions, which in our case appear
as we refine the discretization of the storage levels. In the tests performed, we introduced as many
as 750 states, which the algorithm of [5] could handle without issues. This is encouraging since
introducing variable prices increases the dimension of the system in a similar way. Second, it is
proved in [9] that the optimal charge/discharge policy when prices are variable is a dual-threshold
policy, a policy in which the charge/discharge decision is level-dependent, which lends itself to be
easily handled through the formulation proposed here. These two facts in conjunction allow re-
garding an extension of this method to variable prices as promising from a technical point of view.
In [5], they find the algorithm to be numerically stable with a state size of more than 2000. Com-
bining the factors discussed above, it would not be hard to reach a model of this size, which is why
it is key for these cases to verify that the algorithm remains numerically stable as the size grows
and to reduce as much as possible the number of states introduced, e.g. by using non-uniform bin
sizes (with lower resolution at lower levels) and only the number of bins necessary to accurately
depict storage sizes in a reasonable range using engineering criteria.

We close this work with a discussion of how we envision addressing the problem of battery aging
and battery replacement through an extension of the model presented in this report.

2.6.1 Battery replacement

All the models covered here assume that battery capacity does not decay during its lifetime and
that when it is replaced, it can be done at the same cost and size as the initial decision. All these
assumptions can be lifted by considering an additional decision variable in the problem, namely the
time of replacement of the battery. Figure 2.5 depicts the pattern that is obtained from considering
a linear capacity decay with periodic replacement. As can be seen there, in order to get a system
with an average storage capacity over its lifetime equal to a certain desired value (e.g. the constant
value for which our current model designs), some oversizing of the initial installation is necessary,
which implies some additional cost. There is a tradeoff between the magnitude of this oversizing
and the replacement period T . More frequent replacement reduces the magnitude of oversizing
necessary to maintain some average capacity, and hence the total installation cost, but increases the
amortized cost, as it reduces the amortization period.

A first simple approximation to incorporate the effect of this phenomenon into our model could
be an ad hoc post-processing stage where after finding the optimal battery size, a replacement
period is chosen arbitrarily, and the battery oversize is selected to maintain the average size that
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Figure 2.5: Pattern of battery capacity decay with linear decay and periodic replacement T . The initial
capacity b must be oversized in order to obtain some desired average capacity.

was designed. The cost implications of this oversizing can then be computed and fed back to adjust
the selected battery size. A more sophisticated approach, which could balance better this tradeoff,
would be to include T as a decision variable in an extended version of our model.

Finally, we note that this same framework can be utilized to address one more relevant feature in
the context of battery storage investment, which is that of falling costs due to technological ad-
vancements. In this case, the cost of replacing the battery at the end of the replacement period
would be a decreasing function of time. An additional tradeoff would therefore appear, as a longer
replacement period would require a larger initial oversizing, and would decrease the amortized
cost as mentioned before, but would in addition allow for a cheaper installation cost for the re-
placement battery. It is conceivable that the abundant literature in machine replacement problem,
which handles a case with many similarities to this, would be of great value to formulate this model
extension.
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Figure 2.6: Sensitivity of optimal quantities (by column) to some model parameters (by row).
Columns: Left: Profit gain with respect to no-storage. Center-left: Optimal storage size. Center-right:
Optimal power inversion size. Right: Optimal contract size.
Rows: Sensitivities with respect to changes in... Top row: Shortfall penalty factor κ . Second row: Discount
factor κ ′. Third row: Capacity payments pcap. Fourth row: Discharge efficiency ρd . Bottom row: Dissipation
losses factor η (in p.u. of storage lost per hour). These tests were run on the uncapacitated model and thus
do not include the optimal power inversion output.
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3. Stable and Fair Uniform Price Allocations of Community Choice Aggre-
gation Gains in Retail Electricity Markets 1

Abstract

The advent of differentiated prices for consuming (buying) and injecting (selling) electricity at the
residential level promotes the emergence of local peer-to-peer electricity markets for prosumers,
which can deliver savings to participants as long as an attractive cost sharing mechanism can be
designed. Building on cooperative game theory models that have been proposed in the literature, we
define the uniform price core, a class of desirable distribution of savings in this context, and prove
constructively that it is not empty. We propose the shadow price imputation, a computationally
efficient stable uniform price imputation, which we show to be equivalent to a dual imputation in
the sense of cooperative linear production games. In the second part of the chapter, we compare the
shadow price imputation to other imputations in the uniform price core through the lens of fairness.
To overcome the challenge of tractability for larger numbers of participants, we extend an existing
sampling methodology and apply it to optimization problems devised to obtain a fair imputation.
The long-term incentive implications for different stakeholders, as well as a generalization to a
stochastic case where the uncertainty in renewable production and local demand is considered, are
also discussed. We present theoretical results and numerical experiments and examples to illustrate
our approach.

3.1 Introduction

After years of incentive measures like Net Metering, and even mandatory installation of rooftop
Photovoltaic (PV) and local BESSs in new buildings in certain jurisdictions ( [31]), the so-called
prosumer, a consumer of electricity with local means of production, is expected to become nearly
ubiquitous in modern distribution systems. With the advent of the end of net metering subsidy
programs, the use of different retail prices for consuming (buying) and injecting (selling) electricity
is likely to become more common. In this way, public utilities may reconcile their non-convex cost
structure, driven by significant fixed costs, with a need to maintain linear (volumetric) prices, as
shown by [32]. In this context, prosumers find that trading among each other can offer savings
compared to the conventional scheme where all transactions are settled with the public utility, and
so forming local markets, usually called peer-to-peer markets or local aggregation markets becomes

1A substantial part of the text that constitutes this chapter was submitted for publication under the name “Uniform Price
Allocations of Community Choice Aggregation Gains in Retail Electricity Markets”, authored by Tomas Valencia
Zuluaga and Shmuel S. Oren, and was under review at the time of publishing of this report. A conference paper
version of the sampling methodology presented in Section 3.5 was presented and published in [2]. This chapter has
also been published in the doctoral thesis of Tomas Valencia Zuluaga [4]
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naturally attractive. One of the main challenges when setting up such a market is designing a
mechanism to distribute the collective savings in such a way that participants are incentivized to
remain in the market.

In this chapter, we approach this problem through a cooperative game theoretic model, where we
formally define some desired characteristics of a distribution mechanism: uniform prices, compu-
tational efficiency and a certain notion of fairness.

We propose an efficient mechanism that satisfies the two former desiderata, and analyze a frame-
work to obtain more fair distributions in a computationally efficient way. We also investigate
through numerical examples if more fair distributions exist as the number of participants grows.
We close with a discussion of long-term incentive implications of the scheme proposed here.

3.1.1 Related research

There are numerous examples of cooperative game models applied to peer-to-peer electricity mar-
kets in the literature, which differ in the market structure (centralized or decentralized), the rep-
resentation of the grid and flows (copper-plate, linear, non-linear), among numerous other model
details. Recent, comprehensive reviews are available in [33] and [34].

Our approach is closest to the models of [35] and [36], which analyze the obtention of a profit
distribution mechanism using a centralized, linear model with several time periods linked through
storage devcies, like ours. The former authors find that the Shapley value is often not in the core
of the game and can fail to incentivize participation. The nucleolus is proposed as a stable, albeit
computationally challenging, alternative. The latter authors, whose formulation and notation we
adopt in this chapter, propose overcoming the computational challenges of the nucleolus computa-
tion with a linear optimization problem to obtain the least core allocation, although the least core
LP proposed still requires an exponential number of constraints in its description. They also restrict
allocations to the ones that can be described as uniform prices, but do not formalize it or analyze it
like we do here.

In our model, the value of a coalition is obtained from solving an LP. In this chapter, we exploit LP
strong duality to obtain an imputation that is guaranteed to be in the core of the game. This is the
same approach followed for example by [37] in the context of inventory centralization problems.
All these problems are special cases of the linear production games proposed by [38], who shows
that such games are totally balanced and that the dual imputation, sometimes called in the literature
Owen imputation, is guaranteed to be in the core. [38] also shows that although the core and the set
of dual imputations are not the same for general linear games, they become the same in the limit as
the number of players grows to infinity through replication.

Fairness in the context of cooperative games can have numerous interpretations and has been the
subject of extensive study (for a textbook reference, see e.g. [39]). A classic notion of fairness in
this context is that of Shapley, who proposes through an axiomatic approach that a fair allocation
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should reflect each individual’s contribution to other potential allocations. It is in this light that
we analyze unfairness in Example 2: essential participants may be allocated zero profits by a dual
imputation, which are thus unfair in this regard. This phenomenon was identified by [40] for general
linear production games, where they characterize a class of more fair allocations, but find that their
existence in the core cannot be guaranteed.

This analysis of unfairness in our context is related to finding a uniform price that is intermediate
between the utility selling and buying prices and thus distribute savings between buyers and sellers.
This is addressed by [41] by proposing a mid-market rule (MMR), which is somewhat similar to
our price-control mechanism introduced in Section 3.4. However, their model is a single-period
model without storage, and the MMR is not in the core of the game, as shown in the numerical tests
of [36].

Our approach of finding the best core allocation via optimization can be interpreted as the social
planner’s problem of finding a social optimum, with our objective value being a social welfare
function, in the sense of classic Welfare Economics as covered e.g. in [42]. We do not expand on
this angle of analysis, but point the interested reader to [43] for a related approach of finding an
egalitarian allocation in cooperative games.

Describing the core in general games requires a number of constraints exponential in the number
of players. This is a known shortcoming of finding stable imputations in general settings. In the
statistical learning literature, [44] propose two probabilistic relaxations of the core and show that
imputations therein can be learned from a number of samples that is polynomial in the number of
players. This is adapted by [2] to the same setting studied in our work to find the least core alloca-
tion in a relaxation of the core of the game for p2p markets with larger numbers of participants. In
Section 3.5, we apply that approach to optimization problems with general objective functions.

3.1.2 Contributions of this work

The contributions of this work can be summarized as follows:

• In the context of P2P electricity markets, we formalize a class of imputations that is desir-
able in a cost sharing mechanism: imputations that can be described through uniform prices.
Although numerous models in the literature use this class of imputations, we have not found
examples where the difference between this class and the regular game core is formally ana-
lyzed.

• We prove that core of the game and the uniform price core are not the same, which justifies
the formalization of the uniform price core. We prove that the uniform price core is not empty
for the peer-to-peer electricity market.

• We give a methodology to obtain a uniform price imputation in the core of the game, which
we call the shadow price imputation. This methodology only requires solving a primal, dual
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LP pair of moderate size, and is thus computationally efficient for p2p markets with larger
numbers of participants. We show that this imputation is a dual, or Owen imputation, when
our model is interpreted as a linear production game in the sense of [38].

• To our knowledge, the relation of this structure of p2p market with the aforementioned linear
production games has not been established in the literature before. Besides its academic
interest, this bridge is of value because it allows applying the asymptotic result that dual
imputations are the unique core imputations for large enough markets, for which we find
some evidence in numerical tests.

• We show that shadow price imputations may be unfair in a Shapley sense and propose a
framework for obtaining better uniform price imputations through optimization. The pro-
posed framework has scalability challenges. To overcome them, a sampling technique is
proposed based on statistical learning results that are shown to be applicable to this setting.

3.1.3 Structure of this chapter

In Section 3.2, we present the setting of the peer-to-peer electricity market and describe in detail the
cooperative game model adopted. We also present the preliminary results about cooperative game
theory necessary for our approach. In Section 3.3, we introduce the class of uniform price impu-
tations and show that the set of such imputations in the core is not empty through the introduction
of shadow price imputations. In Section 3.4, we show how shadow price imputations, despite their
desirable characteristics, might be unfair and propose an optimization framework to find the most
desirable imputation. In Section 3.5, we present a sampling methodology to overcome the chal-
lenge of scalability in implementing that optimization framework in markets with larger numbers
of prosumers, and present numerical tests that validate the methodology. In Section 3.6, we discuss
some considerations about long-term responses of participants and the public utility which are not
captured in our model. Section 3.7 discusses the generalization of this model to a stochastic case
that considers uncertainty in the local production and electricity demand. Finally, conclusions are
presented in Section 3.8.

3.2 Setting and preliminaries

In this section, we present the setting for our peer-to-peer electricity market, and introduce the
cooperative game chosen to model it. Other than some minor exposition and notation choices, the
model is identical to that of [36].

After presenting the model, we define the class of uniform price imputations and the uniform price
core, a related refinement of the core, and illustrate how they differ through a small example.
Finally, we prove that the uniform price core is not empty and provide a methodology to efficiently
find an imputation therein, which constitutes one of the main contributions of this work.
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3.2.1 Nomenclature

Sets
N: Set of all market participants, i.e. prosumers. Indexed by i.
T : Set of time periods considered in horizon, indexed by t.
Variables
Primal
sc

i,t : energy (in kWh) charged into i’s BESS during period t.
sd

i,t : energy (in kWh) drawn from i’s BESS during period t.
ei,t : energy (in kWh) in i’s BESS at the end of period t.
ℓi,t : net consumption of i during period t.
zt : net collective consumption of all prosumers during period t.
wt : net collective generation of all prosumers during period t.
Dual
πt : dual variable of energy balance constraint at period t.
αi,t : dual variable of i’s BESS charge limit constraint in period t.
βi,t : dual variable of i’s BESS discharge limit constraint in period t.
γ

i,t
,γ i,t : dual variable of i’s BESS lower and upper energy storage limit constraint in period t.

δi: dual variable of i’s BESS zero net usage constraint.
Parameters
pt : utility price for consuming (buying) electricity during period t (in $/kWh).
ht : utility price for injecting (selling) electricity during period t (in $/kWh).
di,t : Prosumer i’s gross demand (in kWh) during period t.
gi,t : Prosumer i’s gross PV production (in kWh) during period t.
si,si: i’s discharge and charge limit during one period.
E i,E i: i’s lower and upper energy storage level limit.
ηc

i ,η
d
i : prosumer i’s BESS charge and discharge efficiency.

e0
i : prosumer i’s BESS initial state of charge.

Notation

Unless otherwise specified, the vector is noted by omitting the corresponding index, e.g. π =
[πt ]t∈T .

3.2.2 Model description

We consider a set of prosumers N who have some electricity consumption needs, and some of which
have local generation (solar PV) and/or a BESS. The utility company has a pair of predetermined
import and export prices pt ,ht for each period t in the day, with pt > ht . During period t, any
customer may purchase any amount of electricity from the utility company at a price pt $/kWh,
and sell any amount of electricity for a price ht $/kWh. A subset S ⊆ N of prosumers may get
together and form a coalition; a coalition is treated as a single customer by the utility company, i.e.
the coalition is charged for the combined net consumption of all members, and remunerated for the
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combined net injection.

Members of a coalition can coordinate the usage of their BESSs to shift their consumption in order
to minimize the collective electricity bill of the coalition. We assume that utility prices, as well as
the generation and demand profile for each customers is known for the entire horizon (day) when
the coordination plan is determined. The coordination problem for a coalition S ⊆ N is denoted
(PS) and given by (3.1).

(PS) : C(S) =

min
sc,sd
z,w

∑
t∈T

ptzt−htwt (3.1a)

s.t zt−wt = ∑
i∈S

ℓi,t ∀t ∈ T [πt ] (3.1b)

sc
i,t ≤ si ∀i ∈ S, t ∈ T [αi,t ] (3.1c)

sd
i,t ≤ si ∀i ∈ S, t ∈ T [βi,t ] (3.1d)

Ei ≤ e0
i + ei,t ≤ Ei ∀i ∈ S, t ∈ T [γi,t ,γi,t ] (3.1e)

∑
t∈T

(
η

c
i sc

i,t− sd
i,t

)
= 0 ∀i ∈ S [δi] (3.1f)

ℓi,t = di,t + sc
i,t−η

d
i sd

i,t−gi,t ∀i ∈ S, t ∈ T

ei,t =
t

∑
τ=0

(
η

c
i sc

i,τ − sd
i,τ

)
∀i ∈ S, t ∈ T

sc
i,t ,s

d
i,t ,zt ,wt ≥ 0 (3.1g)

Note ℓi,t and ei,t are just shorthands for customer i’s net consumption and BESS level during period
t respectively, and can be substituted directly into (3.1b) and (3.1e), so they are not assigned a
dual variable. Constraints (3.1c) and (3.1d) enforce the charging and discharging limits of the
batteries, while (3.1e) ensures that battery levels remain within limits. To avoid end-of-horizon
effects, (3.1f) makes sure that the battery ends the day with the same level as it started. Constraint
(3.1b) computes the combined net load of the coalition during each time period t and assigns its
positive and negative parts to auxiliary variables zt and wt , which are used in (3.1a) to compute
the total cost (revenue) of energy purchased from (sold to) the utility. It is not hard to verify
that because ht < pt , any optimal solution will satisfy zt ·wt = 0, which justifies the interpretation
zt = (∑i∈S ℓi,t)

+, wt = (∑i∈S ℓi,t)
− ∀ t ∈ T .

We consider a cooperative game model G defined by the set of prosumers N and the characteristic
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function V : S ∈ 2N → R+ given by (3.2).

V (S) = ∑
i∈S

C({i})−C(S) (3.2)

The characteristic function V can be interpreted as the surplus that can be achieved by a coalition
comparing their collective bill to the situation where each customer deals with the utility individu-
ally. We next show that getting together is attractive for prosumers.

3.2.3 Other preliminaries

Next, we go over some preliminaries of cooperative game theory and results from related research
that is relevant to our approach.
Definition 1. We say a function f : S⊆ N→ R is superadditive if for all disjoint sets S,T ⊆ N, we
have f (S∪T )≥ f (S)+ f (T ).
Theorem 2 (Theorem 1 of [36]). The value function V is superadditive.

Proof. To make this report self-contained and to account for differences in model description, a
proof is provided in Section 3.A.

Theorem 2 implies that for any partition P of the set N, V (N)≥∑S∈P V (S), and thus, it is socially
optimal for all customers to join the same coalition, which is called the grand coalition. The next
natural question is if all participants can be incentivized to do the socially optimal action of joining
the grand coalition.
Definition 2. An allocation or imputation is a vector x ∈ R|N|+ : ∑i∈N xi =V (N).

The value of the grand coalition V (N) is the total surplus that the entire set of prosumers can achieve
by coordinating. An allocation is one possible distribution of this surplus among the participants.
Definition 3. We say that a coalition S blocks or is blocking for allocation x if ∑i∈S xi <V (S)

If a coalition S is blocking for allocation x, the prosumers in S could abandon the grand coalition,
coordinate only among themselves and find an alternative allocation in which they would all re-
ceive no less surplus than they are receiving under allocation x, with some receiving strictly more.
Therefore, the existence of blocking coalitions provokes the collapse of the grand coalition. This
introduces the concept of stability: an imputation x is said to be stable if there exists no coalition
that is blocking for x. The set of all stable coalitions is called the core of game G. We denote the
core of G with C .

The Shapley allocation is an important concept from the cooperative game theory literature; it
represents the allocation that best remunerates each participant’s contribution to the group, and is
the most fair allocation in that sense. It is unique, denoted by φ and can be computed from (3.3).
Note that the expression in (3.3) requires enumerating all combinations of coalitions in N, which
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becomes computationally intractable for larger games. Moreover, the Shapley imputation is only
guaranteed to be in the core of the game for convex games.

φi =
1
N ∑

S⊆N\{i}

(V (S∪{i})−V (S))( n−1
n−|S|−1

) , i ∈ N (3.3)

Theorem 2 of [36] shows that this game is balanced, and thus has a nonempty core. However,
the game is not convex, so the Shapley imputation is not guaranteed to be stable. [35] find in
their numerical tests several such instances. We provide a small example of an unstable Shapley
imputation in an instance of our game in Example 3.

We are not interested in just any stable imputation; in the next section, we define a particular class
of imputations on which we will focus for the remainder of the chapter.

3.3 Uniform price imputations

In this section, we present the first of our main contributions. We formalize the set of imputations
that we are interested in obtaining, prove that this set is not empty, and provide an efficient method
to get an imputation therein.

First, it will be useful in our context to interpret allocations not just as distributions of surplus, but
also as proposals for splitting the collective bill, so we introduce one more definition.
Definition 4. A bill splitting is a vector b ∈ R|N| : ∑i∈N bi =C(N) with bi ≤C ({i}) for all i ∈ N.

We interpret bi as the amount charged to customer i’s by the local electricity market, i.e. their local
electricity bill. If negative, |bi| is the amount paid to customer i. It is easy to verify that there is a
1:1 correspondence between bill splittings and imputations given by bi =C({i})−xi for each i∈N.
Similarly, a coalition S is blocking for x if and only if ∑i∈S bi >C(S). For a given imputation, we
refer to its corresponding bill splitting as its bill-splitting form. We denote the core in bill-splitting
form B. The core can be expressed in regular and bill-splitting form respectively as:

C =

{
x ∈ R|N|+ : ∑

i∈N
xi =V (N),∑

i∈S
xi ≥V (S) ∀S⊆ N

}
(3.4)

B =

{
b ∈ R|N| : ∑

i∈N
bi =C(N),∑

i∈S
bi ≤C(S) ∀S⊆ N

}
. (3.5)

3.3.1 The uniform price core

To facilitate the implementation of the cost sharing mechanism, we want imputations to be describ-
able through uniform prices. In other words, we want to define local selling and buying prices of
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Table 3.1: Values of the collective bill for all coalitions in Example 1.

S C(S) S C(S)
{A} -2 {A,B} -1
{B} 5 {A,C} 5
{C} 15 {B,C} 20
{A,B,C} 10

electricity, such that each participant’s bill can be expressed as the result of a sequence of buying
and selling transactions, performed at prices that are common to all market participants.
Definition 5. A uniform price imputation or uniform price allocation in the context of game G is
an imputation x (or b, in bill-splitting form) for which there exist prices λ b,λ s ∈ R|T |+ such that
ht ≤ λ b

t ,λ
s
t ≤ pt for each t ∈ T , and:

bi = ∑
t∈T

(
λ

b
t
(
ℓ∗i,t
)+−λ

s
t
(
ℓ∗i,t
)−) ∀i ∈ N (3.6)

, where ℓ∗i,t is the value of ℓi,t in an optimal solution of (PN).

We denote the set of uniform price allocations with U , and its bill-splitting form with V . Its
intersection with the core is called the uniform price core. We have found no examples in the P2P
electricity market literature where the concepts of uniform price allocations and uniform price core
are formalized as we have done here, although they are implicitly defined by [36]. We believe this
formalization is not a moot point, because the core and the uniform price core are not the same, as
shown in Example 1.
Example 1 (U ∩C ̸= C ). Consider a simple case with three participants N = {A,B,C}, and
one time period. We drop the time subscript for this example. The utility prices are p=5$/kWh,
h=1$/kWh. Participant A has a net generation of 2kWh. B has a net consumption of 1kWh and C a
net consumption of 3kWh. There are no BESSs in this example. Table 3.1 gives the collective bill
C(S) for each coalition, i.e. the optimal value of (PS) for each S⊆ N.

Substituting the values in Table 3.1 into (3.5) and working through some algebra we get the char-
acterization of the core in bill-splitting form:

B = {(bA,bB,bC) = (σ ,5,5−σ),σ ∈ [−10,−6]} .

Now let us characterize the uniform price core for this example. With λ s the local price for selling
and λ b the local price for buying, uniform price imputations in bill-splitting form are

V =
{
(bA,bB,bC) = (−2λ

s,λ b,3λ
b),

2λ
b−λ

s = 5,1≤ λ
s,λ b ≤ 5

}
.
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, which implies bC = 3bB, so that the only uniform price allocation in the core is obtained making
σ =−10, and is B∩V = {(bA,bB,bC) = (−10,5,15)}. In other words, allocations in bill-splitting
form (bA,bB,bC) = (σ ,5,5−σ),σ ∈ (−10,−6] are all in the core, but cannot be expressed through
uniform prices.

3.3.2 Shadow price imputations

We are now ready to introduce shadow price imputations. These imputations are related to (DS),
the dual of (PS). In fact, we will show that shadow price imputations are Owen imputations for our
linear game. A description of (DS) is given in (3.7).

(DS) : W (S) =

max
π,α,β
γ,γ,δ

∑
t∈T,i∈S

πt (di,t−gi,t)+αi,tsi +βi,tsi + γi,t
(
Ei− e0

i
)
+ γi,t

(
Ei− e0

i
)

(3.7a)

s.t. −πt +αi,t +
|T |−1

∑
τ=t

η
c
i γi,τ +η

c
i γi,t +η

c
i δi ≤ 0 ∀i ∈ S, t ∈ T [sc

i,t ] (3.7b)

η
d
i πt +βi,t−

|T |−1

∑
τ=t

(
γi,t + γi,t

)
−δi ≤ 0 ∀i ∈ S, t ∈ T [sd

i,t ] (3.7c)

πt ≤ pt ∀t ∈ T [zt ] (3.7d)
−πt ≤−ht ∀t ∈ T [wt ] (3.7e)
αi,t ,βi,t ,γi,t ≤ 0,γi,t ≥ 0 (3.7f)

The first main result of this work is given by the following theorem.
Theorem 3. Let

(
z∗,w∗,sc∗,sd∗) and (π∗,α∗,β ∗,γ∗,γ∗,δ ∗) be an optimal solution pair to the

primal-dual pair (PN),(DN). Then the imputation given in bill-splitting form for each i ∈ N by
(3.8) is in the uniform price core of the game.

θi = ∑
t∈T

π
∗
t ℓ
∗
i,t (3.8)

, where ℓ∗i,t , as usual, is a shorthand for di,t−gi,t + sc∗
i,t −ηd

i sd∗
i,t .

The crux of our proof is in the following proposition.
Proposition 1. Let (z∗,w∗,sc∗,sd∗), (π∗,α∗,β ∗,γ∗,γ∗,δ ∗) be a pair of optimal primal-dual solu-
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tions to the primal-dual pair (PN),(DN). Then, for each i ∈ N:

∑
t∈T

π
∗
t ℓ
∗
i,t = ∑

t∈T
[π∗t (di,t−gi,t)

+α
∗
i,tsi +β

∗
i,tsi

+γ
∗
i,t

(
Ei− e0

i
)
+ γ
∗
i,t
(
Ei− e0

i
)]

(3.9)

Proof. See Appendix 3.A.2.

Proof of Theorem 3. We first check that θ is indeed a uniform price allocation in bill-splitting form.
θ satisfies the form of Definition 5 with λ b = λ s = π∗, with ht ≤ π∗t ≤ pt by (3.7d) and (3.7e), so
we need only verify that it is an allocation, i.e. that ∑i∈N θi = C(N). Applying Proposition 1 and
summing over i ∈ N, we get

∑
i∈N

θi = ∑
i∈N,t∈T

π
∗
t ℓ
∗
i,t

=W (N)

=C(N)

, where the second equality is true because summing over i ∈ N, the right-hand side of (3.9) be-
comes (3.7a), the optimal value of (DN), and the last equality is true by strong duality of (PN),(DN).

Next, we need to check that no coalition blocks allocation θ , i.e. we need to verify that ∑i∈S θi ≤
C(S) for all S⊆ N. Consider any S⊆ N. Then applying Proposition 1 and summing over i ∈ S, we
have:

∑
i∈S

θi = ∑
i∈S,t∈T

[
π
∗
t (di,t−gi,t)+α

∗
i,tsi +β

∗
i,tsi + γ

∗
i,t

(
Ei− e0

i
)
+ γ
∗
i,t
(
Ei− e0

i
)]

. (3.10)

Observe that the right-hand side of (3.10) is the objective value of (DS) corresponding to the solu-
tion

(
π∗,
(

α∗,β ∗,γ∗,γ∗,δ ∗
)

i∈S

)
, which it is easy to check is feasible for (DS). Then:

∑
i∈S

θi ≤W (S) =C(S)

, where in the last equality we applied strong duality to the pair (PS),(DS).

Remark 1. Proposition 1 in the proof of Theorem 3 shows that shadow price allocations are just
a different way of expressing a dual (or Owen) imputation of game G. As mentioned before, dual
imputations are shown by [38] to be in the core for games with a linear production structure.
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Therefore, a different way to prove this result would be to verify that game G has the structure of
a linear production game, and prove that the shadow price imputation corresponds to the Owen
imputation, by e.g. invoking Proposition 1. Since the latter already includes most of the work of
the whole proof, we decided to make this proof self-contained.

Theorem 3 gives us a uniform price allocation that is guaranteed to be in the core. Moreover, it is a
uniform price allocation that has equal selling and buying prices for each time period. This implies
the two corollaries below.
Corollary 1 (Non-emptiness of the uniform price core). The uniform price core of game G is not
empty.
Corollary 2 (Non-emptiness of the uniform price core with identical prices). The set of allocations
in the uniform price core of game G with equal selling and buying prices is not empty.

To close this section, we discuss some important consequences of Theorem 3. First, in [36], op-
timization problems are formulated where the feasible set is restricted to the set of uniform price
imputations. Because the existence of core imputations was proven, it is assumed by the authors
that stable uniform price imputations also exist, but there was no guarantee that the least-core op-
timization problem is feasible. Corollary 1 guarantees the existence of such imputations, and thus
the soundness of that method.

In fact, Theorem 3 does more than just that: it also makes the method somewhat obsolete.
The methodology in [36] requires solving a linear problem with an exponential number of con-
straints. [2] propose a sampling methodology to address this issue by working with a relaxation
of the core. Both return an imputation in the uniform price core (or a relaxation thereof), without
any preference among different imputations in that set. The shadow price imputation is guaranteed
to be in the uniform price core and only requires solving a pair of primal-dual linear problems of
small size, so it outperforms these two methods.

Now that we have a guarantee that the uniform price core is not empty, it makes sense to ask
ourselves which of the imputations therein is the best one. We delve into that topic, through the
lens of fairness, in Section 3.4.

3.3.3 Asymptotic uniqueness of shadow price imputations in the core

[38] also shows that although the core and the set of dual solutions are not the same (cf. Example
1), they do asymptotically become the same as the number of players grows to infinity through
replication. In particular, all core allocations of the limit game are dual allocations. For our ap-
plication, this has the important implication that as the number of participants grows to infinity,
shadow price imputations are the only core imputations. This suggests that for markets with very
large numbers of participants, no core allocation other than the shadow price imputation may exist,
so the search for more fair allocations could be a pointless endeavor, unless core membership is
sacrificed.
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Figure 3.1: Schematic representation of Example 2. Case with three participants N = {A,B,C}, and two
time periods T = {0,1}. Participant A is a net producer of 1kWh each period; C is a net, inflexible consumer
of 5kWh in the second period and 0kWh in the first period; and B has a lossless BESS, so B is a flexible
consumer: B needs to consume 1kWh, but it can be in either period.

Two important clarifications are necessary here: first, Owen’s result only shows that in the limit,
all core imputations are dual imputations. However, because optimal solutions to (DN) may not be
unique, it is not true in general that, in the limit, the core is a singleton set. Second, this is only an
asymptotic result, so numeric tests are necessary to see if this behavior is perceivable for markets
with a meaningful number of participants.

3.4 Fairness of stable uniform price allocations

3.4.1 Motivation through some examples

At the end of Section 3.3, we introduced the shadow price imputation, an imputation that satisfies
two of our stated desiderata: it is in the uniform price core and can be computed efficiently. In this
section, by taking the perspective of fairness, we analyze whether other uniform price imputations
might be preferred over the shadow price imputation. We first motivate this section with a couple
of examples.

First, we introduce some notation: we denote U † (and V † in bill-splitting form) a restriction of
the set of uniform price allocations to allocations where the buying price and the selling price are
equal to each other at each time period.
Example 2 (Unfairness of the shadow price imputation). Consider a simple case with three par-
ticipants N = {A,B,C}, and two time periods T = {0,1}. Participant A is a net producer of 1kWh
each period; C is a net, inflexible consumer of 5kWh in the second period and 0kWh in the first
period; and B has an ideal BESS (no losses), so B is a flexible consumer: B needs to consume
1kWh, but it can be in either period. The situation of Example 2 is summarized in Figure 3.1.

It is not hard to verify that minimal collective cost is achieved by having B shift their consumption
to the first period. Table 3.2 gives the collective bill C(S) for each coalition.

We will first restrict ourselves to uniform price imputations with equal selling price and buying
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Table 3.2: Values of the collective bill for all coalitions in Example 2.

S C(S) S C(S)
{A} -2 {A,B} -1
{B} 5 {A,C} 19
{C} 25 {B,C} 30
{A,B,C} 20

price, i.e. λ b
t = λ s

t = λt , t = 0,1. In bill-splitting form, these imputations are (bA,bB,bC) = (−λ0−
λ1,λ0,5λ1), with bA + bB + bC = C(N) = 20. This implies λ1 = 5, so that the set of uniform
price imputations with same selling price and buying price is given, in bill-splitting and regular
imputation form respectively, by:

V † = {(bA,bB,bC) = (−5−λ0,λ0,25) ,λ0 ≥ 0}
U † = {(xA,xB,xC) = (3+λ0,5−λ0,0) ,λ0 ≥ 0}

Note that participant C is being allocated $0 savings by all these imputations, which include
the shadow price imputation. However, C makes a positive contribution to the grand coalition:
V (A,B,C) = $8, V (A,B) = $4. In this case, the shadow price imputation would be unfair, as it is
not remunerating participant C for their contribution. Such unfairness could fail to motivate C to
join the local market, resulting in an overall loss for the whole community.

As discussed in section 3.1, the best allocation in the sense of remunerating average con-
tribution is the Shapley value, which we can compute from 3.3 and the values in Ta-
ble 3.2 as (φA,φB,φC) = (4,2,2). By relaxing the constraint of equal selling and buy-
ing prices λ b

t = λ s
t , the set of achievable imputations becomes, in bill-splitting form, V ={

(bA,bB,bC) = (−λ s
0−λ s

1,λ
b
0 ,5λ b

1 ),−λ s
0−λ s

1 +λ b
0 +5λ b

1 = 20
}

. The Shapley allocation can
thus be achieved with λ b

1 = 3,λ b
2 = 4.6,λ s

1 = λ s
2 = 3.

Example 2 gives a situation where the shadow price allocation is unfair, in the sense that it allocates
zero savings to a participant that provides a positive contribution to the grand coalition. In this ex-
ample, allowing selling and buying prices to be different allows the implementation of a preferable
allocation, namely the Shapley imputation. However, the Shapley value is not necessarily a suitable
target imputation, since it may not be in the core of game G, as shown in Example 3.
Example 3 (φ /∈ C ,φ /∈U ). Consider again the situation of Example 1. It was established there
that the core imputations in bill-splitting form are given by

B = {(bA,bB,bC) = (σ ,5,5−σ) ,σ ∈ [−10,−6]} .

We can compute the Shapley value in this example from 3.3 and Table 3.1 as (φA,φB,φC) =
(14/3,2/3,8/3), which it is straightforward to check is not in C because it is blocked by S= {A,C}.
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Moreover, the set of uniform price allocations is

V =
{
(bA,bB,bC) =

(
−2λ

s,λ b,3λ
b
)
,−λ

s +2λ
b = 5

}
,

which implies bC = 3bB, so the Shapley imputation is not implementable through uniform prices
either.

[35] propose the nucleolus as a desirable alternative to the Shapley value, since it is guaranteed to
be in the core of the game. As the Shapley value, it quickly becomes computationally intractable
for larger games, so it is a challenging target. Moreover, in our case, it may not be describable
through uniform prices, as shown in Example 4.
Example 4 (Nucleolus not in U ). Consider again the situation of Example 1. Now, we target the
nucleolus allocation, which can be computed to be (xA,xB,xC) = (6,0,2), or, in bill-splitting form,
(−8,5,13). Since the set of uniform price allocations has the form (bA,bB,bC) =

(
−2λ s,λ b,3λ b),

the nucleolus is not implementable through uniform prices either.

Although admittedly toy-sized, the previous examples are aimed at illustrating the following three
ideas: there are other stable uniform price allocations that could be preferred over the shadow price
imputation; preferable mechanisms could be achieved by allowing buying and selling prices to be
different (Example 2); and the Shapley value and the nucleolus, conventional cost-sharing mecha-
nisms from the cooperative game theory literature, besides being computationally intractable, may
be unsuitable target allocations in our case. These three observations motivate the framework we
propose next.

3.4.2 Finding the most fair allocation through optimization

In Section 3.3.2, we showed that the uniform price core is not empty and that one imputation
therein, namely the shadow price imputation, can be efficiently computed. However, this allocation
is not necessarily the most desirable one in C ∩U , as illustrated in Example 2. Here, we pro-
pose explicitly finding a most-desirable imputation in the uniform price core via an optimization
problem:

min
x∈C∩U

f (x),

, where f is an objective function that represents a preference over imputations. We can interpret
f (x) as a metric of the unfairness (or, more generally, the undesirability) of imputation x. f can also
be thought of as a welfare function, as discussed in Section 3.1. In fact, we allow the preference over
uniform price imputations to also be affected by the associated prices λ b,λ s, so the optimization
problem can be written, with imputations expressed in bill-splitting form, as

(A) : min
b∈B∩V

f (b,λ b,λ s).
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Mechanisms of this form admit a version where selling and buying prices are restricted to be the
same, which we denote with the superscript †:

(A†) : min
b∈B∩V †

f (b,λ ).

We next illustrate our framework by introducing three possible options for the function f and
discuss some of their characteristics.

Egalitarian mechanism

In the egalitarian mechanism, the imputation sought is that which minimizes the dispersion in the
allocations to participants. This is achieved by making the objective function in (A) equal to fe
defined below:

fe(x) = ∑
i∈N

∣∣∣∣∣xi− (1/N) ∑
j∈N

x j

∣∣∣∣∣ ,
i.e. the standard deviation of the allocations with respect to the L1 norm.

Minmax mechanism

In the minmax mechanism, we define fm to measure the maximal difference in allocation of savings
between prosumers, so that the mechanism finds the stable uniform price allocation that minimizes
that difference.

fm(x) = max
i∈N

xi−min
i∈N

xi.

Note that the ideal allocation with respect to both functions (i.e. the one with minimal value) would
be one where all participants receive equal savings. So if the equal division allocation is feasible,
both mechanisms are identical. However, the equal division allocation is not guaranteed to be in
the uniform price core (cf. Example 1). If that is the case, these two mechanisms differ. An optimal
allocation in the egalitarian mechanism is an allocation in C ∩U that is closest to the equal division
allocation, in L1 distance (i.e. the L1 projection onto C ∩U ). In the minmax mechanism, on the
other hand, only the imputations of the two most unequal participants matter.

These two definitions of fairness, although intuitive, have an important drawback in our context:
users would have an incentive to misrepresent themselves as multiple agents and thereby multiply
their allocations. For the scope of this project, we assume that it is verified that no agent misrepre-
sents themselves.

Price-control mechanism

The last mechanism we consider is specific to our context and is a price-control mechanism. A
way of describing the unfairness in Example 2 is that no surplus is allocated to the inflexible, net
consumer C and most surplus is allocated to the net producer A. This is likely to happen when
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electricity is priced at the marginal cost of procurement, as the shadow price allocation does. An
intuitive compromise to make sure that both consumers and producers perceive benefits is to settle
all local transactions at an intermediate price between the utility’s export and import prices.

In this vein, one can define an ideal imputation as that induced by having the local selling and
buying prices be equal to each other, and equal to the average between the utility’s import and
export prices, for each time period pt = (1/2)(pt + ht). Since those prices are not guaranteed to
support a stable, uniform price allocation, one can use its projection onto the uniform price core.
With an L1 projection, this results in an objective function fp as follows,

fp(b,λ b,λ s) = ∑
t∈T

∣∣∣λ b
t − pt

∣∣∣+ ∑
t∈T
|λ s

t − pt | .

3.4.3 Preliminary discussion

The three mechanisms presented before are simple, intuitive mechanisms to obtain the most-
preferred allocation among all stable uniform price allocations according to three different, but
reasonable preferences. Here, we discuss some limitations of the objective functions chosen, and
possible improvements that are out of the scope of this project, but could be achieved with the
framework presented here. We discuss this at this stage to highlight the relevance and versatility of
this framework.

Projected Shapley value

In the examples presented as motivation for these mechanisms, we looked at fairness through a
Shapley lens, i.e. the unfairness was understood as a failure of allocations to reflect the aver-
age marginal contribution of each participant to the grand coalition. However, the mechanisms
proposed here do not compute or incorporate contributions when defining the allocation, and are
instead based on simple, albeit reasonable, heuristics.

A better mechanism could be aimed at finding the uniform price stable allocation that is closest to
the Shapley value, i.e. the projection of the Shapley allocation onto C ∩U . For smaller cases, the
Shapley value is easily computable, so this is an easily implementable mechanism. However, for
larger markets, this would become an intractable approach. Applying machine learning results to
try to learn the projection of Shapley onto the uniform price core through sampling is an interesting
avenue of research, but is considered out of the scope of this project.

Weighted egalitarian

An immediate extension of the egalitarian mechanism presented here is a weighted version, with
different weights given to each participant. Such weights could be updated with some frequency
based on historical data and be intended to reflect the historical marginal contribution of each
participant, in the vein of learning the Shapley projection from data.
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Fairness could also be seen through a social lens. In this case, these weights could be fixed values
dependent on some structural data, like household income or household size. So this framework is
also compatible with a social interpretation of fairness.

Lp projections

In all the mechanisms presented here, we use L1 for all projections and measures of dispersion
of allocations. We have done this for simplicity, to maintain the linearity of all the optimization
problems of type (A). However, note that the the non-emptiness of C ∩U is independent of the
structure of function f , so non-linear objective functions, including Lp projections with p > 1
could be used instead. Investigating the effect of such choices on the resulting imputations is an
interesting problem, but is considered out of the scope of this project.

Adding a regularization term

The uniform prices resulting from these mechanisms may oscillate frequently between the utility
sell and buy prices. This could be considered undesirable, and could be corrected through the in-
clusion of a regularization term of the form ρ(λt−λt−1)

2. As mentioned in the previous paragraph,
non-linearities are not an issue for this framework, so regularization could be added to any of these
mechanisms.

Restricting prices to be equal

Since problems of form (A) are a relaxation of problems of form (A†), their objective functions
will be no worse than that of the restricted counterparts. Moreover, Example 2 shows a case where
allowing different prices results in a more desirable imputation that was unreachable before. Thus,
it seems that mechanisms with same prices are weakly dominated by mechanisms that allow dif-
ferent prices and there should be no reason to consider the restricted version. We give here two
reasons why we consider them.

First, note that the weakly dominance is true with respect to each problem’s objective function,
but not across metrics. So it is possible that a mechanism with prices restricted to being equal
outperforms others with respect to an external benchmark. Secondly, a mechanism with the same
price for selling and buying could be considered easier to communicate to participants, so it could
be preferred by market designers if its performance is comparable to that of the mechanism with
different prices.

Scalability

All of these mechanisms share one issue: the description of the uniform price core requires an
exponential number of constraints. This is not a problem for markets of moderate size, like the
ones used for the numerical tests that are presented next, but leads to an intractable mechanism as
the number of participants increases. The issue of scalability is addressed in Section 3.5.

50



3.4.4 Numerical tests

To test the proposed framework and observe how the different proposed objective functions might
lead to different outcomes, numerical tests are conducted on two test cases. The test cases are con-
structed by taking a set of buildings from the Resstock database of [45], which contains simulated
consumption and PV production data for buildings across the U.S. for an entire year at 15-minute
intervals. This dataset does not contain storage information, so it is completed by assigning BESSs
of two sizes to certain prosumers, with BESS data adapted from [36]. Two instances are created:
one with n = 4 prosumers and one with n = 8 prosumers. The time horizon is a day, so for each
case, 365 instances of problem (A) for each of the three definitions of the objective function f are
solved. For each mechanism, we solve the version with and without the restriction of equal selling
and buying prices, i.e. (A) and (A†). Note that to describe each of these optimization problems, we
need to solve (PS) for each S ⊆ N, but this only needs to be done once, since the optimal schedule
is the same for all (A) and (A†). The resulting imputations are compared to the shadow imputation,
which only requires solving (PN), (DN) once. Additionally, these two test cases are sufficiently
small that the Shapley value can be computed for each of the 365 instances using (3.3), so that the
distance to the Shapley value can be used as benchmark for comparing results.

Extensive details about the test cases and results obtained are presented in Appendix 3.C.2. Due to
space constraints, we present here only Fig. 3.2, where we use the distance to the Shapley imputa-
tion as benchmark. Three observations are noteworthy here. First, all three proposed mechanisms
serve their purpose: imputations about 30% more fair on average are obtained with this framework
for the smaller test case, compared to the shadow imputation. The improvement decreases to about
18% for the larger test case. Second, no mechanism seems to clearly outperform the others with
respect to this benchmark. The same is true for allowing prices to be different: there seems to be no
significant difference between the two versions of each mechanism, and no version is consistently
better than the other. Lastly, the differences between the mechanisms proposed are significantly
reduced for the larger case, both with respect to each other, and with respect to the shadow imputa-
tion. This is in line with the asymptotic result of Section 3.3.3, and suggests that for moderate-size
markets, the size of the core is already sufficiently small, that implementing the shadow price impu-
tation does not constitute a significant sacrifice of achievable fairness. Identifying if this tendency
continues as the number of participants increases requires a special handling of the exponential
number of constraints in the description of C ∩U , which we address in Section 3.5.

3.5 Addressing scalability through learning

Solving any of the optimization problems of type (A) or (A†) introduced in Section 3.4 requires
enumerating an exponential number of constraints (cf. (3.5)). If an efficient algorithm can be
devised to test whether a candidate imputation is in the uniform price core or not, then the number
of constraints is not an issue, because a constraint-generation strategy can be easily implemented
to only include relevant constraints in the representation of (A).

We do not have a proof at hand to show that this uniform price membership test is hard in a formal
sense. However, in the absence of an efficient separation algorithm, we propose a sampling ap-
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Figure 3.2: Euclidean distance between each the resulting allocation and the Shapley imputation for each
mechanism. To meaningfully compare distances of different dimensions, we divide by the number of par-

ticipants, so the distance plotted here is (1/ |N|)
(

∑i∈N (φi− xi)
2
)1/2

, where x is the imputation returned by
each mechanism and φ is the Shapley imputation. Main bars represent the average across the 365 daily
instances of the test case. Error bars show the min and max distances across the same dataset. Average
savings achieved by the aggregation market are 54.56¢/participant/day for n = 8 and 99.99¢/participant/day
for n = 4.

proach based on statistical learning to obtain satisfactory, scalable versions of the fair mechanisms
proposed in Section 3.4.

3.5.1 Relaxations of the uniform price core

[44] introduce the concept of probably stable core and probably, approximately stable core. We
adapt those concepts to the setting of peer-to-peer markets and formalize a definition for our uni-
form price core by considering the intersection with V , as follows.
Definition 6. Given δ > 0, we say a uniform price imputation in bill-splitting form b∈ V for game
G is in the δ -probably stable uniform price core of game G if for any distribution D on coalitions,
we have

PS∼D

[
∑
i∈S

bi ≤C(S)

]
≥ 1−δ

Definition 7. Given δ ,ε > 0, we say a uniform price imputation in bill-splitting form b ∈ V for
game G is in the (ε,δ )-probably, approximately stable uniform price core of game G if for any
distribution D on coalitions, we have

PS∼D

[
(1− ε)∑

i∈S
bi ≤C(S)

]
≥ 1−δ
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If a proposed bill-splitting b is in the (ε,δ )-probably, approximately stable uniform price core,
then for any subset S of prosumers drawn from a distribution D , the probability that the coalition S
would be better off by forming their own P2P market and could profit by a fraction of at least ε of
their collective bill dictated by b is less than δ .

In other words, a mechanism that gives imputations in the (δ ,ε)-probably, approximately stable
core with δ and ε sufficiently small is a satisfactory mechanism: participants are unlikely to find
a combination of prosumers with which it would be profitable to deflect from the grand coalition.
They could find one, but it is unlikely that the collective profit compared to the proposed mechanism
would be sufficiently large to motivate a deflection.

3.5.2 A sampling method to obtain satisfactory imputations

[44] show for general cooperative games that allocations in the two aforementioned relaxations
of the core can be learned efficiently as the number of players in the game increases by sampling
only a subset of all the possible coalitions. A conceivable strategy could therefore be to first find
a general allocation that minimizes the desired objective function, and then find a set of uniform
prices that supports the obtained allocation. We discard this strategy for two reasons: first, it would
exclude functions f that depend on the local prices themselves; secondly, not all allocations in the
core are guaranteed to be supported by uniform prices (cf. Example 1).

We show next that allocations supported by prices can be learned directly via sampling by solving
an optimization problem of the form (A⋆),

(A⋆) : min
b,λ b,λ s

f (b,λ b,λ s) (3.11a)

s.t. ∑
i∈N

bi =C(N) (3.11b)

bi ≤C({i}) ∀i ∈ N (3.11c)

∑
i∈N

bi ≤C(S) ∀S ∈S (3.11d)

bi = ∑
t∈T

λ
b
t
(
ℓ∗i,t
)+−λ

s
t
(
ℓ∗i,t
)− ∀i ∈ N (3.11e)

ht ≤ λ
s
t ,λ

b
t ≤ pt ∀t ∈ T (3.11f)

, which is a relaxation of (A) where constraint (3.11d) is enforced just for the coalitions in a sample
set S instead of for all S⊆ N.
Theorem 4. Assuming the uniform price core is not empty, solving optimization problem (A⋆) with
|S |= m samples of coalitions results in an imputation in the δ -probably stable uniform price core
with probability 1−∆. The number of samples necessary m has complexity O

(
|N|+log(1/∆)

δ 2

)
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Proof. See Section 3.A.3.

Theorem 5. Assuming the uniform price core is not empty, solving optimization problem (A⋆) with
|S |= m samples of coalitions results in an imputation in the (ε,δ )-probably approximately stable
uniform price core with probability 1−∆. The number of samples necessary m has complexity
O
(

ν2 log|N|+log(1/∆)
ε2δ 2

)
, where ν = (maxSC(S))/

(
minS ̸= /0 |C(S)|

)
is the spread of function C.

Proof. See Section 3.A.4.

Theorems 4 and 5 are important because they guarantee, asymptotically, that with a sufficiently
large, but tractable, number of samples m, an allocation can be obtained such that it will be unlikely
that a participant can find a set of other prosumers with whom it could be profitable to form a new
peer-to-peer market. Moreover, if they find such a set, it is unlikely that the profit they could reap
by deflecting is significant. Since these are only asymptotic guarantees, they need to be validated
with numerical experiments.

Note (A⋆) is a relaxation of (A). Theorems 4 and 5 give an asymptotic, probabilistic guarantee
that, although the imputation obtained with (A⋆) may not be strictly feasible for (A), it can be
arbitrarily close to the feasible set, in a probabilistic sense. However, they do not give any bounds
on the quality of the approximation in terms of objective value. We want to argue that this is not a
weakness of the approach.

One could be tempted to give some structure to the metric functions f chosen (e.g. Lipschitz
continuity) and obtain similar bounding results for the approximation quality. This could be of
value if the approach was driven by a tradeoff between stability and fairness, i.e. if we were
adopting (A⋆) instead of (A) because we are willing to sacrifice some guarantee of stability to
achieve a more fair distribution of savings. In fact, our approximation is driven by computational
intractability. The solution obtained from (A⋆) is sufficiently close to the feasible set of (A) to
prevent the collapse of the local market. Moreover, the solution obtained is guaranteed to be at
least as fair as the optimal solution of (A). Therefore, this methodology results in a satisfactory
mechanism, provided the number of samples necessary is not too large.

3.5.3 Numerical tests

We do a numerical implementation to test the results presented above. First, since the results of
Theorems 4 and 5 are only asymptotic, we want to verify that they can be observed with a reason-
ably small number of samples. Secondly, Section 3.3.3 suggests that for large enough markets, all
core imputations may be shadow price imputations, so it may not be possible to find stable alloca-
tions significantly more fair than the shadow price imputation. We want to check if this behavior
can be observed in numerical tests.

The tests are performed on cases with 10, 12, 15, 20 and 50 participants, constructed in the same
fashion of Section 3.4.4, for one arbitrary day in the dataset. For each case and objective function,
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problem (A⋆) is solved on a random sample S of coalitions, with increasing values of |S |. The
allocation returned is then tested against all coalitions in a verification set. For cases with n ≤ 15,
the verification set is 2N . For the others, 20,000 coalitions are sampled and this set is used for
verification. For simplicity, coalitions were sampled uniformly, so that probabilities correspond to
just proportion of coalitions that were found to be blocking.

Fig. 3.4 shows a validation of the sampling method for the minmax mechanism. For space con-
straints, we omit the results for the other mechanisms, which are similar and can be consulted in
the appendix. In short, the validation of Theorems 4 and 5 is successful: the introduction of more
samples in S consistently reduces the probability of finding blocking coalitions. By slightly relax-
ing the stability requirement that defines when a coalition is blocking, (ε = 0.005), that probability
drops much more quickly: with as little as 200 samples, the number of blocking coalitions found
is close to 0 for all test cases. The bottom plot in Fig. 3.4 provides perhaps a more direct inter-
pretation of this result: as the number of samples in S is increased, the expected shortfall for the
remaining blocking coalitions decreases very quickly, and therewith the potential motivation for
leaving the p2p market.

For these larger cases, computing the Shapley value is too much of a computational burden; how-
ever, the shadow imputation can be efficiently found for all these instances from solving the dual
solution to (DN). We compute the distance of the imputation obtained with each of the three mech-
anisms to the shadow imputation. Results are shown in Fig. 3.3. The trend observed in Fig. 3.2,
and suggested by the asymptotic result of [38], mentioned in Section 3.3.3, indeed continues. As
the number of participants increases, the imputations obtained with all the mechanisms are closer
to the shadow imputation.

Further research in this topic on the rate of convergence, or otherwise put, the rate at which the size
of the core shrinks, would be welcome. The results presented here provide a strong argument in
favor of using the shadow price imputation as a mechanism in local, p2p markets.
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Figure 3.3: Euclidean distancea of resulting allocation from shadow imputation for each mechanism. Main
bars represent the average distance across the 10 repetitions. Error bars show the min and max. For the
day tested, the savings achieved by the aggregation market are 68.69 ¢/participant/day, so the difference
allocations obtained are all within 0.5% of each other.

a To meaningfully compare distances of different dimensions, we divide by the number of participants, so the distance

is (1/ |N|)
(

∑i∈N (θi− xi)
2
)1/2

, where x is the imputation returned by each mechanism and θ is the shadow
imputation.
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Figure 3.4: Results of validation tests of sampling methods for the minmax mechanism, with different test
case sizes. Top: Proportion of coalitions that block the allocation proposed by the mechanism by at least
a proportion ε of the collective bill, for ε = 0 and ε = 0.005. Bottom: Expected conditional shortfallb

expressed as a proportion of collective bill in log scale. Similar results are obtained with the price-control
and egalitarian mechanisms (see Appendix 3.C.2). Main bars represent the average over 10 repetitions. Error
bars show the whole range of results obtained.

b Let Λ be the collection of blocking coalitions, i.e. Λ = {S⊆ N : ∑i∈S bi >C(S)}, then the conditional expected
shortfall shown is (1/ |Λ|)∑S∈Λ (∑i∈S bi−C(S))/(∑i∈S bi).
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3.6 Long-term participant and utility response

None of the modeling and analysis presented before consider the long-term response of the different
stakeholders. In response to the distribution mechanism proposed, prosumers may choose to invest
in local generation and/or storage to get a larger piece of the collective savings. Similarly, the utility
may try to change its tariff structure in response to the revenue reduction that such an aggregation
scheme would impose on them. Although a complete incorporation of these questions into our
model is out of the scope of this work, we discuss some important points about the long-term
considerations, and how the results presented here remain relevant in that context.

3.6.1 Long-term investments and participants response

In Examples 1 and 2, producers get a significantly higher share of the collective savings than pure
consumers. This is also the dynamic we observe in the numeric tests (see Appendix 3.C.2). Under
these conditions, in the long term, net consumers would have an incentive to invest in solar panels
and/or battery storage to reap a larger fraction of the collective savings. However, that might be
socially detrimental. In the extreme case, if all participants become net producers they would have
no choice but to sell their electricity to the public utility, and there would be no possibility of
achieving savings by aggregating demand.

An interesting avenue of future research for this work would thus be analyzing and characterizing
long-term equilibrium conditions when individual investment decisions are considered. Alterna-
tively, the investment decisions could be added to the cooperative game model. If investments can
be modeled as linear variables, the mathematical results of this work could be easily extended to
that case. This would correspond to a community where some generation and/or storage equipment
is collectively owned, and the associated collective benefits need to be distributed among members.

3.6.2 Regulatory constraints and utility response

The analysis and concepts presented in this chapter are predicated on the assumption that the regu-
latory framework and the distribution system infrastructure enable the aggregation and peer-to-peer
market that our mechanism supports. This is however not the case in most jurisdictions. In Cal-
ifornia, for example, separate properties may not, save limited exceptions, share one electricity
meter, and allowing the distribution of generation credits corresponding to collectively owned solar
systems among multiple customers is the subject of recent regulation and ongoing debate [46, 47].
Injections of power by prosumers may induce reverse energy flows in distribution systems, which
usually have a radial topology. While coping with this reality has been the subject of research
and development for well over a decade, most distribution systems maintain significant restrictions
to bidirectional flow, posing limitations to peer-to-peer mechanisms like the ones proposed here.
Changes to both the regulatory framework and the distribution system infrastructure would thus be
necessary, before an implementation of any of the mechanisms proposed here can occur.

For these changes to happen, it is necessary to understand how public utility companies might react
to an eventual sprout of local community aggregation schemes. As we have shown, significant
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savings by customers can be achieved by aggregating demand, exploiting the spread between the
public utility’s buying and selling prices. Those savings come directly at the utility’s expense, who
would presumably react to such a reduction of revenue. We list below a few conceivable responses,
and analyze how our proposed mechanism could be affected by them.

Adding a fixed charge

Perhaps the most likely response by the utility would be to replace its volumetric-only pricing
structure with a two-part tariff with a fixed charge per billing period and a per-kWh charge. In the
context of natural monopolies like electricity retail, such schemes have some desirable characteris-
tics, like allowing electricity to be priced at a value closer to its marginal cost, thus enabling more
efficient market outcomes. Additionally, if the fixed value charged to customers is made a function
of their wealth or income, as proposed in [48], the mechanism would have the aggregated value of
contributing to social equity.

Adding a capacity charge

A different, but related option would be to introduce a non-volumetric part of the tariff, but make it a
charge per-kW of installed capacity. This could serve as a long-term incentive to reduce oversizing
of installations and peak-shaving at the distribution level, both of which would increase long-term
efficiency. Both of these options respond not only to the challenge of emerging CCAs, but to
the reduction of revenue driven by the installation of local generation by individual residential
customers, even in the absence of aggregation schemes.

Charging transaction costs

Another conceivable response from the utility company could be to charge prosumers a usage fee
for using the utility’s grid to trade energy among members of the CCA. In this scenario, volumetric
rates would be maintained, but a usage fee per-kWh would be charged to prosumers who inject
power into the utility’s grid. Provided that the sum of the usage fee and the utility’s injection
price is less than the utility’s selling price, the incentive for aggregation would still exist, although
attainable collective savings would be smaller.

The three alternatives considered above guarantee that the utility recoups at least part of their fixed
costs, even if the revenue from energy sales decreases. Under such a scenario, at least part of the
reason for using distinct prices for energy consumed and energy injected would disappear, so the
spread between these prices (ht and pt in our model) could be reduced. As long as the spread is
positive, the results that we present in this chapter remain valid: there is an incentive for community
aggregation and the mechanisms proposed here are implementable methodologies to distribute the
savings, possibly with a measure of fairness in mind.

It is even conceivable that, as proposed in the transactive energy system paradigm, the utility may
become a pure infrastructure provider and bow out of the energy retail business, remaining only as
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a provider of last resort [49]. In such a scenario, the utility would have an incentive to make sure
that agents trade chiefly among themselves. A high spread between buying and selling price would
be a way to achieve that, making the results of this chapter relevant for that framework as well.

A thorough analysis of the dynamics of spread reduction and the formation of CCAs is out of the
scope of this work, but is relevant and necessary research that should be taken into account by the
regulator when determining the just and reasonable transaction fee or fixed charge that the utility
may charge its customers.

3.7 Addressing the stochastic case

Before concluding, we discuss how the methodology presented here can be extended to handle the
stochastic case, i.e. the case where solar PV production and electricity consumption are not known
at the time when the scheduling problem (3.1) is solved. We consider a thorough analysis and
development of the extended stochastic model out of the scope of this project and will only briefly
outline how a stochastic model could be posed, and which challenges need to be overcome in that
avenue of research.

Consider the case where the aforementioned uncertainty is represented through a discrete set of
scenarios Ω. The scenarios could thus be added to a new dimension in the linear problem (3.1)
along with their corresponding probabilities, so that (3.1) becomes a stochastic program. Under
the assumption of relatively complete recourse, the validity of the strong duality results that we
leverage in this work continue to hold [50]. It is thus also possible to solve the dual problem and
obtain dual imputations which will be guaranteed to be in the core of the game. One important
remark here is that imputations would now correspond to the result of transactions that are settled
at uniform prices that are determined ex-ante.

The result above has an important implication regarding the strength of the mechanism. In partic-
ular, the concept of stability and core would be somewhat weaker than in the deterministic case.
We will consider a uniform price imputation to be stable if no coalition can obtain a better outcome
in expectation (i.e. ex-ante) Blocking ex-post coalitions, however, may exist. Stronger notions of
stability have been proposed, but finding stable mechanisms is more challenging in those cases.
See [51] for a deeper analysis of this issue in general linear stochastic games.

In the case where the net demand of participants is uncertain, the community demand aggregation
can be thought of to a certain extent as an inventory centralization problem. In that vein, the
methodology described before is analogous to that proposed in [37] in the context of stochastic
inventory centralization games, which served as inspiration for this proposed extension.

3.8 Conclusions

In this chapter, we have adopted a game-theoretic approach to analyze the problem of fair cost
sharing in peer-to-peer electricity markets where aggregation of prosumers is socially optimal. We
have formally described a set of desired distributions of savings in this setting: uniform price
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allocations, and showed that the set of stable uniform price allocations form a strict subset of the
core of the game. Observing that the model considered is a linear production game, we have shown
that imputations stemming from the dual problem, i.e. pricing electricity at the shadow price of
the energy balance constraint, results in an imputation that satisfies all these desiderata and is
computationally efficient for larger numbers of participants.

We then showed that in spite of its good qualities, the shadow price imputation could be considered
unfair, and proposed a framework to obtain the most preferred allocation through optimization.
A sampling approach is utilized to overcome the challenge of tractability posed by solving these
optimization problems, supported by theoretical, asymptotic results from the statistical learning
literature. Numerical tests validate the approach proposed.

By noting that the results of [38] apply to the setting considered here, we conclude that for suffi-
ciently large markets, shadow price imputations are the only stable imputations in the market. Our
numerical tests suggest that this trend begins to show for markets in the order of tens of partici-
pants. On the one hand, this offers strong support for using the shadow price imputation in real
local markets of a certain size with a centralized aggregator, since no other stable alternative may
exist. But, as we have demonstrated, this may result in net consumers failing to have an incentive
to join the local community, so on the other hand this may be considered a reason to limit the size
of such aggregations, so that there may be room in the uniform price core for more fair solutions,
which can be found via optimization as we propose here.

Finally, we discussed two important considerations that were out of the scope of the work presented
here. The first was long-term incentives and response by market participants and by the public
utility. Although a thorough development of that analysis would be necessary and welcome before
an implementation of the scheme proposed here is possible, we argue that our approach would still
be relevant once those implications are considered. The second extension discussed is how the
mechanism can be turned into a stochastic model to address the uncertainty associated with PV
production and electricity demand. We outline that our results can be extended to handle that case
as well.
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Appendix

3.A Proof of theorems

This section contains the theorem proofs that were not included in the main text.

3.A.1 Proof of Theorem 2

Theorem 2 is identical to Theorem 1 of [36]. We provide a proof for completeness, to account for
differences in notation and representation of the model.

Proof. Consider S,T ⊆ N, such that S∩T = /0. We will use q as a shorthand for (z,w,sc,sd). Let
q∗ be an optimal solution of (P)S and q∗∗ an optimal solution of (P)T . We construct q̂ as follows:
for i ∈ S∪T , ŝi

c = sc∗
i for i ∈ S, ŝi

c = sc∗∗
i for i ∈ T . ŝi

d is defined in the same manner. z and w are
defined by ẑt = max{0,z∗t −w∗t + z∗∗t −w∗∗t }, ŵt = max{0,−(z∗t −w∗t + z∗∗t −w∗∗t )} for t ∈ T .

It is straightforward to verify that q̂ is feasible for (P)S∪T . Let u be the objective value of (P)S∪T
corresponding to the feasible solution q̂. We have therefore C(S∪T ) ≤ u. We want to prove that
u≤C(S)+C(T ).

We introduce an auxilliary variable vt , t ∈ T to decompose u− (C(S)+C(T )), as follows.

u− (C(S)+C(T )) = ∑
t∈T

vt

vt = pt (ẑt− (z∗t + z∗∗t ))−ht (ŵt− (w∗t +w∗∗t ))

We claim that for all t, vt ≤ 0. Recall that because ht < pt , optimal solutions to (P)S and (P)T
satisfy z∗t w∗t = 0 and z∗∗t w∗∗t = 0 for all t ∈ T . We have thus four cases:

• w∗t = w∗∗t = 0⇒ ŵt = 0, ẑt = z∗t + z∗∗t ⇒ vt = 0

• z∗t = z∗∗t = 0⇒ ẑt = 0, ŵt = w∗t +w∗∗t ⇒ vt = 0

• w∗t = 0, z∗∗t = 0. Two cases:

– If z∗t ≥ w∗∗t , ŵt = 0, ẑt = z∗t −w∗∗t ⇒ vt = w∗∗t (ht− pt)≤ 0

– If z∗t < w∗∗t , ẑt = 0, ŵt = w∗∗t − z∗t ⇒ vt = z∗t (ht− pt)< 0

• Same as case 3, swapping the roles of z∗t ,w
∗
t and z∗∗t ,w∗∗t ⇒ vt ≤ 0
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Therefore, vt ≤ 0 for all t ∈ T . Summing over t, we get u≤C(S)+C(T ), and thus C(S∪T )≤ u≤
C(S)+C(T ). Finally, we have:

C(S∪T )≤C(S)+C(T )
⇔−C(S∪T )≥−C(S)−C(T )

⇔ ∑
i∈S∪T

C({i})−C(S∪T )

≥∑
i∈S

C({i})−C(S)+ ∑
i∈T

C({i})−C(T )

⇔V (S∪T )≥V (S)+V (T )

3.A.2 Proof of Proposition 1

Proof. We denote (LR−P)S(π) the problem obtained by doing a Lagrangian relaxation of con-
straint (3.1b) in (PS) and assigning it multiplier π . The objective function in (LR−P)S(π) is thus:

∑
t∈T

[
ptzt−htwt +πt ∑

i∈S

[
di,t−gi,t +η

d
i sd

i,t− sc
i,t)− (zt−wt)

]]

= ∑
i∈S,t∈T

πt(di,t−gi,t)+ ∑
t∈T

[
(pt−πt)zt− (ht−πt)wt +πt ∑

i∈S
(ηd

i sd
i,t− sc

i,t)

]

With constraint (3.1b) relaxed, there are now no constraints coupling z,w with sc,sd . Similarly,
there are no constraints coupling sc

i ,s
d
i for different values of i ∈ S. Thus, (LR−P)(π) can be

separated into subproblems (LR−P)i(π) as described below. Let (LR−D)i(π) be the dual of
(LR−P)i(π).
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(LR−P)S(π) : ∑
i∈S,t∈T

πt(di,t−gi,t) +min
z,w ∑

t∈T
[(pt−πt)zt− (ht−πt)wt ]

+∑
i∈S

(LR−P)i(π)

(LR−P)i(π) : min
sc

i ,s
d
i
∑
t∈T

πt(η
d
i sd

i,t − sc
i,t)

s.t.(3.1c)− (3.1f) for just i

(LR−D)i(π) : max
αi,βi,δi

γi,γi

∑
t∈T

siαi,t + siβi,t + γ i,t
(
Ei− e0

i
)
+ γ

i,t

(
Ei− e0

i
)

s.t.(3.7b)− (3.7c) for just i

By strong duality, (z∗,w∗,sc∗,sd∗) is also an optimal solution of (LR−P)N(π
∗), so

(
sc∗

i ,sd∗
i
)

is an
optimal solution to (LR−P)i(π

∗) for each i ∈ N.

We claim that (α∗,β ∗,γ∗,γ∗,δ ∗)i is also optimal for (LR−D)i(π
∗) for each i ∈ N. We prove

this by contradiction and use q as shorthand for (α,β ,γ,γ,δ ). It is easy to check that q∗i is fea-
sible for (LR−D)i(π

∗). So if q∗i is not optimal for (LR−D) j(π
∗) for some j ∈ S, there exists

q∗∗j with higher objective value than q∗j . But since the feasible sets are uncoupled, the solution(
π∗,(q∗i )i∈S\{ j},q∗∗j

)
is feasible for (DN) and would have higher objective value than (π∗,q∗),

which violates the optimality of (π∗,q∗) for (D)N .

We thus have that (sc∗,sd∗,(α∗,β ∗,γ∗,γ∗,δ ∗)i is an optimal primal-dual solution for pair (LR−
P)i(π

∗),(LR−D)i(π
∗). Applying again strong duality to this pair, we obtain:

∑
t∈T

π
∗
t

(
η

d
i sd∗

i,t − sc∗
i,t

)
= ∑

t∈T
siα
∗
i,t + si

∗
β
∗
i,t

+ γ
∗
i,t
(
Ei− e0

i
)

+ γ
∗
i,t

(
Ei− e0

i
)

, which adding ∑t∈T π∗t (di,t−gi,t) to both sides yields (3.9).

3.A.3 Proof of Theorem 4

Proof. Theorem 4 is a replica of Theorem 3 of [44], substituting the probably stable core with the
probably stable uniform price core we have defined. We follow the steps of their proof, i.e. we
find a class of functions that contains the uniform price core, verify that its VC-dimension is low,
and use that to find an asymptotic bound on the number of samples necessary to find points in the
uniform price core.
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Proposition 2. Let n = |N|, u ∈ Rn+1, and ℓ ∈ Rn|T |. Let H ′ be the class of functions that define
uniform price allocations in bill-splitting form, i.e.

H ′ :=

{
u→ sign

(
n

∑
i=1

biui−un+1

)
b ∈ Rn,λ b,λ s ∈ R|T |,

∑
i

bi =C(N),bi = ∑
t∈T

(
λ

b
t (ℓi,t)

+−λ
s
t (ℓi,t)

−
)
∀i ∈ N

}
.

Then, H ′ has VC-dimension at most n+1.

Proof. Following the argument of Corollary 1 of [44]:

H ′ ⊆

{
u→ sign

(
n

∑
i=1

biui−un+1

)
: b ∈ Rn

}
⊆H :=

{
u→ sign(w⊤u) : w ∈ Rn+1

}
By Theorem 2 of [44], H has VC-dimension n+1. If H ′⊆H , then VCdim(H ′)≤VCdim(H ).

To conclude, we follow the last step of the proof of Theorem 3 of [44] as follows. Consider
q∗ = (b∗,λ b∗,λ s∗), an optimal solution to (A⋆), which is guaranteed to exist because the uniform
price core is non-empty by assumption. We will show q∗ is in the δ probably stable core. Let h(u)=
sign

(
∑

n
i=1 b∗i uS

i −uS
n+1
)
, where uS

i = 1i∈S and uS
n+1 =C(S). Let f (u)=−1 for all u. Since (3.11d) is

satisfied for all samples in S , f (u) = h(u) on all the samples, and thus, (1/m)∑
m
i=1 1h(u)̸= f (u) = 0.

PS∼D

[
∑
i∈S

bi ≤C(S)

]

= 1−PuS:S∼D

[
sign

(
n

∑
i=1

biuS
i −uS

n+1

)
̸=−1

]
= 1−PuS:S∼D

[
h(uS) ̸= f (uS)

]
= 1−

∣∣∣∣∣PuS:S∼D

[
h(uS) ̸= f (uS)

]
− (1/m)

m

∑
i=1

1h(uS )̸= f (uS)

∣∣∣∣∣
≥ 1−δ

, where the last step is true by Theorem 1 of [44], with O
(
(n+ log(1/∆))/δ 2) samples because

the VC-dimension of our hypothesis class H ′ is at most n+1 by Proposition 2.
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3.A.4 Proof of Theorem 5

The proof is a replica of the proof of Theorem 5 of [44], substituting the probably, approximately
stable core with the probably, approximately stable uniform price core. It is easy to check that
allocations in the uniform price core satisfy all the conditions of the theorem: they have bounded ℓ1
norm because they are in the core (Lemma 2 of their proof), and candidate solutions to (A⋆) can be
found efficiently because it is a convex problem. It only remains to verify that minS⊂N,S ̸= /0C(S)> 0,
where C(S) is the characteristic function of the game in cost-minimization form.

The assumption is not true for game G, as we may have C(S) ≤ 0. We show here that we can
construct a game G′ that satisfies this condition and has a 1:1 correspondence with game G.

Let K ≥ 0 be a constant such that C(S)>−K |S| for all S⊆ N. Then, we can define G′ as the game
with set of players N and value function V ′(S) = ∑i∈SC′({i})−C′(S), with C′(S) = C(S)+ |S|K.
Note that V ′(S) =V (S) for all S ⊆ N, S ̸= /0, so the correspondence between G and G′ is clear, i.e.
C′ is a cost-minimization version of V , and clearly, C′(S) > 0 for all S ⊆ N. Therefore, we only
need to prove that such a K exists.
Claim 1. K = |T |(maxt∈T pt)(maxi∈N,t∈T gi,t +maxi∈N si) satisfies C(S)>−K |S| ∀S⊆ N.

Proof. Let p⋆ = maxt∈T pt , g⋆ = maxi∈N,t∈T gi,t , s⋆ = maxi∈N si

Then, for any nonempty S⊆ N, we have:

C(S) = ∑
t∈T

ptz∗t −htw∗t

= ∑
t∈T

pt

(
∑
i∈S

ℓ∗i,t

)+

−ht

(
∑
i∈S

ℓ∗i,t

)−

≥ ∑
t∈T
−ht

(
∑
i∈S

ℓ∗i,t

)−

>−∑
t∈T

pt

(
∑
i∈S

ℓ∗i,t

)−
≥−∑

t∈T
pt ∑

i∈S

(
gi,t +η

d
i sd∗

i,t

)
≥−∑

t∈T
pt |S|(g⋆+ s⋆)

≥−|T | p⋆ |S|(g⋆+ s⋆)
=−|S|K
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Table 3.B.1: Battery energy storage systems and price data used in test cases, adapted from [36].

Storage Type Ei Ei si ηc
i ηd

i
Small 7kWh 0.7 kWh 11.2kW 0.95 0.95
Big 14kWh 1.4 kWh 22.4kW 0.95 0.95
Time of day pt ht

Midnight - 7AM 7 ¢/kWh 4.03 ¢/kWh
7AM - Midnight 14.71 ¢/kWh 4.03 ¢/kWh

Table 3.B.2: Composition of the constructed test cases. Number of prosumers having PV and/or ESS for
each test case used. In parenthesis, name assigned to participant in plot results when applicable.

Number of Total number of prosumers N =

prosumers with 4 8 10 12 15 20 50
No ESS, No PV 1 (D) 3 (A,D,H) 4 2 1 5 6

No ESS, PV 1 (A) 1 (C) 2 2 4 5 14
Small ESS, No PV 1 (C) 0 0 1 3 1 3

Small ESS, PV 0 2 (E,F) 2 4 3 3 12
Big ESS, No PV 0 1 (G) 0 1 1 2 6

Big ESS, PV 1 (B) 1 (B) 2 2 3 4 9

3.B Description of test cases for numerical implementations

All test cases are constructed by taking generation and consumption timeseries for residential build-
ings from the Resstock database [45]. We pick the census microdata area in California with the
largest number of buildings with PV installations in the dataset, and filter the data so that only
single-family houses remain. The test cases are built by arbitrarily picking buildings with and
without solar photovoltaic. The data does not include energy storage systems (ESS), so battery
ESS are arbitrarily assigned to some of the buildings. The characteristics of the ESS and the utility
prices are taken equal to those reported in [36] and are summarized in Table 3.B.1.

Table 3.B.2 describes the types of agents included in each of the test cases considered. For the
numerical tests of Section 4, all 365 days in the dataset were used. For the validation of the sampling
method, one day in the data set was selected randomly.

The implementation was done in python using the pyomo modelling package and solved with
Gurobi. All tests are run on a laptop with 2.7GHz Intel Core i5 and 8GB of RAM.
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Figure 3.C.1: Scatter plot of proportion of savings allocated to each participant vs. corresponding Shapley
allocation, for the four mechanisms considered. Each row corresponds to a mechanism, each column to a
participant. Each point corresponds to a day in the year. The solid black line represents the y = x line, so
points above and under the line are overallocated and underallocated respectively, with respect to the Shapley
allocation. × for allocations allowing for different selling and buying prices. + for allocations restricted to
having equal selling and buying prices. The shadow imputation has identical selling and buying prices.

3.C Extended results of numerical implementations

3.C.1 Optimization framework for most fair uniform price allocation

Figures 3.C.1 and 3.C.2 show detailed results of the numeric tests performed on the test case with
n = 4 participants. Figure 3.C.3 show the results for the case with n = 8 participants.

Figure 3.C.4 shows the annual savings per participant under the shadow imputation for different
market sizes. The results show that while it is true that the range of savings achieved by differ-
ent participants vary significantly, all participants achieve positive savings, with a majority of the
savings in the range of $100’s.
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Figure 3.C.2: Proportion of savings allocated to each participant for the four mechanisms considered, case
with n = 4 participants. Error bars show the range of allocations obtained during the 365 days. Main bars
show the average across the year. Projected Shapley is the uniform price allocation in the core that is closest
to the Shapley value in ℓ1 norm.

3.C.2 Validation of sampling methodology

The results of the validation tests for the sampling methodology for the other mechanisms are
presented in Figures 3.C.5, 3.C.6 and 3.C.7.

69



A B C D E F G H
Customer

0

10

20

30

40

50

60

70

80

%
 o

f t
ot

al
 su

rp
lu

s a
llo

ca
te

d

Expected allocation to each agent in 365 days.
Minmax
Egalitarian
Price Control

Shadow
Projected Shapley
Shapley

Selling price = Buying price
Allow different prices

Figure 3.C.3: Proportion of savings allocated to each participant for the four mechanisms considered, case
with n = 8 participants. Error bars show the range of allocations obtained during the 365 days. Main bars
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Figure 3.C.4: Boxplot showing the distribution of savings per participant under the shadow price imputation
for different market sizes, over the number of participants in each market. The box extends from the first
quartile (Q1) to the third quartile (Q3) of the data, with a line at the median. Whiskers cover the whole range
of data.
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Figure 3.C.5: Blocking coalitions found for obtained allocations, for different market and sample sizes, for
all mechanisms. Error bars show the range of results obtained over 10 repetitions. Main bars show the
average. The proportion of coalitions found to be blocking by at least a proportion ε of the collective bill,
for ε = 0 and ε = 0.005 are shown.
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Figure 3.C.6: Expected shortfall for blocking coalitions, for different market and sample sizes, for all mech-
anisms. Expected conditional shortfalla expressed as a proportion of collective bill in log scale. Main bars
represent the average over 10 repetitions. Error bars show the whole range of results obtained.

a Let Λ be the collection of blocking coalitions, i.e. Λ = {S⊆ N : ∑i∈S bi >C(S)}, then the conditional expected
shortfall shown is (1/ |Λ|)∑S∈Λ (∑i∈S bi−C(S))/(∑i∈S bi)
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Figure 3.C.7: Worst shortfall for blocking coalitions, for different market and sample sizes, for all mech-
anisms. Shortfall expressed as a proportion of collective bill in log scale. Error bars show the range of
allocations obtained during the 365 days. Main bars show the average across the year.
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